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A claim that **the irregular sequence of energy levels gives an unambiguous representation of chaos in quantum sys

tems" is shown to be unfounded,

In a recent paper [1], the energy levels {£,} =E,
E,... were calculated for two quantum systems, one
with an integrable classical analogue and one with a
nonintegrable classical analogue. Graphs of level spac-
ings AE, =E, ,; — E,, versus n, and level spacing cor-
relation plots of AE,, . versus AE,,, were presented
and adduced to support the claim quoted in the ab-
stract, To refute this claim it is sufficient to present
as counterexample a classically integrable system with
an irregular level structure, This is easy to do because,
as was shown some years ago [2], the quantum levels
for almost all classically integrable systems — the most
important exceptions being coupled harmonic oscilla-
tors — form locally uncorrelated sequences of random
numbers, as # > ==, This implies not only that high
level spacings have an exponential distribution but also
that successive spacings are uncorrelated.

An integrable system for which random level struc-
ture can be seen even in low.lying levels is the particle
in a two-dimensional rectangular box with ratio a of
side lengths (where a? is irrational), for which the
levels, normalized to have unit mean density, are given
in terms of quantum numbers m, n by

E(m, n)=tr(m2ja+n2e) (1<m n<o). (%))

Fig. 1a shows the spacings graph of the first 100 levels,
for & =, This should be compared with fig, 1b which
shows spacings drawn at random from an exponential
distribution with unit mean. Figs. 2a and 2b show the
corresponding correlation plots, The obvious irregular-
ity of the sequence calculated from (1) refutes the
claim made in ref, {1].

306

1

Fig. 1. (a) Spacings graph of AEy, = Eq41 — Ey versus n for 1
< n < 100, for particle in a rectangular box with side ratio ;
(b) 100 uncorrelated random spacings, exponentiatly distri-
buted.
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Fig. 2. (2) Correlation plot of AEy4) versus AEy, correspond-
ing to the “*box™ spacings in fig. 1a; (b) Correlation plot cor-
responding to the random spacings in fig. 1b.
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Fig. 3. Top: spacings graph for 1 < n < 100 for perturbed
oscillator with levels given by eqs. (3) and (4) with « = 1/2,
5 =0.11012. Bottom: correlation plot.

For some integrable systems, the geometry of the
function E(m, 1) on the lattice of quantum numbers
m, n can give rise to level clustering which for low-Iy-
ing states appears in the form of strong correlations
between neighbouring levels and spacings (these struc-
tures correspond to classical closed orbits [3,4]). Such
strong correlations can be seen in fig. 3 of ref, [1], cal-
culated for an isotropic two-dimensional harmonic as-
cillator with quartic circularly-symmetric perturbing
potential. This system separates in polar coordinates
and gives rise to a function £(m, n) whose contours
are slightly concave towards the origin of the plane of
quantum numbers m, 1. As a model we can take [2]

E(m9 ﬂ)=K[(m +M)2 _8m2] 3 (2)
where the normalization constant is

_ arcsin([5/(1 — 8)] 1/2)

K , 3

. 208112
6 is the perturbation and « the frequency ratio which
for an isotm})ic oscillator in polar action-angle vari-
ables equals 7 (orbits are ellipses, so one rotation cor-
responds to two librations). Fig. 3 shows the spacings
graph and correlation plot of the first 100 levels, for
& =0.11012. Evidently there is strong structure, re-
sembling that seen in fig. 3 of ref. [1] and quite dif-
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Fig. 4. Top: spacings graph, as in fig. 3, but for 1700 < »
< 1800. Bottom: correlation plot.

ferent from the random spacings of figs. 1a and 1b.
But for high-lying states these local structures disap-
pear as a result of the expansion and incoherent super-
position of the clusters of levels as n increases [2]; this
is clear from fig. 4 which shows the spacings graph
and correlation plot for levels 1700 to 1800, exhibit-
ing the expected irregularity.

Fig. 4 of ref. [1] shows the spacings graph and cor-
relation plot for a weakly nonintegrable system, in
support of the claim that even very small zones of
chaotic classical motion are revealed by irregularities
in the quantum level spacings. The irregularities al-
ready presented (figs. 1a, 2a, 3, 4) for integrable sys-
tems demonstrate that there is no basis for this claim.
Indeed, numerical evidence [5] and theoretical argu-
ment [6,7] indicate that the distribution of levels and
spacings is less irregular for chaotic classical motion
than for integrable classical motion. These remarks
should not be misinterpreted as denying the existence
of the “irregular spectrum” [8] corresponding to cha-
otic classical motion, but rather as a reminder that
the irregularity is in the wave functions [9,10} and
matrix elements [6], not the distribution of energy
levels.
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