
Physica B 169 (1YYl) 322-327 

North-Holland 

Amorphous materials at low temperatures: 
why are they so similar? 

Anthony J. Leggett 

The invited talk was given by the author. 

In addition to the well-known qualitative similarity of behavior of a wide range of amorphous materials, one 

dimensionless quantity, the reduced attenuation of transverse ultrasound. shows a quunriratiw universality whose 

explanation in terms of the standard “tunnelling two-level system” model would seem to require a totally unhelievahle 

degree of chance coincidence. In addition, while the height of the “plateau” in the thermal conductivity is material-specific. 

the higher-temperature behavior is consistent with universal behavior. I sketch the outlines of a scenario which holds out 

hope of understanding these ohaervations. 

Amorphous (non-crystalline) matter comes in 
a wide variety of forms - ordinary window glass 
and its relatives, commercial fluoride glasses, 
amorphous semiconductors. metallic glasses, 

amorphous polymers. biological materials, 
. The chemical composition and the physical 

structure of these materials at a microscopic level 
could hardly be more different; essentially, the 
only thing they have in common is the property 
of not being crystalline. And yet, as is well 
known, at temperatures below about 1 K the 
behavior of almost all amorphous materials is 
qualitatively similar [I]. Common features in- 
clude a nearly linear specific heat. a thermal 
conductivity roughly proportional to T’, compli- 
cated noise and relaxation properties and (at 
least in dielectric materials) a series of charac- 
teristic nonlinear acoustic properties such as 

phonon echoes. It is noteworthy that at least 
some of these features are shared by some com- 
positionally or otherwise disordered crystals such 
as KBr-KCN solutions [2], charge density wave 
systems [3] and high-temperature superconduc- 
tors [4], and even by at least one nominally pure 
crystal [S]. Moreover, some properties such as 

the thermal conductivity show qualitatively and 
perhaps quantitatively universal features even 
outside the low-temperature regime (cf. below). 

In the light of this situation it seems artificial to 
maintain the long-standing textbook fiction that 
perfect crystals are the paradigm of solid-state 
systems and amorphous matter a sort of minor 
and regrettable exception to the general rule. 
Rather, one should perhaps coin the slogan: 
Glassy behavior is the norm, crystalline the 
anomaly! 

There is no space here to review all or even 
most of the characteristic properties of glasses, 
so let me just mention briefly a few which arc 
relevant to the thesis of this talk. I will confine 
myself here to amorphous dielectrics, i.e., ex- 
clude both metallic glasses and disordered crys- 
tals. It is instructive to start with what may be in 
the true sense of the words “the exception which 
proves the rule” - the one characteristic of glas- 
ses below 1 K which is not even qualitatively 
universal, namely the thermal expansion coeffi- 
cient or, what is equivalent. the Griineisen pa- 
rameter lY This shows wild variations between 
materials: it can have either sign, is often strong- 
ly temperature-dependent below 1 K and in 
some cases attains very large negative values. An 
important clue is that r is extremely sensitive to 
the context x of polar impurities; moreover the 
data [6] appear compatible with the conjecture 
that at sufficiently low T and large X, I‘ will 
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approach the value +l which would be obtained 

for a pure system of electric dipoles of fixed 
strength. This suggests that in the low-tempera- 
ture limit the thermal expansion may be com- 

pletely dominated by the interactions of the 
polar impurities; and this is turn might lead us to 
wonder whether some, at least, of the residual 
differences in the behavior of different amor- 
phous materials might be simply attributable to 
differences in the content of such impurities (as 
is known to be the case for the specific heat of 
different SiO, samples) [7]. 

Two other properties of interest are the 
specific heat and thermal conductivity. As is well 
known, the specific heat appears to be time- 
dependent below -1 K and it is therefore dif- 
ficult to extract a “true” (infinite-time) value; in 
so far as such can be defined, it is usually 
believed to be proportional to T’+‘, where /3 lies 
in the range 0.1-0.3 and is material-dependent. 
It should be noted that the data could almost 
certainly be fit as well with the formula c, - Ti 
[WT,JT)l”, with (Y a universal number close to 1 
and T,, material-dependent. At higher tempera- 
tures it is conventional to discuss the specific 
heat by plotting c,lT’ versus T, in which case 
one often gets the so-called “bump” around 
3-10 K. Actually, it may be more informative to 
subtract off the “Debye” (phonon) specific heat 
c,, (a procedure which is well defined in the 
low-temperature limit but more speculative 
elsewhere) and plot (cv - cn)i T versus T: if this 
is done, the graphs for most amorphous materi- 
als look similar, with a nearly flat part below 1 K 
(cf. above) and a steep rise around l-10 K fol- 
lowed by a flattening off towards a value of the 
order of 100 times the low-temperature one. 

The thermal conductivity K is the most intrigu- 
ing of all the widely measured properties of 
glass. Below 1 K it is, like the specific heat, 
qualitatively universal, behaving roughly as 
TZdP’, where p’ is close but not identical to the 
specific-heat exponent p. Around I-10 K there is 
always a “plateau”, where K is approximately 
constant over about a decade in temperature, 
and at higher temperatures a region where K is 
again very roughly proportional to T” but with IZ 
now closer to 1. 

Even more striking is the quantitative uni- 
versality discovered by Freeman and Anderson 
[8] by plotting the quantity K/K versus T/O,,, 
where 0, is the Debye temperature#’ and K a 
quantity proportional to 02,/v, v being an appro- 
priately averaged speed of sound. When this is 
done they show that the graphs for the six differ- 
ent amorphous dielectrics examined (the oxide 
glasses SiO, and B,O, and the polymers PB, 
PET, PS and PMMA) are essentially indisting- 
uishable both for T/0,, c 10-l (i.e., roughly, 
below 1 K) and also for 10-l < Tl$ < 10; it is 
only in the plateau region (10-l s T/6,4 lo-‘) 
that the curves diverge appreciably. Further 
work [9] has confirmed that these statements 
remain true for other dielectric glasses. More- 
over, even for metallic glasses, the coincidence, 
though not quite as dramatic as for the dielec- 
trics, is still striking. 

The work of Zaitlin and Anderson [lo] has 
shown that for SiO, below -30 K the heat is 
carried predominantly by phonons. If we believe 
that this is generally true of amorphous materials 
over the whole of the relevant temperature 
range, then the observation of Freeman and 
Anderson is telling us something strikingly sim- 
ple [8]: namely, that both below about 1 K and 
above the plateau the ratio of mean free path 1 to 
wavelength A of the phonons which dominate the 
thermal conductivity is nearly universal, being 
approximately 1 for the latter and 150 for the 
former. Only in the plateau region is it appreci- 
ably material-dependent. I return below to the 
direct experimental evidence for A in the low- 
temperature regime. Note that the factor of 150 
which differentiates K in the low- and high- 
temperature regimes is of the same order as the 
factor (-100) by which the “linear” term (as 
defined above) in the non-phonon specific heat 
differs in the two regimes: i.e.. K is roughly 
inversely proportional to cv. 

At present there exists no model of the prop- 
erties of glasses in general above -1 K which can 
be said to command general acceptance (cf. the 

ii1 This was taken as an adjustable parameter as described in 

ref. [8]. Note however that the low-T fit is independent of 
8, to the extent that /3’ G 0. and the high-T fit is only 

weakly sensitive to it. 
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paper by J.P. Sethna in these proceedings). In 
the “low-temperature” regime below -1 K, on 
the other hand, there exists a very well- 
developed model which is widely believed to 
explain most, if not all, of the experimental data, 
namely the “tunnelling two-level system” (TLS) 
model [ll]. The crucial assumptions of this 
model are: (i) Because of the random nature of 
the structure, there exist single atoms, or groups 
of atoms, which have available to them two 
possible configurations which are nearly degener- 
ate in energy, and moreover can tunnel between 
these two configurations with appreciable prob- 
ability. (ii) The distribution of asymmetries, bar- 
rier heights, etc., is such that the probability of 
the resulting “tunnelling two-level system” 
(TLS) having an energy splitting E is approxi- 
mately independent of E. (iii) The density of 
TLS is sufficiently low that they may be treated 
as mutually noninteracting except for those phe- 
nomena which vanish in the absence of inter- 
action. The independent parameters of the 
model are the density of TLS as a function of E, 
and their couplings (or more precisely the distri- 
bution of their couplings) to longitudinal and 
transverse phonons and, where relevant, to elec- 
tric fields. For certain purposes it may also be 
necessary to know the distribution of barrier 
heights, etc.. explicitly. All these parameters are 
usually taken as phenomenological inputs to the 
theory. 

The TLS model has had apparently impressive 
successes [12] not just in explaining many of the 
characteristic features of glassy behavior below 
1 K (linear specific heat, logarithmic ultrasound 
velocity shift, T’ thermal conductivity, etc.) but 
also in predicting the qualitatively novel (for a 
solid) series of nonlinear effects mentioned 
above. In the eyes of most physicists working in 
this area, these successes have established the 
model firmly as the effectively unique explana- 
tion of glassy properties below 1 K. 

If I believed that the TLS model were the 
truth. or more precisely-that it were the whole 
truth, about amorphous materials at low tem- 
peraturcs, there would be no reason for me to be 
giving this talk. So what is wrong with it? I think 
the point can be made most dramatically by 

going back to that figure of 150 which we de- 
duced, above, from the thermal conductivity for 
the ultrasonic attenuation per unit wavelength of 
phonons in the MHz-GHz range below 1 K. Let 
us ask: just how quantitatively universal is this 
number? (If we are looking for evidence of 
universality, it is clearly more promising to look 
at dimensionless numbers rather than quantities 
like the specific heat.) The ultrasonic attenuation 
per unit wavelength can, of course, be measured 
directly, or alternatively it can be related, given 
very general assumptions, by a Kramer-Kronig 
relation to the coefficient N of In T in the ultra- 
sound velocity shift AC/C: see, e.g., ref [12]. For 
definiteness we discuss explicitly the quantity (Y. 
which is what is usually directly measured. To 
make the point most forcefully, let us make a 
minimal selection of the data: we consider trans- 
verse sound only and confine ourselves to 
genuinely amorphous dielectrics. (It may, of 
course, be objected that it is well known that we 
can get apparently irrefutable statistical evidence 
for astrological influences by confining ourselves 
to a sufficiently small group such as racing driv- 
ers. However, in the present case the exclusion 
of metallic glasses and disordered crystals still 
leaves us with over 50% of the raw data, and in 
the case of the former, at least, there are good 
physical reasons for the exclusion.) Now, in the 
TLS model LY is given by the formula 

yf(dnldE) 
ff= 

pc; ’ (1) 

where p is the mass density, c, the speed of 
transverse sound, dn/dE the density of states of 
TLS per unit energy and yt the TLS-transverse 
phonon coupling constant. In the model as usual- 
ly understood. these four purameters are com- 

pletely independent inputs. 
In table 1 1 list the values of p, ct, ‘y, and (Y for 

all the amorphous dielectrics for which I have 
been able to find complete data in the literature 
[13, 141. CY, p and c, are directly measured, while 
yt is inferred using the TLS model from the 
relaxation data in the standard way (see refs. 
[ 13, 141). There is no point in quoting a separate 
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Table 1 
Parameters relevant to transverse sound propagation in 

amorphous dielectrics. 

Material P c, Y1 (Y 

(1 -SIO2 2.2 3.8 .6.5 2.9 

BK-7 2.51 3.8 .65 3.3 

SF-4 4.78 2.24 .48 2.75 

SF-57 5.52 2.22 .61 2.98 

SF-59 6.26 1.92 .5 2.78 

PMMA 1.18 1.57 .31 3.7 

SC-5 1.14 1.56 - 4.1 

SC-8 I.1 1.6 .2 2.6 

v-52 4.8 2.25 .52 4.9 

BALNA 4.28 2.3 .45 4.8 

LAT 5.25 2.8 .65 3.7 

Ultrasound-related properties of amorphous dielectrics. p. C, 
and y, are in arbitrary units. (Y in units of lo-‘. Data from 

refs. 114). 

value of dnlds since for all but two cases#2 this 
is not independently measured but is inferred 
from the other data using eq. (1). The truly 
remarkable thing about this table is that while 
the “independent” inputs p, c: and r: fluctuate 
among the 11 materials by factors of -6, 6 and 
10 respectively, the maximum fluctuation in (Y is 
a factor of 1.8! To ascribe this to random coinci- 
dence would seem to strain credulity. 

I will now sketch a scenario (developed in 
collaboration with Clare Yu) which may hold out 
some promise of explaining this striking feature, 
and also some other puzzles such as the tempera- 
ture-dependence of the thermal conductivity, in 
a natural way. I emphasize that at present it is 
only a scenario, not a theory: indeed, the techni- 
cal difficulties of doing concrete calculations on 
the basis of these ideas have so far largely frus- 
trated us (though cf. below). For a more detailed 
discussion, see ref. [15]. 

What do all amorphous materials have in com- 
mon (other than being amorphous) which dis- 
tinguishes them from crystals on the one hand 
and liquids on the other? Directly from the fact 
that the observed ultrasound attenuation, while 
small, is much too large to be explicable in terms 

X2 SiO, and PMMA. Note that in these cases the directly 

measured value of (dn/dE) does not agree with the infer- 
red one. 

of static disorder or phonon-phonon interac- 
tions, we infer that they all have [or+fyving non- 
phononic degrees of freedom which couple to the 
strain. The conjecture is that it is the interaction 
of large subvolumes, carrying non-phonon en- 
tropy, via the strain field which is responsible for 
the observed universality of glassy properties. 

The considerations which follow are largely 
independent of the nature of the excitations at 
the atomic-scale level, but, purely for the sake of 
a familiar language, let us suppose for definite- 
ness that they are something like the two-level 
systems of the standard model. The crucial dif- 
ference between this model and the present 
scenario is that we suppose that the interactions 
between the TLSs mediated by the strain field 
are not a small perturbation but are in fact much 
greater than any intrinsic level splitting. A con- 
crete model of this general type has been studied 
by Klein [16], who shows that in the dilute limit 
one can obtain from it in a natural way what are 
in effect new two- (or few-) level systems with 
just the properties needed to explain most of the 
typical “glassy” behavior. We, however, shall be 
less specific and in particular will not assume the 
TLSs are dilute. Thus the model is inherently 
collective in nature and the Hamiltonian can be 
conceived as something like that of a spin glass 
with an interaction which is proportional at large 
distances to r-! It is crucial to our argument that 
the coefficient of rm3 is y 'lpc', where y is essen- 
tially the ‘yt of eq. (1) and c a typical speed of 
sound. (For the purposes of the present qualita- 
tive discussion we need not distinguish between 
longitudinal and transverse phonons.) 

Now, almost any reasonable argument, be it 
dimensional, mean-field or something more 
sophisticated, gives the result that for an Ising 
spin glass (which is the model most discussed in 
the spin-glass literature) with an interaction pro- 
portional to Air’, the “density of states” (in the 
sense of one-particle-like excitations) at low 
energies F is proportional either to A-’ or to 
A-‘(ln co/~))’ where &Cl is some characteristic 
cutoff. Not only does this give the experimental- 
ly observed form of the specific heat (-T or 
Tlln(T,,IT)), but by eq. (1) it immediately indi- 
cates that the quantity (Y is universal, as ob- 
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served! (In practice, of course, we should expect 
it to depend weakly on dimensionless ratios such 
as y,ly, and c,/c,, and also possibly to contain a 
factor -[ln( T,,/T)] -’ ; but this is quite consistent 
with the data.) So at first sight we have an 
obvious explanation of the “striking 
coincidence” noted above. 

Also. there is a major snag in this picture: 
although the value of (Y (hence l/h) calculated in 
this Ising-like spin glass picture is indeed univer- 
sal, concrete calculations always give a value of 
l/h of order 1, not of order 150 as observed! 
Quite apart from this, this picture, while attrac- 
tive below 1 K, apparently does nothing to ex- 
plain (e.g.) the behavior of the thermal conduc- 
tivity at higher temperatures. 

But now a sudden thought strikes us: suppose 
we have all along been staring at the wrong end 
of the diagram? After all. there is a temperature 
regime where the value of l/h is. at least argu- 
ably, of order 1 - namely, the range of tempera- 
ture above the plateau in K! What if our “naive” 
scenario is actually right in that region? But then, 
why should there be a plateau, and why should 
the behavior below it be even more strikingly 
universal? Above all, why, given those two at 
least arguably “universal” regions, why should 
the behavior of K at the plateau itself be so 
obviously non-universal? 

I believe there is a way, albeit highly specula- 
tive at present, of making possible sense of all 
this. Consider the interactions of subvolumes of 
dimension R large compared to the atomic scale. 
At any value of R the typical phonon-generated 
interaction is glR’, where g = y’lpc’, and we 
may therefore assume that the spacing of relev- 
ant levels, AE. is of the same order. On the 
other hand, the energy E, of a typical phonon 
which must be exchanged in order to generate 
interactions between two such volumes is of 
order he/R. Now, when AE + E, as is the case 
for small R, the interaction energy (or more 
precisely that part of it which is simply given by 
g/R”) relates entirely to “diagonal” (“non-flop”) 
processes, that is, processes in which the “spin” 
is not flipped by emission or absorption of the 
virtual phonon; the resulting Hamiltonian is pre- 
cisely of the Lying spin-glass form considered 

above, and we should expect the results dis- 
cussed above to apply. On the other hand. at 
large R where we have AE < E,, ail processes 
including “flip-flop” (and also “flip-non-flop”) 
can contribute to the effective interaction, and 
the resulting Hamiltonian is of Heisenberg spin- 
glass type. While little work seems to have been 
done on the thermodynamics of the latter model, 
it does not seem obviously out of the question 
that it could generate a density of states which is 
still (as in the Ising case) approximately indepen- 
dent of energy but thinned down by the factor 
-100-150 required to fit the experiments. 

Evidently, the cross-over between these two 
regimes occurs at a value of R given by R - (gi 
hc)’ 2 s (y~/pficy s R,,. While p and c are 
directly measurable, y is not (it would be incon- 
sistent to infer it from an interpretation of the 
low-temperature data in TLS terms!). However, 
on general a priori grounds a value of a few eV 
seems reasonable. With such a value, R,, is of 
order 50 A, and if we relate distances to tem- 
peratures by T - hcik,R then the associated 
“cross-over” temperature T,, is of order 10 K and 
is moreover appreciably material-dependent. 
Now of course we have no a priori reason to 
believe that the crossover between the two re- 
gimes will lead to a plateau in K; however. if we 
take this feature from experiment, we see that 
the height of the plateau, even in the dimension- 

less form plotted in fig. 2 of ref. [8], should also 
be material-dependent. Thus. the scenario might 
explain not only the observed universality above 
and below the plateau, but also the non-univer- 
sality in the plateau region itself. 

It is clear that these ideas are at a very prelimi- 
nary and qualitative stage. Yu [ 171 has attempted 
to implement them quantitatively in a simple 
model, with intriguing results: if one carries out 
a scaling-type calculation starting at R < R,,, then 
(and only then) it is possible to obtain a value of 
l/h in the low-temperature region which is of 
order 150 as observed, but the value is extremely 
sensitive to the initial input parameters, in prima 
facie contradiction to the spirit of the scenario 
(which. ideally, would require that everything 
should iterate to a fixed point which is indepen- 
dent of the input parameters). Further analysis 
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using different specific models is clearly desir- 
able. Fu [IS] has considered possible ways of 
testing the scenario, in particular by using sys- 
tems of restricted dimensionality 
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