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In order to test whether the low-energy excitations explored extensively in amorphous solids are
indeed universal, all measurements published on the low-temperature thermal conductivity and
acoustic attenuation in these solids have been reviewed, on a total of over 60 different compositions.
The ratio of the phonon wavelength l to the phonon mean free path , has been found to lie between
1023 and 1022 in almost all cases, independent of chemical composition and frequency (wavelength)
of the elastic waves, which varied by more than nine orders of magnitude in the different experiments.
When the data were fitted with the tunneling model, which is based on the assumption of atomic or
molecular tunneling states with a certain spectral distribution, the tunneling strength C, which
describes their coupling to the lattice, was found to range from 1024 to 1023 in almost all cases. The
only exceptions reported so far are certain films of amorphous silicon, germanium, and carbon. In
these films, low-temperature acoustic attenuations over two orders of magnitude smaller have been
observed compared to all other amorphous solids. Another remarkable observation is that a large
number of disordered crystals, and even a thermally equilibrated quasicrystal, have low-energy lattice
vibrations that are quantitatively indistinguishable from those of amorphous solids. Their tunneling
strengths also range from 1024 to 1023. These measurements have also been reviewed. It is concluded
that the absence of long-range order is neither sufficient nor necessary for the existence of the
low-energy excitations.
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I. INTRODUCTION

In pure crystalline solids, the lattice vibrations can be
completely described as collective excitations or waves
(Born and von Karman, 1912; Debye, 1912). Lattice de-
fects, like impurities, lead to local changes of these vi-
brations, referred to as defect modes (Wallis, 1968;
Barker and Sievers, 1975), which are specific to the type
and concentration of the defects. In amorphous solids, a
different kind of defect mode has been found, which
leads to characteristic changes in their low-temperature
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thermal conductivity and specific heat, including short-
and long-term thermal relaxation, and also in their real
and imaginary elastic and dielectric functions. These
properties have been studied extensively since they were
first reported 30 years ago (Zeller and Pohl, 1971). A
phenomenological model has been used very success-
fully for the description of these impurity modes
(Anderson et al., 1972; Phillips, 1972). In this so-called
tunneling model, it is postulated that some atoms or
groups of atoms have two equilibrium positions between
which they can tunnel. In contrast to the tunneling states
known in doped crystals (Narayanamurti and Pohl,
1970), their spectral distribution in amorphous solids is
postulated not to be discrete, but broad.

The objective of this paper is not a review of the ex-
perimental exploration of these modes, nor their discus-
sion in terms of the tunneling model, which has been
done extensively in the past (Phillips, 1981b, 1987;
Hunklinger and Raychaudhuri, 1986; Berret and Meiss-
ner, 1988; Esquinazi and König, 1998). Instead we shall
emphasize one particularly puzzling aspect of these
modes, which is that they appear to be not only qualita-
tively, but even quantitatively very similar, independent
of chemical composition or preparation of the amor-
phous solids (Berret and Meissner, 1988; Leggett, 1991).
This quantitative similarity, which is also sometimes re-
ferred to as universality, is not part of the tunneling
model and is undoubtedly the most remarkable property
©2002 The American Physical Society
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of these impurity modes. In spite of much theoretical
effort, which focuses on the interaction between (tunnel-
ing) defects (Yu and Leggett, 1988; Yu, 1989; Copper-
smith, 1991; Leggett, 1991; Burin et al., 1998) or between
soft potentials (Parshin, 1994a), universality remains
poorly understood. Thus the purpose of this paper is to
provide a critical review of the experiments on which
this claim of universality is based, and through this to
contribute to our understanding of the physical nature
of the defect modes. We shall concentrate on measure-
ments of low-temperature thermal conductivity and
sound attenuation, including internal friction. These
measurements permit the most direct test of universality,
and they illustrate a particularly striking property of
these impurity modes even without the use of any par-
ticular theoretical model.

Without specifying at this point exactly what we mean
by universality (this will be done at the end of Sec. III),
we will say right now that exceptions have been ob-
served. In addition, an important point to be stressed is
that the same remarkable defect modes have also been
shown to exist in a large number of disordered crystals,
including at least one quasicrystal. These measurements
will also be reviewed. We shall reach the conclusion that
the absence of long-range order, which characterizes
amorphous solids, is neither sufficient nor necessary for
these excitations to exist.

II. EXAMPLES OF EXPERIMENTAL RESULTS

Before proceeding, we shall show a few examples of
the experimental observations to be reviewed. The char-

FIG. 1. Thermal conductivity of several amorphous solids (Ca-
hill and Pohl, 1988a). The conductivities of all glasses mea-
sured to date below 1 K lie in the range spanned by the two
dashed straight lines shown here, separated by the double ar-
row, which we call the glassy range.
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acteristic thermal conductivity of bulk amorphous di-
electric solids (including that of an amorphous metal in
its superconducting state) is shown in Fig. 1, taken from
Cahill and Pohl (1988a). Below ;1 K, the thermal con-
ductivity varies nearly as the square of the temperature
(T2), and above ;100 K it approaches a temperature-
independent value, called the minimum thermal conduc-
tivity, which has been reviewed previously (Medwick
and Pohl, 1997; Pohl, 1998). In the present review, we
concentrate on the temperature range below 1 K. Note
the two dashed lines in Fig. 1, which are connected by a
double arrow. They are proportional to T2 and indicate
the range spanned by practically all amorphous solids
measured to date, which will be reviewed here. The two
lines are spaced by a factor of 20, which we call the
‘‘glassy range,’’ and present the first example of the uni-
versality to be discussed.

As examples of acoustic attenuation, Fig. 2 shows the
internal friction Q21 of amorphous solids, again includ-
ing an amorphous metal (this one in its normal state;
Topp and Cahill, 1996). Above 10 K, the internal friction
depends strongly on the chemical composition. Below
that temperature, it approaches a temperature-
independent value. The dropoff at the lowest tempera-
ture depends on the frequency of measurement, occur-
ring at lower temperatures as the measuring frequency
decreases, as is illustrated in Fig. 3. This dropoff can be
explained in the tunneling model, together with the pla-
teau (Jäckle, 1972). In this review, we shall concentrate
on the plateau and ignore measurements of acoustic at-
tenuation by resonant scattering, referring the reader to

FIG. 2. Internal friction of several amorphous solids (Topp
and Cahill, 1996). Between 0.1 and 10 K, the internal friction is
nearly independent of temperature and measuring frequency.
Within this temperature range, the magnitude of the internal
friction for all glasses falls within about a factor of 20 as shown
here by the dashed straight lines and the double arrow, called
the glassy range, except for some a-Si films that are mentioned
later. For a discussion of the dropoff below ;0.1 K, see the
text.
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two reviews that have dealt thoroughly with this subject,
those of Hunklinger and Raychaudhuri (1986) and Phil-
lips (1987). Figure 3 also shows that the magnitude of
the internal friction plateau is very little affected by the
frequency of the measurement, a fact to be emphasized
in the following.

Returning to Fig. 2, note again the two dashed lines
and the double arrow marking the range of the height of
the plateau observed in all amorphous solids in which
attenuation has been studied to date (the connection be-
tween ultrasonic attenuation and internal friction will be
explained below). The range spanned is again a factor of
20, the same as that found in thermal conductivity. Some
recent measurements of the low-temperature internal
friction of thin films of amorphous silicon, germanium,
and carbon (a-Si, a-Ge, and a-C) have revealed pla-
teau values below this glassy range, by as much as a
factor of 100, as is shown in Fig. 4 for several a-Si films
(Liu and Pohl, 1998, Fig. 10). These data will be dis-
cussed separately from those obtained on the other
amorphous solids.

Thermal conductivity and internal friction very similar
to those of amorphous solids have also been observed in
a number of disordered crystalline solids. Figure 5 shows
the thermal conductivity of single crystals of chemically

FIG. 3. Internal friction of a-SiO2 measured at different fre-
quencies, after Topp and Cahill (1996). The 484-Hz data (flex-
ural vibration) are from Raychaudhuri and Hunklinger (1984).
The 5-kHz and 4.5-kHz data, measured in torsion with double-
paddle oscillators, are from Classen et al. (2000) and White
and Pohl (1995), respectively. The 66-kHz and 90-kHz data,
measured in torsion, are from Van Cleve et al. (1994) and Ca-
hill and Van Cleve (1989), respectively. The 43-MHz data,
measured as longitudinal acoustic attenuation, are from Bartell
and Hunklinger (1982). The low-temperature rolloff has been
found to occur at temperatures proportional to approximately
the one-third power of the measuring frequency (in agreement
with the tunneling model). The plateau value below 10 K is
almost independent of the measuring frequency over five or-
ders of magnitude. A similar weak dependence on the measur-
ing frequency has also been observed in the polymer PMMA;
see Fig. 7 of Topp and Cahill (1996).
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pure BaF2 and of the composition (BaF2)12x(LaF3)x
(Cahill et al., 1992). With increasing proportion of LaF3 ,
up to x50.46, the thermal conductivity L decreases and
approaches that of amorphous SiO2 (a-SiO2). Such a
glasslike thermal conductivity in chemically disordered
crystals, although observed in many cases as reviewed
below, is nonetheless not the rule. Figure 5 shows one
example, crystalline (BaF2)12x(SrF2)x , in which the
thermal conductivity remains that typical of crystals
even for large x (x50.3 in this case).

In Fig. 6 we show the effect of chemical disorder on
the internal friction of mixed crystals of
(CaF2)12x(LaF3)x (Topp et al., 1999). The smallest in-
ternal friction observed for the pure CaF2 crystal, x50,
is caused by clamping losses (the internal friction of the
pure crystal is orders of magnitude smaller below 10 K).
At x50.13 and x50.26, the internal friction plateau
characteristic of amorphous solids is observed. It is, sig-
nificantly, independent of x in this compositional range.
Note also the same dropoff at the lowest temperatures
as observed in amorphous solids.

FIG. 4. Internal friction of selected pure and hydrogenated
a-Si films. For details see Liu and Pohl (1998). The double
arrow and the dashed lines shown are the same as those in Fig.
2. For the film with the smallest internal friction, the data (,)
indicate an upper limit only, as indicated by the single arrow,
because of uncertainty of the background damping (of the sub-
strate carrying the film). The rapid rise of Qfilm

21 below 3 K for
this film is caused by substrate contamination.
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III. ANALYSIS OF DATA

A. Phonon mean free path in amorphous solids

Since both thermal conductivity and acoustic attenua-
tion measure the damping of elastic waves, we shall start
the review by comparing the ratios of the phonon wave-
length l to the phonon mean free path , observed in
these experiments. This quantity can be determined di-
rectly from measurements of thermal conductivity, ultra-
sonic attenuation, or internal friction, without using any
model of what causes the damping of the elastic waves.

In the gas-kinetic picture, the thermal conductivity L
can be written as

L5
1
3

CDv,~T !, (1)

where CD is the Debye specific heat per volume of the
heat-carrying phonons, which travel with the average
Debye velocity v , undergoing collisions after traveling
the mean free path ,(T). For a recent demonstration
that the heat in amorphous solids is indeed carried by
Debye waves below 1 K, see Vu et al. (1998). At a given

FIG. 5. Thermal conductivity of (BaF2)12x(LaF3)x (Cahill
et al., 1992). The pure BaF2 (x50) has a thermal conductivity
typical of perfect crystals (a collection of perfect-crystal data
can be found in Pohl, 1998). The addition of LaF3 leads to a
thermal conductivity approaching that of an amorphous solid
(a-SiO2). Note that the conductivities for x50.33 and 0.46 are
very close, approaching the minimum thermal conductivity
Lmin at high temperatures (Cahill et al., 1992). Undoped LaF3
again has a large thermal conductivity. The addition of a large
concentration of (divalent) SrF2 to BaF2 has a relatively small
effect on the thermal conductivity. A glasslike thermal conduc-
tivity is not reached.
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temperature, the heat is carried predominantly by those
waves which contribute the most to the specific heat at
that temperature. In the dominant phonon approxima-
tion, it is assumed that these phonons carry all the heat,
and so one can convert ,(T) from a function of tem-
perature to ,(ndom), a function of the dominant phonon
frequency, where ndom is (Klitsner and Pohl, 1987)

ndom54.25
kBT

h
590@GHz K21#•T , (2)

where kB and h are Boltzmann’s and Planck’s constants,
respectively. At 1 K, for example, ndom590 GHz. This
conversion factor is empirical and has worked well for
the description of resonant phonon scattering by local-
ized defect modes, as described, for example, in Naray-
anamurti and Pohl (1970). It is, nevertheless, somewhat
uncertain and depends on details of the phonon-
scattering process. We shall express ,(T) as a function
of the dominant phonon wavelength using

ldom5
v

4.25~kBT/h !
. (3)

Experimentally, the thermal conductivity of amor-
phous solids below a few K is found to vary as T2 with a
prefactor b0 defined below [see Fig. 1; the best fits are
usually achieved with an exponent between 1.8 and 2.0
(Lasjaunias et al., 1975; Raychaudhuri et al., 1980; Ray-
chaudhuri and Pohl, 1982), but we shall ignore this
variation in the following],

L5b0T25
1
3

cT3v, , (4)

FIG. 6. Internal friction of pure CaF2 and of
(CaF2)12x(LaF3)x mixed crystal samples for six different con-
centrations, measured in torsion near 90 kHz, after Topp et al.
(1999). The data points labeled 0% are measurements of the
background by a technique using a pure CaF2 crystal as the
sample, while the dashed line labeled ‘‘background’’ was mea-
sured with a quartz crystal in its place. The internal friction of
the samples is determined by taking the difference between
the data points and the background. A broad, temperature-
independent internal-friction plateau is observed only for the
two largest values of x.
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where c is the prefactor in the Debye specific heat per
volume given by

c5
2
5

kB
4

\3

p2

v3 (5)

and \5h/2p . Combining Eq. (4) with Eq. (5), we obtain

,5
3b0

cvT
5

15
2

\3b0v2

kB
4 p2T

. (6)

Upon introducing ldom , we obtain

ldom

,
5

2
15

kB
4 p2

\3b0v•4.25~kB /h !

50.46@J K23 s22#•
1

b0v
. (7)

Thus ldom /, is obtained directly from the experimen-
tally determined b0 and the Debye velocity. It does not
depend on phonon frequencies.

Measurement of the ultrasonic (energy) attenuation a
leads immediately to the mean free path

,5a21, (8)

and thus

l

,
5

v
n

a , (9)

where n is the frequency and l the wavelength of the
acoustic wave.

Finally, from the internal friction Q21, , is obtained
through

Q215
v

2pn
a5

v
2pn

1
,

5
1

2p

l

,
, (10)

and from this

FIG. 7. l/, obtained using transverse waves from thermal con-
ductivity and acoustic attenuation measurements for all amor-
phous solids measured, except a-Si, a-Ge, and a-C. The quan-
tity l/, is independent of the material and falls within
approximately a factor of 20, independent of the elastic modu-
lus rv t

2, which varies over a factor of 50 for different materials.
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l

,
52pQ2152p

v
v

a , (11)

where v52pn. If the ultrasonic attenuation is measured
in db/cm, as is often done, the connection between its
value, called adb , and the internal friction Q21 is given
by

Q2150.23
v
v

adb , (12)

and from this,

l

,
52p•0.23

v
v

adb . (13)

Equations (7) and (11) can be used to describe the pho-
non scattering observed through thermal conductivity
and acoustic attenuation, respectively. In the following,
we shall drop the subscript ‘‘dom’’ from ldom /, for con-
venience and call l/, the relative inverse phonon mean
free path from either thermal conductivity measure-
ments or acoustic measurements.

Figure 7 contains l/, obtained from the attenuation of
transverse waves (the acronyms used for the identifica-
tion of the solids will be explained later in the tables).
Since heat is carried predominantly by transverse waves,
l/, obtained from thermal conductivity in the tempera-
ture range where L5b0T2 can be directly compared to
the acoustic results, as is done in Fig. 7.

Figure 8 summarizes results obtained for longitudinal
waves. Here we include results obtained on Young’s-

FIG. 8. l/, obtained using longitudinal waves from flexural
and acoustic attenuation measurements for all amorphous
solids, except a-Si, a-Ge, and a-C. The l/, of an over
90% porous aerogel (not shown) has the same value as the
aerogel shown, although the elastic modulus rv1

2 would lie
outside the range plotted by a factor of 100 (see Table I). Thus
the quantity l/, is independent of the material and falls with-
in approximately a factor of 20, independent of the elastic
modulus rv1

2, which varies over a factor of 104 for different
materials.
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TABLE I. Si- and Ge-based glasses. This table and the following four contain information on all amorphous solids found for which
either the pre-factor b0 of the low-temperature T2 thermal conductivity, or the temperature-independent acoustic attenuation a,
or the internal friction plateau Q0

21 has been measured. No effort has been made to cite all references for a particular substance.
Instead, we have tried to select those which contain the most complete information and which may also refer to earlier work. In
Tables I–IV, column 1 lists the names of the glasses as used in Figs. 7, 8, 9, and 10 with their exact compositions given in the notes;
column 2 is the mass density r; columns 3 and 4 are the longitudinal and transverse speeds of sound v i , with all references given
throughout the tables; columns 5 and 6 are the longitudinal and transverse elastic moduli rv i

2; columns 7–10 are the tunneling
strengths C t,l determined from the plateau value of a or Q0

21 of longitudinal, Young’s-modulus (flexural), and transverse waves
[using Eq. (15)], or from b0 [using Eq. (19)]. Solids for which the speeds of sound are not known have been listed in the notes. In
order to keep these tables from becoming too crowded, we did not list the measured quantities b0 , a, and Q0

21 or the quantities
l/,ut,l derived from them [using Eqs. (16) and (20), respectively]. They can, of course, be readily rederived from the quantities
listed here.

r (g/cm3) v (105 cm/s) Mod. (1010 Pa) C l (1024) C t (1024)
Material r v l v t rv l

2 rv t
2 ac. flex. L ac.

SiO2 2.2031 5.81,2 3.71,2 7.4 3.0 3.03.4 2.85,6 3.07,8 3.19,10

Same, compacted11 2.4512 6.0813 9.1 1.112,14

Same, porous15 1.57016 3.56217,18 2.18817,18 2.0 0.75 5.419,20 6.021,22

Same, porous23 0.8724 1.8524 1.1824 0.3 0.12 3.025,26

Same, porous27 0.2724 0.42524 0.2624 0.005 0.002 5.025,28

774029 2.230,31 5.532 3.432 6.7 2.5 4.233,34

960635 2.4236,37 6.1736,37 3.7736,37 9.2 3.4 3.138 3.039,40

AnAb41 2.5342 ;7.342,43 ;3.442,43 13 2.9 3.444

GeO2 3.6145 3.7746 2.3646 5.1 2.0 3.447,48 2.449,50 3.336

975451 3.552 5.852 3.1652 11.8 3.5 3.533

GeS2 2.7053 2.7353 1.7054 2.0 0.78 2.655,56

Ge2Se3 4.2557 2.458 1.4457 2.4 0.88 1.355,59

1McSkimin (1953).
2By extrapolation of measurements above 70 K. Hunklinger and Arnold (1976) gave v l55.83105 cm/s and v t53.83105 cm/s,

both measured at 1.2 K. See Table 1 of Hunklinger and Arnold (1976). From Brillouin scattering, Love (1973) determined that
v l5(5.860.1)3105 cm/s and v t5(3.6860.1)3105 cm/s at 2 K.

3Kosugi et al. (1996).
4Compound oscillator, 51 kHz, a-SiO2 with approximately 1000 ppm OH (Kosugi, 2001). The addition of a-GeO2 in concentra-

tions of 5 and 10 mol % (OH concentration similar to the pure sample) resulted in C l52.531024 and 2.631024, respectively. The
addition of 4 and 8 mol % F, which forms SiO3F in the amorphous structure, resulted in C l52.931024 and 3.331024, respectively
(measured at 2.0 K, but temperature independent below 4 K; Kobayashi et al., 1999). In attenuation experiments at 30 MHz,
Jäckle et al. (1976) reported C l53.631024 in Suprasil W (5 ppm OH), and an identical result in Suprasil I (1200 ppm OH). From
similar measurements in Suprasil W at 43 MHz, C l5531024 was determined, and at 200 MHz, C l;731024 (Bartell and
Hunklinger, 1982). Note the frequency dependence referred to in the text and illustrated in Fig. 3.

5Classen et al. (1994).
6Measurements on Suprasil W (OH: ;5 ppm, Cl: ;1000 ppm, metals: ,5 ppm, all in mole) at 1.2 and 11.4 kHz. Similar

measurements at 484 and 3170 Hz, all on Suprasil W, resulted in C l52.331024 and 2.731024, respectively (Raychaudhuri and
Hunklinger, 1984). For a microscope cover slide (main composition cited as 50 wt % SiO2 , 7 wt % B2O3 , and 5 wt % each of
Na2O, K2 , and ZnO) vibrating at 1028 Hz, C l53.231024 was reported (Raychaudhuri and Hunklinger, 1984).

7Raychaudhuri and Pohl (1982). From the analysis by Topp and Cahill (1996).
8The thermal conductivity of a-SiO2 below 1K has been shown to be independent of sample and investigator, to within 610%,

in several measurements (see von Löhneysen and Platte, 1979), although trace impurity concentrations differed: Suprasil W (,8
ppm OH, 200–400 ppm Cl, metallic impurities ,5 ppm), Suprasil and Spectrosil B (900–1200 ppm OH, 50–100 ppm Cl, ,5 ppm
metallic impurities), and fused quartz, type GE 201 (3 ppm OH, 50 ppm metallic impurities, mostly Al; Stephens, 1976). Annealing
also has a very small effect on the thermal conductivity: On Suprasil W, an anneal at 1400 °C for 4 h followed by a water quench
increased the thermal conductivity by 15% (von Löhneysen, Rüsing, and Sander, 1985). On Suprasil I (1200 ppm OH), an anneal
at 1300 °C for 6 h increased it by 10% (von Löhneysen, Ratai, and Sander, 1985). The addition of up to 20 mol % K2O or up to
27 mol % Na2O to a-SiO2 has also been shown to have no measurable effect on the thermal conductivity (MacDonald et al.,
1985a). Similarly, in a manganese aluminosilica glass of composition (MnO)0.40(Al2O3)0.20(SiO2)0.40 , a low-temperature thermal
conductivity identical to that found in a-SiO2 has been reported (Raychaudhuri and Pohl, 1977). Since no sound velocity is known
for this glass, no tunneling strength C t could be computed.

9Compound oscillator measurements at 90 kHz on Suprasil W (Thompson, Lawes et al., 2000).
10Measurements at 4.5 kHz on a double-paddle oscillator etched out of a 0.125-mm-thick Suprasil W wafer yielded C t52.8

31024. Measurements below 1 K (Van Cleve, 1991) together with measurements from 0.4 to 100 K have been published by White
and Pohl (1995). On a similarly shaped laser-cut oscillator of Suprasil 300 (typical impurity contents of this glass ,1 ppm OH,
;400 ppm Cl; Strehlow, 2001), Classen et al. (2000) determined C t52.931024 and the same value for C l (flexural) in the fre-
quency range 0.33–14 kHz. For a review of the frequency dependence of C, see Topp and Cahill (1996) and also Fig. 3.
Rev. Mod. Phys., Vol. 74, No. 4, October 2002
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11Irreversibly compacted at 600 °C and 4 GPa (Weiss et al., 1996).
12Weiss et al. (1996).
13Döring et al. (1994).
14Measured at 12 kHz.
15Vycor, Corning code 7930, porosity 29%.
16Tait (1975).
17DeYoreo (1985).
18Determined at 77 K in N2 atmosphere (see DeYoreo, 1985, p. 210).
19Cahill et al. (1990).
20Another porous silica-based glass produced by the sol-gel process, with mass density 81% that of bulk a-SiO2 , had a thermal

conductivity 20% smaller than a-SiO2 . Using measured speeds of sound, v t51.83105 cm/s, C t57.231024 was determined (Grace
and Anderson, 1986).

21Watson (1992).
22Measurements at 90 kHz.
23Aerogel, porosity 60%.
24Calemczuk et al. (1986).
25Bon et al. (1987).
26Measurements at 3.4 kHz.
27Aerogel, porosity 88%. Even with an elastic modulus that is a factor of 60 smaller than the other aerogel studied, C l is

remarkably large. This data point is not plotted in Figs. 8 and 10.
28Measurements at 1.0 kHz. Q21 is somewhat temperature dependent.
29Corning code 7740, Pyrex. Composition 80.5 wt % (84 mol %) SiO2 , 12.9 wt % (11 mol %) B2O3 , 3.8 wt % (6 mol %) Na2O,

2.2 wt % (1 mol %) Al2O3 .
30Stephens (1973).
31Value quoted in Stephens (1973) from Corning catalog.
32Love (1973).
33Zeller and Pohl (1971).
34In another borosilicate glass, BK7, on which many of the early acoustic studies of glasses were performed, a narrow plateau

observed between ;5 and 10 K at frequencies of 30 and 90 MHz can be interpreted with the tunneling strength C t and C l ranging
from 431024 to 631024 (Jäckle et al., 1976).

35Corning code 9606, Pyroceram, glass used to make ceramic; 58 mol % SiO2 , 23 mol % MgO, 12 mol % Al2O3 , 6 mol % TiO2 .
36Stephens (1976).
37Values shown here have been measured on Corning code 9623, a similar glass-ceramic of the following composition (main

constituents): 69 mol % SiO2 , 15 mol % Al2O3 , 9 mol % Li2O.
38Cahill et al. (1991).
39Raychaudhuri and Pohl (1991).
40Measurements at 66 kHz.
41An50Ab50 , amorphous solid of 50 mol % Anorthite (CaAl2Si2O8) and 50 mol % Albite (NaAlSi3O8); in crystalline form, this

composition would belong to the plagioclase feldspars.
42Linvill (1987).
43These approximate values are based on speeds of sound reported for plagioclase feldspars; see Linvill (1987), pp. 139 and 201.
44Cahill et al. (1992).
45Antoniou and Morrison (1965).
46R. E. Strakna as quoted in Antoniou and Morrison (1965).
47Laermans et al. (1997).
48Measurement at 80 MHz.
49Rau et al. (1995).
50Measurements at 6.3 kHz.
51Corning code 9754, GeO2 , 50 wt % (44 mol %); Al2O3 , 25 wt % (23 mol %); CaO, 15 wt % (25 mol %), BaO, 5 wt % (3

mol %); ZnO, 5 wt % (6 mol %).
52Reddy (1995).
53Tsiulyanu et al. (1993).
54Onari et al. (1993).
55Gilroy and Phillips (1983).
56Measurements at 550 kHz, above 4.2 K only. Therefore the plateau is not clearly indicated, and the value of C l must be

considered an upper limit. Measurements on Ge2S3 yielded a similar value, and those on GeS4 yielded C l5831024.
57Duquesne and Bellessa (1985).
58Estimated by assuming v l51.65v t as suggested by Berret and Meissner (1988) for amorphous solids.
59Measurements similar to those described in note 56, with similar limitations. Measurements on GeSe2 yielded the same value,

and those on GeSe4 yielded a value twice as large.
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TABLE II. Non-Si- and Ge-based glasses. See caption for Table I.

r (g/cm3) v (105 cm/s) Mod. (1010 Pa) C l (1024) C t (1024)
Material r v l v t rv l

2 rv t
2 ac. flex. L ac.

B2O3 1.801 3.471 1.911 2.2 0.65 3.762,3 4.34,5

B2O3 :Na6 2.037 4.657 2.487 4.4 1.25 7.68

B2O3 :K9 2.2010 4.7410 2.6210 4.9 1.5 5.710

B2O3 :Li2O11 2.0541 6.921 3.971 9.8 3.2 8.21,12 5.813,14 8.91,12

LASF15 5.7916 5.64416 3.56016 18 7.3 2.016,17

Se 4.318 2.018 1.0518 1.7 0.47 2.219,20 2.94,21

CdGeAs2 5.7222 3.0323,24 1.8623,24 5.3 2.0 1.625 1.226,27

B28 1.729 8.129 11 2.229,30

B9C28 1.6829 6.6429 7.4 3.029,30

K,Ca,NO3
31 2.14 3.4564 1.7494 2.5 0.64 10.04,32

As2S3 3.226 2.6533 1.4433 2.2 0.66 2.334,35 1.436,37 1.74,38

LiCl:H2O39 1.240 4.041 2.041 1.9 0.48 7.040,42 10.041,43

MnF2
44 4.0545 4.745 2.545 8.9 2.5 2.245,46 3.845,47

V5248 4.849 4.1549 2.2549 8.3 2.4 6.049,50 5.449,51

LaPO52 3.453 4.46353 9.6 2.853,54

Glycerol55 1.4256 1.8557 0.5 3.058

1Devaud et al. (1983).
2Rau et al. (1995).
3Measurements at 2.8 kHz.
4Stephens (1976).
5From the analysis by Topp and Cahill (1996). Two B2O3 samples were measured by Stephens (1976). One had a larger

specific-heat anomaly and showed an infrared absorption of OH seven times higher than the other. The results of the thermal
conductivity, however, were indistinguishable to better than 10%. Similarly, doping with 1 mol % Na2O had no effect (Villar et al.,
1986).

6(B2O3)0.9(Na2O)0.1
7Ramos and Buchenau (1997).
8Villar et al. (1986).
9(B2O3)0.75(K2O)0.25 ; results for (B2O3)0.95(K2O)0.05 were very similar to those of pure B2O3 .
10MacDonald et al. (1985b).
11(B2O3)1.0(Li2O)x , x50.5. Also measured were x50.11, 0.25, 0.70, and x50.5 with 0.7 LiCl added (a supersonic conductor; see

Prieur and Ciplys, 1981), all with similar results.
12Measurements from 150 to 600 MHz.
13Raychaudhuri et al. (1980).
14Composition (B2O3)0.67(Li2O)0.33 . Adding (WO3)0.03 decreased the thermal conductivity by 20%; change of sound velocity

was not measured.
15LASF-7. Composition is given in Berret et al. (1986), p. 71, as ‘‘mostly B2O3 , La2O3 , and ThO2 , with a few percent Ta2O3 and

Nb2O5 .’’
16Berret et al. (1986).
17Measurements at 30 and 90 MHz (Berret et al., 1986).
18Duquesne and Bellessa (1985).
19Jaqmin et al. (1983).
20Measurements at 228 Hz.
21After a melt-quenched amorphous sample was annealed, an increase of the thermal conductivity below 1 K by 25% was

observed, together with a decrease of the fictive temperature by ;30 K (10%; R. Calemczuk, Ph.D. thesis, as quoted by Johari,
1986).

22Cervinka et al. (1970).
23Nemilov et al. (1971).
24Room-temperature values.
25Cahill and Pohl (1988b).
26Topp and Cahill (1996).
27Measurements at 90 kHz.
28Thin films produced by e-beam evaporation, with mass densities ;68% of those of the bulk crystalline phases (b-B and B9C,

respectively), believed to be caused mainly by porosity.
29Medwick et al. (1998).
30Measurements at 5.3 kHz.
31KCa(NO3)3 .
32In (KNO3)0.60@Ca(NO3)2#0.40 , doping with 3.4 wt % water lowered the thermal conductivity by 7% (Klitsner et al., 1981). In

the doped sample, the number density of the water molecules, 2.531021 cm23, was 17% of that of the NO3 ions. Since the speed
Rev. Mod. Phys., Vol. 74, No. 4, October 2002
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of sound of the doped sample is unknown, no tunneling strength is available.
33R. B. Stephens, private communication, as reported by Cahill and Pohl (1987).
34Ng and Sladek (1975).
35Measurements from 30 to 390 MHz.
36Jacobsen et al. (1991).
37Measurements at ;300 Hz.
38From the analysis by Topp and Cahill (1996).
39LiCl:7H2O.
40Kasper and Röhring (1984).
41Röhring et al. (1990).
42Measurements from 17 to 104 MHz.
43Measurements at 67 MHz. Residual absorption, which was estimated to be ;15%, was not subtracted.
44(MnF2)0.65(BaF2)0.2(NaPO3)0.15 from Doussineau et al. (1985). A similar, nonmagnetic glass containing Zn instead of Mn had

very similar data and is not listed here.
45Doussineau et al. (1985).
46Measurements at 260 MHz.
47Measurements at 205 MHz.
48(ZrF4)0.575(BaF2)0.3375(ThF4)0.0875 .
49Doussineau and Matecki (1981).
50Measurements at 130 MHz and determined only from a weakly resolved plateau.
51Measurements at 145 MHz and determined only from a weakly resolved plateau.
52(La2O3)0.26(P2O5)0.74 .
53Carini et al. (1994).
54Measurements between 10 and 90 MHz. Measurements on (Sm2O3)x(P2O5)12x , x50.19 and 0.25, led to C l52.931024 and

2.431024, respectively.
55C3H5(OH)3 .
56Schulz (1954).
57Obtained by extrapolating longitudinal sound velocity measurements above 180 Kby Jeong et al. (1986) to low temperatures,

and assuming v l52v t (Ramos, 2002).
58By extrapolating the thermal conductivity measurements above 1.7 K to low temperatures, b056.031024 W/cm K3 was ob-

tained (Talon et al., 2001).
modulus measurements (flexural vibrating reed), since
the Young’s-modulus sound velocity is closely related to
the longitudinal sound velocity for typical Poisson ratios
(Raychaudhuri and Hunklinger, 1984). Note that Figs. 7
and 8 contain the measurements on all amorphous solids
that have been reviewed. The only exceptions are the
data on a-Si, a-Ge, and a-C, which will be reviewed
separately below. Also omitted from these two figures
were those solids for which the speeds of sound are un-
known, since their values are needed in Eqs. (7) and
(11) as well as for the determination of the moduli (the
horizontal axes in the figures). Details on those solids,
however, will be found in the notes to the tables. They
indicate no exceptional behavior.

The experimental findings shown in these two figures
can be summarized with two simple statements:

(1) l/, is independent of the substance within approxi-
mately a factor of 20.

(2) For a given substance, l/, is independent of the fre-
quency used, within a small factor, usually smaller
than 2 or 3.

Since acoustic measurements typically use frequencies
from 102 to 109 Hz and thermal conductivity probes fre-
quencies from 53109 to 231011 Hz in the temperature
range 0.05,T,2.0 K, the measurements summarized in
Figs. 7 and 8 span up to nine orders of magnitude in
frequency! It is highly remarkable that a general phe-
nomenon as summarized in statements (1) and (2) con-
tinues to be without a simple physical explanation.
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In order to avoid misunderstandings, we emphasize
that neither statement is new. Statement (1) was first
suggested by Freeman and Anderson (1986), who com-
pared the thermal conductivity of 11 amorphous solids
and suggested (l/,);6.731023 as an average value,
well within the range shown in Fig. 7. Statement (2) is
identical to the well-known fact that the same tunneling
strength C, a quantity to be introduced below, can be
used to describe both the low-temperature thermal con-
ductivity and sound attenuation. However, the demon-
stration that both statements apply to all amorphous sol-
ids measured to date (apart from the exceptions
mentioned above) has not been made before.

B. Tunneling strength

The summarizing statements at the end of the preced-
ing section are somewhat oversimplified in that l/, as
determined from acoustic measurements at the lowest
temperatures has been found to depend on temperature
as shown in Figs. 2 and 3. Only in the limit of vanishingly
small frequency does l/, appear to be truly temperature
independent. At high frequencies, the temperature
range in which l/, is constant shrinks. Yet, in thermal
conductivity experiments in which the heat is carried by
phonons of even higher frequencies, the same l/, is
found to describe the measurements well. These obser-
vations are explained by the phenomenological tunnel-
ing model [see Anderson et al. (1972), Jäckle (1972), and
Phillips (1972)], which postulates that the lower-
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TABLE III. Polymers. See caption for Table I.

r (g/cm3) v (105 cm/s) Mod. (1010 Pa) C l (1024) C t (1024)
Material r v l v t rv l

2 rv t
2 ac. flex. L ac.

PMMA1 1.182 3.1502 1.5702 1.2 0.29 3.72,3 3.14,5,6 4.87,8 5.72,3

PS9 1.0610 2.811 1.3410 0.83 0.19 8.35,12 10.47,13 7.810,14

PC15 1.22 2.916 1.3716 1.0 0.17 3.52,17 12.218,13 9.519,20

PB21 0.9322 3.0222 1.4622 0.85 0.20 5.623,24

PET25 1.33526 2.3227 1.1626 0.72 0.18 6.428,29

PEMA30 1.122 2.9552 1.527 0.99 0.25 4.62,3 6.94,31

PBM32 1.0633 3.127 1.5433 1.0 0.25 1.34

Stycast 126634 1.1835 2.6136 1.327 0.8 0.20 336,37 5.538 3.939

Stycast 285039 2.2610 4.427 2.2110 4.4 1.1 2.710,40

SC541 1.1442 3.1442 1.5642 1.1 0.28 7.042

SC843 1.142 3.2242 1.642 1.1 0.28 3.642

703144 1.2645 0.1945 4.246,47

ET48 1.249 3.2549 1.27 549,50,51

1Polymethylmethacrylate.
2Federle and Hunklinger (1982).
3Measurements from 15 to 400 MHz. The value of C l59.131024 for PMMA reported by Nava et al. (1991) seems somewhat

large.
4Hickel and Kasper (1988).
5Nittke et al. (1995).
6Vibrating reed measurements between 300 and 800 Hz (Hickel and Kasper, 1988). According to Nittke et al. (1995), C l52.7

31024 (535 Hz). The frequency dependence of the tunneling strength for PMMA between 1022 and 108 Hz (approximately a
factor of 3) has been reviewed by Topp and Cahill (1996).

7Stephens (1973).
8From the analysis by Topp and Cahill (1996). This reference also contains a review of earlier attenuation measurements on

PMMA. The thermal conductivity of Mylar was found to be 1.831024 @W cm21 K23#•T2 (Peterson and Anderson, 1972), close to
that of PS and PC. Since its speeds e-sound are unknown, the data for Mylar were not included in the table.

9Polystyrene.
10Topp and Cahill (1996).
11Duquesne and Bellessa (1979).
12Measurements at 240 Hz and 3.2 kHz.
13From the analysis by Topp and Cahill (1996).
14Measurements at 87 kHz.
15Polycarbonate (Lexan).
16Cieloszyk et al. (1973).
17Measurements from 15 to 400 MHz.
18Zaitlin and Anderson (1975).
19Hartwig and Schwarz (1986).
20Torsional oscillator measurements at 10 Hz and T>5 K. Similar measurements were also reported for several other polymers.
21Polybutadiene.
22Bhattacharyya et al. (1979).
23Matsumoto and Anderson (1981).
24Partial crystallization was found to decrease the thermal conductivity without changing the temperature dependence noticeably

(Freeman et al., 1986). Changing the cross linking by g irradiation has very little effect on the conductivity in the T2 temperature
region (von Löhneysen et al., 1987).

25Polyethyleneterephtalate.
26Armeniades and Baer (1971).
27Calculated assuming that v l'2v t as suggested by Choy et al. (1975), based on measurements of Athougies et al. (1972) on

several polymers.
28Greig and Sahota (1983).
29Greig and Sahota (1983) also studied the effect of partial crystallization.
30Polyethylmethacrylate.
31Vibrating reed measurements at ;500 Hz.
32Poly-n-butyl-methacrylate.
33Heijboer and Pineri (1982).
34Clear Stycast.
35Emerson-Cuming, Technical Bulletin. 1.25 g/cm3 according to Guillon and Frossati (1992).
36Guillon and Frossati (1992).
37Measurements at 88 MHz. At 148 MHz, C l5431024.
38Olson (1993).
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39Measurements done in this investigation at 85 KHz using the same technique as described in Topp and Cahill (1996).
40Stycast 2850FT, black, containing '80 wt % Al2O3 (Topp and Cahill, 1996).
41Data taken at 84 kHz.
42Epoxy SC5: Scotchcast 5.
43Matsumoto et al. (1979).
44Epoxy SC8: Scotchcast 8.
45Polyvinyl phenolic, GE7031.
46From the T3 part of the specific heat measured in Stephens (1975), and a mass density assumed to be 1.2 g/cm3, a lower limit

of the Debye velocity v51.43105 cm/s was determined. As rule of thumb, v t50.9v is used, which works well for all polymers in
this list.

47Stephens (1975).
48Because of the assumptions made for this polymer (see note 46), this value is estimated to be accurate only to 620%.
49ET1000, commercial epoxy resin, Silitro Comp.
50Doussineau and Schön (1983).
51Measurements from 150 MHz to 2.14 GHz.
52On a natural resin (amber), C l5631024 has been reported by Nava et al. (1991) between 5 and 25 MHz (no sound velocity

given).
frequency phonons are attenuated mainly by a relax-
ation of the tunneling defects, while the high-frequency
phonons that carry the heat are resonantly scattered.
Both the internal friction and acoustic attenuation, in-
cluding the dropoff at the lowest temperatures and the
T2 dependence of the thermal conductivity, are de-
scribed in the tunneling model with the same adjustable
parameter, the tunneling strength Ci . It is defined as

Ci5
P̄g i

2

rv i
2 , (14)

where P̄ is the spectral density of the tunneling states,
g i, is the energy with which they are coupled to the
plane-wave lattice vibrations, r is the mass density, and
v i is the speed of sound, with i indicating their polariza-
tion, transverse (t) and longitudinal (l). Thus, in the tun-
neling model, instead of comparing l/,, one compares
the tunneling strengths C t and C l , which are listed in
Tables I–IV for all amorphous solids we found treated
in the literature (except a-Si, a-Ge, and a-C). Amor-
phous solids for which either thermal conductivity or
acoustic attenuation is known, but for which the speed
of sound is unknown, have been listed in the notes to the
tables (the speed of sound is needed to determine l/,, to
derive C t from thermal conductivity, and to plot the tun-
neling strength versus the elastic constant in the figures).
The elastic constants rv i

2 cover four orders of magni-
tude, varying from 2.03107 Pa for aerogel in Table I to
2.231011 Pa for PdSiCu in Table IV. Yet the tables show
how little the tunneling strength varies, either from ma-
terial to material or with the frequency and polarization
of the acoustic wave (including those materials that are
listed only in the notes). The contents of the tables are
illustrated in Figs. 9 and 10 and demonstrate the remark-
able universality referred to in the Introduction.

The following remarks may help in digesting the fig-
ures and tables. Figures 7 and 8 illustrate the relative
inverse phonon mean free paths, l/,, while Figs. 9 and
10 show the tunneling strengths. Yet Figs. 7 and 9 and
Figs. 8 and 10 appear to be very similar. The reason for
this similarity can be easily understood, as will be shown
next.

According to the tunneling model,
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C t,l5
2
p

Q0,t,l
21 5

v t,l

p2n
a0,t,l , (15)

where Q0
21 and a0 are the internal friction and acoustic

(energy) attenuation in the temperature-independent
(plateau) region, respectively, v t,l are the speeds of
sound, and n is the frequency of the wave. For acoustic
measurements in the temperature-independent plateau
region, the tunneling states are relaxed via a relaxational
process in the strain field of sound waves, mediated ei-
ther by phonons in insulated glasses or by normal-state
electrons in metallic glasses. In either case, Eq. (15) is
valid (Jäckle, 1972). Rewriting Eq. (11) in terms of C t,l ,
we obtain

l

,
U

t,l

5p2C t,l . (16)

Thus the acoustically determined relative inverse pho-
non mean free paths and the tunneling strengths are re-
lated by a constant factor (p2;9).

If the thermal conductivity L is dominated by
phonons that are resonantly scattered by the low-energy
excitations, L can be approximated by (Hunklinger and
Raychaudhuri, 1986)

L5
rkB

3 T2

6p\2P̄
(

i

v i

g i
2 . (17)

In order to simplify this expression, we use the empirical
relations that Berret and Meissner (1988) found to be
valid for a wide range of amorphous solids:

v l'1.65v t and g l
2'2.5g t

2. (18)

With Eqs. (14) and (18), Eq. (17) takes the form

L5
2.66kB

3

6p\2

1
C tv t

T2

53.331022@W K23 s21#
1

C tv t
T25b0T2. (19)

With Eqs. (18), (19), and v5@(1/3)v l
231(2/3)v t

23#21/3,
Eq. (7) is rewritten as
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TABLE IV. Metallic glasses. See caption for Table I.

r (g/cm3) v (105 cm/s) Mod. (1010 Pa) C l (1024) C t (1024)
Material r v l v t rv l

2 rv t
2 ac. flex. L ac.

ZrPd1 7.862,3 4.44 2.45 15.0 4.5 0.44,6 1.57,8 1.42

ZrCu9 7.010,11 3.5610,12 1.813 8.9 2.3 1.310,14 2.915,16 0.617,18

PdSiCu19 10.5220 4.6020 1.79720 22.0 3.4 0.877,21 1.022,23 0.724,25

PdSi26 10.2527 4.228 1.728 18.0 3.0 0.6429,30

NiP31 8.032 5.232 2.332 21.6 4.2 3.633,34

FeP35 7.036 4.529,37 2.438 14.0 4.0 2.729,39

PdSiAg40 10.541 4.4342,43 1.742,43 21.0 3.0 1.543,44

PdUSi45 11.146 - 1.747 21.0 3.0 0.646,48

CuZrAl49 6.750 3.151 6.4 0.6452

1Zr0.7Pd0.3 (melt spun or splat cooled).
2Graebner et al. (1977).
3Tc52.53 K.
4Weiss et al. (1980).
5Weiss and Golding (1988).
6740 MHz. No information on heat treatment of sample. Arnold et al. (1981) analyzed the same data as well as the data obtained

at 1.3 GHz, with C l50.5531024.
7Raychaudhuri and Hunklinger (1984).
8Measurements at 1182 Hz (Raychaudhuri and Hunklinger, 1984). Measurements at 3.1 kHz confirmed this result, C l51.65

31024 (Classen et al., 1994). Esquinazi et al. (1986) determined C l51.931024 at 640 Hz and C l5631025 at 720 MHz.
9Zr0.7Cu0.3 (melt spun or splat cooled).
10Esquinazi and Luzuriaga (1988).
11Melt spun. Tc52.806 K. Tc ranging from 2.35 to 2.7 K was reported by Grondey et al. (1983).
12Determined with v l51.27vE from a melt-spun sample with the Young’s-modulus velocity vE5(2.860.3)3105 cm/s measured by

Esquinazi and Luzuriaga (1988) and a Poisson ratio assumed to be 0.40.
13From v l , assuming v l52v t , which appears to be a good approximation in metallic glasses, as shown in this table.
14Annealing lowers this value by over a factor of 3.
15Grondey et al. (1983).
16Annealing lowers this value by a factor of up to 3 (Esquinazi et al., 1982). Similar results have been reported for sputtered films

(Ravex et al., 1984). Similar results were also reported for different compositions: Zr0.74Cu0.26 and Zr0.60Cu0.40 (Grondey et al.,
1983) and Zr0.80Cu0.20 (Lasjaunias et al., 1984). Similar thermal conductivities were also reported for alloys of different chemical
composition: Zr0.55Be0.45 and Zr0.60Be0.40 (Raychaudhuri and Hasegawa, 1980), Zr0.67Ni0.33 (Gronert et al., 1986), Zr0.76Ni0.24
(Ravex et al., 1981), and melt-spun La0.70Cu0.30 (Daudin, 1981; Esquinazi et al., 1982). However, since their speeds of sound are all
unknown, no value of C was determined.

17Arnold et al. (1982).
18Cu0.60Zr0.40 , splat cooled, no information on heat treatment, measured at 745 MHz.
19Pd0.78Si0.16Cu0.06 .
20Golding et al. (1972).
21Measurements of 178 and 1030 Hz. For similarly prepared samples, C l (at ;500 Hz) ranging from 1.031024 (splat cooled) to

0.3531024 (slow cooled) have been reported by Hunklinger (1987) and Rabenau (1986). A similar variation was found in thermal
conductivity (Herlach et al., 1986, 1987). Details on the effect of annealing PdSiCu can be found in Chap. 4 of Thompson (2000);
see also Thompson, Vu, and Pohl (2000). Strain-amplitude dependence between 0.2 mK and 0.5 K has been explored by Ramos
et al. (2000).

22Matey and Anderson (1977a).
23After 6 h anneal at 300 °C, this value dropped to 0.6731024.
24Doussineau (1981).
25Measured at ;1.0 K and between 370 and 852 MHz. The value given is an average and is probably a lower limit, since the

ultrasonic absorption still increases with increasing temperature.
26Pd0.81Si0.19 .
27Table 2 of Gaskell (1983).
28Calculated from the shear elastic constants given in Table 6.1 of Künzi (1983).
29Barmatz and Chen (1974).
30Measurements from 200 to 1300 Hz. In Fig. 2, of Van Cleve et al. (1990), C l5531025 was reported (;300 Hz).
31Ni0.86P0.14 (Bellessa et al., 1976), bulk samples produced by electrodeposition.
32Bellessa et al. (1977).
33Matey and Anderson (1977b).
34Matey and Anderson (1977b) also explored a bulk sample of electrodeposited Fe0.84P0.14 and foils of Ti0.50Be0.40Zr0.10 and

Fe0.32Ni0.36Cr0.14P0.12B0.06 . Their phonon thermal conductivities were close to that of the NiP, but since their speeds of sound are
unknown, they were not converted to a tunneling strength C. The same problem was encountered in melt-spun amorphous ribbons
of (Mo12xRux)0.80P0.20 . Their low-temperature thermal conductivity as well as their low-temperature internal friction at ;400 Hz
Rev. Mod. Phys., Vol. 74, No. 4, October 2002
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are close to those of a-SiO2 (b0'1.031024 W/cm K3; Sürgers and von Löhneysen, 1988), Q0
21'931024, i.e., C l'631024

(Lichtenberg et al., 1990), but since the speed of sound was unknown, the thermal conductivity could not be evaluated, nor could
the value of C l be shown in the figures.

35Fe0.74P0.16C0.05Al0.03Si0.02 .
36Assumed to be equal to the mass density of a-Fe0.76P0.24 ; see Table 2 of Gaskell (1983).
37The Young’s modulus E59.131011 dyn/cm2 is given by Barmatz and Chen (1974). From this follows the Young’s-modulus

velocity vE53.63105 cm/s, and with a Poisson ratio n50.37 as reported for similar compositions in Table 6.1 of Künzi (1983), v l
is determined.

38Assuming a shear modulus G540 GPa, which is an average for metallic glasses of similar composition in Table 6.1 of Künzi
(1983). For amorphous Co0.82P0.18 , r58.1 g/cm3, v l55.13105 cm/s, and v t52.43105 cm/s have been reported (Bellessa, 1977), all
fairly close to the values listed here for this metal with similar composition.

39Measurements at 155 Hz, from 1.5 to 300 K. Annealing (670 K, 8 min) decreased the internal friction at the lowest temperature
by ;25%. Crystallization decreased it by 80%. A similar low-temperature internal friction was reported by Barmatz and Chen
(1974) for Ni0.74P0.16B0.07Al0.03 and Fe0.75P0.16Si0.06Al0.03 in the amorphous state.

40Pd0.775Si0.165Ag0.06 (splat cooled or water quenched).
41Not measured. Assumed to be equal to that of PdSiCu (Rabenau, 1986).
42Values at 300 K from Dutoit and Chen (1973). According to Fig. 32 of Rabenau (1986), the speed of sound in this metallic glass

will increase by ;4% upon cooling to 4.2 K.
43Rabenau (1986).
44From vibrating reed measurements on a splat-cooled sample at 210 Hz. On a similarly prepared and measured sample in which

the Ag was replaced with Ni, C l50.9531024 was obtained (405 Hz; Rabenau, 1986). On a relatively slowly cooled water-quenched
PdSiAg sample, C l5431025 has been reported for longitudinal sound at 250 MHz (Dutoit and Chen, 1973).

45Pd0.588U0.206Si0.206 .
46Freeman et al. (1987).
47This value is not known. It is taken as a reasonable value for the evaluation of the thermal conductivity data.
48Measurements on an unannealed melt-spun ribbon sample of Pd0.588U0.206Si0.206 . Between 0.15 and 1.0 K, its thermal conduc-

tivity, L}Td, is best fitted with d51.6, which is the smallest exponent reported for amorphous solids, as far as we know.
49Zr0.65Al0.075Cu0.275 , splat cooled (Mohr et al., 2000).
5065% (Weiss, 2000).
51Young’s-modulus sound velocity, uncertainty 615% (Weiss, 2000). Because of this uncertainty, the same value has been as-

sumed for v l53.13105 cm/s.
52Mohr et al. (2000).
ldom

, U
t

'12.5C t . (20)

The relative inverse (dominant) phonon mean free
path and the (transverse) tunneling strength are also

FIG. 9. The same universality shown in Fig. 7, using the tun-
neling model for the analysis. The tunneling strengths C t
shown were obtained from experiments using transverse waves
spanning over nine orders of magnitude in frequency. Data can
be found in Tables I–IV.
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simply connected by a numerical factor (;12.5). The
small difference between the factors in Eqs. (16) and
(20) results from the dominant phonon approximation in
Eq. (3).

FIG. 10. The tunneling strength C1 for amorphous solids ob-
tained using longitudinal and Young’s-modulus waves. Data
can be found in Tables I–IV. As in Fig. 8, the data point for
the most porous a-SiO2 (aerogel) has not been plotted, for
which the elastic modulus rv1

2 would lie outside the range plot-
ted by a factor of 100.
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TABLE V. Amorphous Si, Ge, and C films. The tunneling strengths C t were all determined from internal friction measurements
at ;5 kHz; see, however, note 15. The a-Si and a-Ge films are taken from a recent review (Liu and Pohl, 1998), with the following
exceptions: For the data on Si amorphized by self-implantation we also refer the reader to Liu, Vu, et al. (1998). The data for the
hot-wire chemical-vapor-deposited (HWCVD) hydrogenated a-Ge are taken from Liu et al. (2002), those for HWCVD deuterated
a-Si and those for the plasma-enhanced chemical-vapor-deposited (PECVD) hydrogenated a-Si are taken from Liu et al. (1999).
Since many of the mass densities and speeds of sound have been carefully revised, as explained in the notes, the listed values of
C t often differ somewhat from those given in the original references. The experimental data on which the tunneling strengths are
based, however, are the original ones. The results of pulsed-laser-deposited (PLD) diamondlike a-C films are taken from Liu et al.
(2002).

Samples r (g/cm3) v t (105 cm/s) rv t
2 (1010 Pa) C t (1024)

e-beam a-Ge 4.71 2.62 3.2 0.403

Same, annealed4 4.75 2.66 3.2 0.143

Sputtered a-Ge 4.71 1.97 1.7 0.413

HWCVD a-Ge:H 4.71 2.97 3.9 0.0338

e-beam a-Si 2.19 4.210 3.6 0.833,11

Same, annealed4 2.15 4.26 3.6 0.433

Sputtered a-Si 2.19 3.812 3.1 0.383

Same, annealed4 2.15 3.86 3.1 0.103

Si1 implanted a-Si 2.2913 4.814 5.3 0.223,15

Same, annealed16 2.295 4.86 5.3 0.133

HWCVD a-Si:H, 1 at. % H 2.2817 4.818 5.3 0.00319

Same, annealed20 2.3021 4.86 5.3 0.0193

HWCVD a-Si:D, 1 at. % D 2.2822 4.822 5.3 0.002523

PECVD a-Si:H, 10 at. % H 2.2317 4.724 4.9 0.02523

Same, annealed25 2.235 4.76 4.9 0.0123

PLD a-C 2.9526 10.727 33.7 0.398

Same, annealed28 2.8526 10.76 33.7 0.248

1Little seems to be known about the density of these or of sputtered a-Ge films. van den Berg and von Loehneysen (1985)
reported r55.25 g/cm3 (bulk crystalline Ge: 5.35 g/cm3), on an e-beam evaporated film of unspecified thickness. Chopra and Bahl
(1970) reported r54.7 g/cm3 on a thermally evaporated film of 2 mm thickness, and r to increase with film thickness. r also
changes by several percent by changing deposition conditions. Graebner and Allen (1984) reported r ranging from 4.54 to 5.17
g/cm3 on ;10-mm-thick films deposited by thermal evaporation. We have chosen for both e-beam and sputtered a-Ge r
54.7 g/cm3, which is often used in calculations and represents a 10% reduction of the bulk crystalline value. We use the same
value for HWCVD a-Ge:H, since no measurements can be referred to at this moment.

2According to Cox-Smith et al. (1985), thermal and e-beam evaporated a-Ge films 1–6 mm thick have an average Young’s speed
of sound 81.6% that of polycrystalline films. Using the same percentage for the transverse speed of sound of bulk crystalline Ge
(v t53.23105 cm/s), we obtain the value listed here.

3Liu and Pohl (1998).
4350 °C, 5 h, in 331027 Torr vacuum.
5Assumed not to change during annealing, although we sometimes observed a few percent thickness change of the films.
6Cox-Smith et al. (1985) found no significant substrate temperature dependence of the sound velocity in e-beam a-Ge and

e-beam a-Si films up to 125 and 235 °C, respectively. Vacher et al. (1980) found no significant reduction (less than 1%) in sound
velocity in sputtered a-Si and Si1-implanted a-Si after annealing to 300 °C. Testardi and Hauser (1977) observed ;5–10 %
increase in sound velocity of sputtered a-Ge after 500 °C annealing. Since the changes are either small or none, we assume the
sound velocity does not change for all the annealing studies presented in the table.

7In sputtered a-Ge films, Testardi and Hauser (1977) measured the speed of sound on 1–4-mm-thick films using a quartz
resonator and reported a velocity ;56–60 % of that expected for bulk crystalline films. The value listed here is 60% of the
transverse speed of sound of bulk crystalline Ge: v t53.23105 cm/s. For HWCVD a-Ge:H film, we assume a 10% decrease from
the same bulk crystalline value. This is the same percentage as that of HWCVD a-Si:H for the reason given in note 18.

8Liu et al. (2002).
9Williamson et al. (1995) concluded, based on the literature, that e-beam or sputtered a-Si films have a density deficit relative to

crystalline Si of more than 10%, depending on film deposition. The value listed is 90% of the bulk crystalline density (2.33 g/cm3).
10Cox-Smith et al. (1985) reported a speed of sound in e-beam a-Si films 77% that of the bulk transverse speed of sound (v t

55.43105 cm/s), which yields the value listed.
11Found to be independent of magnetic field up to 6T (1.5–20 K); Metcalf et al., 2000.
12Vacher et al. (1980) observed, through Brillouin scattering, the speed of sound on sputtered a-Si to be 71% of that of bulk

crystalline Si, while Testardi and Hauser (1977) obtained ;53% using a quartz resonator. Using rf sputtering in a H2-Ar mixture,
Jiang et al. (1990) found through Brillouin scattering that a-Si with less than 0.1 at. % H has a speed of sound ;90%. The value
quoted here is 71% of the bulk crystalline value (v t55.43105 cm/s).

13Custer et al. (1994) and Laaziri et al. (1994) reported independently a deficit of 1.8% to that of bulk crystalline Si. The highest
ion-implantation dose was 531015 cm22 in both cases.
Rev. Mod. Phys., Vol. 74, No. 4, October 2002
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14In Si1-implanted a-Si, Vacher et al. (1980) observed through Brillouin scattering an 11% reduction of the speed of sound from
the bulk crystalline value. Tan et al. (1972) had earlier measured a 10% reduction with the vibrating reed technique. The value
quoted here is 89% of v t55.43105 cm/s.

15From thermal-conductance measurements below 1 K, the same C t50.2231024 was determined (Liu, Vu, et al., 1998).
16300 °C, 1 h, in 331027 Torr vacuum.
17Remes et al. (1997) reported an increase of r with decreasing hydrogen contents in HWCVD a-Si:H. For the films with ;1

at. % H, r52.28 g/cm3. For PECVD a-Si:H with 9 at. % H, r52.225 g/cm3.
18Because of a density deficit similar to that of the implanted a-Si (Remes et al., 1997), we assume v t to be comparable as well.

See note 14.
19Liu, White, et al. (1997).
20Annealing was done at 500 °C and 331027 Torr for 24 h. The temperature was ramped up at 1 °C/min and down at 0.5 °C/min

to avoid both explosive evolution of hydrogen during heating and quenched-in metastable defects during cooling. After the
annealing, no hydrogen is left and the material remains amorphous (Remes et al., 1997).

21Remes et al. (1997) reported an increase of r upon annealing at 500 °C for 24 h to 2.295 g/cm3. Hydrogen is completely
removed.

22It is assumed that the isotopic substitution makes little difference.
23Liu et al. (1999).
24Through Brillouin scattering, Xia et al. (1991) observed a sound velocity reduction to 87% of that of the bulk crystalline value

in Rayleigh waves on PECVD a-Si:H. The value listed is 87% of v t55.43105 cm/s.
25Annealing was done at 400 °C and 331027 Torr for 15 min. The hydrogen evolution is expected to be negligible. The film is still

amorphous after this anneal.
26Earlier review of PLD a-C films by Voevodin and Donley (1996) concluded a mass density of 2.4 g/cm3. However, more recent

results indicate a mass density of 2.95 g/cm3 for films deposited by Excimer laser source (Sullivan et al., 1997; Witke et al., 1999).
Annealing leads to a reduction of mass density up to 2.85 g/cm3 (Sullivan et al., 1997). Mass density as high as 3.26 g/cm3 (Witke
et al., 1999) was reported as well.

27For a review of early measurements of the elastic moduli in various a-C films, see Voevodin and Donley (1996). Ferrari et al.
(1999), reported recently from Brillouin scattering measurements a shear modulus G533.731010 Pa. This yields a sound velocity
of 1.03106 cm/s, in agreement with that of polycrystalline diamond (Field, 1994).

28500 °C for 20 min in Ar atmosphere, which leads to almost complete release of compressive stress and an increase of sp2

content (Sullivan et al., 1997).
Because of the simple connection between the experi-
mental values of Q0

21, a, and b0 , and the tunneling
strength C given in Eqs. (15)–(20), there is no need to
list any of those three experimental values in the tables.
They can be easily calculated from the tunneling
strengths given in the tables. [We mention as an aside
that in some of the tables, e.g., Tables III and IV, v l
52v t is sometimes a better approximation. Since, how-
ever, this will decrease the prefactors in Eqs. (19) and
(20) by less than 10%, we decided to ignore this differ-
ence and to use the approximation in Eq. (18) through-
out to determine C t and l/, from the experimental b0 .]

From an inspection of Tables I–IV, we can draw the
following conclusions.

(i) For a given chemical composition, the tunneling
strengths C l and C t have very similar magnitudes, inde-
pendent of the samples and the measuring techniques
used. We add here that, through measurements of the
low-frequency elastic loss of a-SiO2 , PMMA, PdSiCu,
PdZr, and CuZr, Tietje et al. (1986) extended the fre-
quency range in which the tunneling strength C l was
measured to 1023 Hz, i.e., by five orders of magnitude.
The results were very close to the values of C l listed in
the tables and shown in Fig. 10. Hence C l has been
shown to be frequency independent from ;1023 Hz to
;109 Hz, and C t from ;102 to ;1011 Hz. The two
quantities together show a frequency independence over
14 orders of magnitude, a truly astounding range.

(ii) A more careful inspection of the statement made
in (i) reveals a small systematic increase of C with the
acoustic frequency used for the measurement (see, for
Rev. Mod. Phys., Vol. 74, No. 4, October 2002
example, Table I, notes 4 and 10 for a-SiO2 , and also
the illustration in Fig. 3). A similar frequency depen-
dence has also been observed for PMMA (see Table III,
note 6). Over the frequency ranges studied, five orders
of magnitude for a-SiO2 and nine for PMMA, C has
been found to increase approximately by a factor of 3, as
reviewed by Topp and Cahill (1996). Such a variation is
not contained in the tunneling model, nor is it observed
in the thermal conductivity measurements, in which the
heat is carried by phonons with frequencies ranging
from 1010 to 1011 Hz, yet C has been found to be close to
values found in the kHz frequency range of the acoustic
measurements.

(iii) The tunneling strength C appears to be entirely
independent of trace impurities, as studied thoroughly in
a-SiO2 . Variations of the OH contents from less than 1
ppm to over 1000 ppm caused no measurable effect in
acoustic measurements (Table I, notes 4, 6, and 10), and
variations from a few ppm to over 1000 ppm resulted in
a reduction of less than 10% in thermal conductivity
measurements (Table I, note 8). It is interesting to note
in this connection that the density of tunneling states
detected by dielectric measurements does show a clear
dependence on the OH concentration. von Schickfus
and Hunklinger (1976) reported an increase of the di-
electric tunneling strength Cdiel , as detected electrically,
by a factor of 5 as the OH concentration in a-SiO2 in-
creased from less than 1.5 ppm (by weight) to 1200 ppm.
It was concluded that not all elastically coupled two-
level systems interact electrically (Arnold et al., 1976),
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and it was alternatively suggested that additional tunnel-
ing states are being produced by hindered rotations
(Phillips, 1981a).

(iv) The tunneling strength is essentially independent
of doping in the range of 1 mol % and higher, as shown,
for example, in (B2O3)0.95(K2O)0.05 (Table II, note 9) or
in (KNO3)0.60@Ca(NO3)2#0.40 doped with 3.4 wt % wa-
ter, which was found to lower the thermal conductivity
by only 7% (Table II, note 32).

(v) Heat treatment also has little influence on the tun-
neling strength C. Thermal conductivity of Suprasil W (5
ppm OH) and Suprasil I (1200 ppm OH) was found to
increase 15% at most upon annealing up to 1400 °C (see
Table I, note 8; for more examples, see Table II, note
21). Exceptions are amorphous metals, in which C has
been found to decrease by as much as a factor of 3 upon
annealing (Table IV, notes 14, 16, 21, and 44) to the
smallest value reported for bulk amorphous solids, C
50.3531024 (PdSiCu).

The experimental findings reviewed so far can be
summarized, if we use the tunneling model, with the

FIG. 11. Transverse tunneling strength C t for the films of
amorphous Si, Ge, and C listed in Table V. The data points
between the two horizontal dashed lines connected by the
double arrow, representing the glassy range, were selected
from the points shown in Fig. 9.
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single statement that all amorphous solids have tunnel-
ing strength Ci ranging from ;1024 to ;1023, which is
intrinsic and practically independent of chemical compo-
sition or sample preparation. This is the universality re-
ferred to in the Introduction.

According to Eq. (14), Ci is inversely proportional to
the modulus. However, the fact that Ci is nearly inde-
pendent of rv i

2, which varies by almost a factor of 104

for the different solids studied, means that P̄g2 is pro-
portional to this modulus. It follows that the tunneling
states (through P̄g2) are closely connected to the Debye
waves (through rv i

2) in these solids. In other words, the
tunneling states (i.e., the postulated defects) and the
plane waves (i.e., the elastic background of their host)
are somehow connected. As a possible explanation,
strain interactions between two-level systems have been
considered. However, by considering the interaction be-
tween quasiharmonic oscillators in the soft potential
model as reviewed by Parshin (1994a, 1994b), this would
lead to a value of the tunneling strength C of order
unity, i.e., a value three orders of magnitude too large.
Parshin (1994a) argued that the discrepancy can be re-
moved if one considers that only a small fraction of the
quasiharmonic oscillators are tunneling defects.

After having seen that all amorphous solids reviewed
so far, of more than 60 different chemical compositions,
have the same tunneling strength, roughly within an or-
der of magnitude, it seems only natural to conclude that
all amorphous solids behave in the same way. However,
as we shall see in the next section, this generalization has
recently been shown to be inaccurate.

IV. EXCEPTIONS TO UNIVERSALITY

Numerous investigations have shown the tunneling
model to provide a valid description of the vibrational
and thermal properties of amorphous solids. The review
presented here so far has given strong evidence for what
we call universality, i.e., a tunneling strength of nearly
the same magnitude, independent of chemical composi-
tion, sample preparation and treatment, microscopic
structure, or the nature of the atomic bonding. We em-
phasize this universality is not a part of the model. How-
ever, recent work has shown instances in which the mag-
nitude of the tunneling strength C t fell clearly below the
so-called glassy range. This is illustrated above in Fig. 4,
in which the temperature-independent internal friction
of several a-Si films can be seen to be much smaller than
that of the other amorphous solids. So far, these excep-
tions have been observed only in amorphous films of
covalently bonded, fourfold-coordinated Si, Ge, and C.
These findings are summarized in Table V and are illus-
trated in Fig. 11. Chemically pure films, as deposited,
have tunneling strengths that still lie fairly close to the
glassy range indicated with typical data taken from Fig.
9 and with the two horizontal dashed lines connected by
the double arrow. After annealing, however, the tunnel-
ing strength of the amorphous films decreases to a value
smaller than this range by as much as a factor of 10.
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TABLE VI. Disordered crystals and one thermally equilibrated quasicrystal in which glasslike lattice vibrations have been
established convincingly (however, see the text). The Si:B1 crystal was disordered by ion implantation but remained crystalline.
Column 1: material name and chemical composition used in Fig. 12; column 2: shear modulus G5rv t

2; columns 3 and 4: tunneling
strength C t from internal friction (or sound attenuation) plateau and from low-temperature thermal conductivity, respectively;
columns 5–13: experimental techniques used to establish the glasslike lattice vibrations. They are: Q0

21, internal friction or sound
attenuation plateau; LLoT , low-temperature (b0T2) thermal conductivity; LHiT , minimum thermal conductivity; dv/v0 , low-
temperature speed of sound; Cv , linear specific-heat anomaly; e, dielectric constant; H.R., long-time heat release; C(t), short-time
thermal relaxation; Sat., evidence that the lattice vibrations are saturated and hence independent of details of the chemical
composition (or the implantation dose, respectively). Column 14: references. Many original references can be found in the
references cited, particularly in the works of Topp and Cahill (1996) and Van Cleve et al. (1994).

C t (1024) Glasslike lattice vibrations established by

Material G (1010 Pa) fr. Q0
21 fr. L Q0

21 LLoT LHiT dv/v0 Cv e H.R. C(t) Sat. Ref.

(BaF2)0.54(LaF3)0.46 3.2 2.7 2.8 A A A A A A 1

(CaF2)0.74(LaF3)0.26 4.1 0.61 0.76 A A A A A 1

(KBr)0.25(KCN)0.75 0.28 4.5 3.8 A A A A A A A 2

(NaCl)0.24(NaCN)0.76 0.39 213 28 A A A A A 4

(NaCN)0.75(KCN)0.25 0.25 8.6 A A5 A A A6 7

Rb12x(NH4)xH2PO4 0.938 2.4 A A9 A A A10 11

(ZrO2)0.89(CaO)0.11 6.7 2.0 1.3 A A A A A 12

(ZrO2)12x(Y2O3)x
13 7 1.0 A A A A14 15

GdB62.5 17 1.5 2.7 A A A 16

YB62.5 19 1.6 1.9 A A A A A A17 18

Sr12xBaxNb2O6 5.8 1019 2.6 A A A A A A A A20 21

Na-b-Alumina 5.5 1.022 0.4 A A A9 A A A 23

Ti0.63Nb0.37 4.2 6.2 4.7 A A 24 A 25 A26 27

Ti0.67V0.33 3.3 4.6 3.9 A A 24 A 25 A28 27

Zr0.80Nb0.20 2.5 3.2 4.8 A A 24 A A 25 A29 30

b-Plagioclase 2.131 2 A A A 32

Corning 9623 3.4 4.8 4.5 A A A A 33

Si, B1 implanted 5.334 0.22 0.22 A A A 35

Al72.1Pd20.7Mn7.2 7.3 0.38 0.57 A A A A 36

1Topp and Cahill (1996); Topp et al. (1999).
2Berret et al. (1985); DeYoreo et al. (1986); Topp and Cahill (1996).
3The relatively large error (6831024) reflects the small sample used.
4Watson and Pohl (1995).
5Data probably doubtful because of thermal radiation effects (DeYoreo et al., 1986).
6This claim is based on the observation that in (NaCN)12x(KCN)x the magnitude of the linear specific-heat anomaly varied very

little between x50.19 and x50.85 (Mertz et al., 1990).
7DeYoreo et al. (1986); Mertz et al. (1990).
8Berret et al. (1991) gave the Debye-T3 prefactor c [see Eq. (5)] based on elastic measurements. From this, a Debye velocity

v52.443105 cm/s was derived, and v t was approximated as 0.9v .
9Not calculated, but temperature dependence and magnitude seem glasslike.
10Based on the fact that identical results were obtained for x50.35 and x50.72. Significantly, in the deuterated RADP, no

glasslike lattice vibrations were found.
11Berret et al. (1991).
12Abens et al. (1996); Topp and Cahill (1996); Topp (1997).
130.10,x,0.18.
14This claim is based on the observation that the low-temperature thermal conductivity is independent of x in the range studied.
15Ackerman et al. (1981); Topp (1997).
16Medwick et al. (1994); Topp and Cahill (1996).
17This claim is based on the observation that both the thermal and the elastic properties show no dependence on the amount of

boron in the (admittedly small) range studied.
18Cahill et al. (1989); Medwick et al. (1994); Topp and Cahill (1996).
19Experimental error? The value of C t derived from speed of sound does agree with that derived from thermal conductivity, thus

making this value more credible than the one determined from Q0
21.

20This claim is supported most strongly by the observation that the same thermal conductivity was observed in two crystals with
x50.55 and x50.39 (Hegenbarth, 1994).

21DeYoreo et al. (1985); Hegenbarth (1994); Mattausch et al. (1996).
22Wave propagation perpendicular to the c axis. Value given here is an average between waves polarized parallel and perpen-

dicular to the c axis.
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23Anthony and Anderson (1976); Doussineau et al. (1980); Strom (1983).
24Not applicable in the normally conducting electronic state.
25Not applicable in the superconducting solid.
26Nb concentration varied from 0.37 to 0.52.
27Van Cleve et al. (1994); Topp and Cahill (1996).
28V concentration of 0.2 and 0.33 led to nearly identical low-temperature internal friction.
29Nb concentrations varied from 0.05 to 0.30 with nearly identical low-temperature internal friction.
30Van Cleve et al. (1994).
31Average transverse speed of sound was taken as 2.83105 cm/s as given by Linvill (1987, p. 139), based on sound-velocity data

on similar feldspars (Ryzhova, 1964). See also Cahill et al. (1992). Mass density: 2.71 g/cm3 (Stewart et al., 1966, as quoted in
Linvill, 1987, p. 200).

32MacDonald and Anderson (1985); Linvill (1987); Cahill et al. (1992).
33Stephens (1976); Cahill et al. (1991); Raychaudhuri and Pohl (1991).
34We assume that the mass density and sound velocity are the same as the Si1-implanted a-Si; see Table V, notes 13 and 14.
35Liu, Vu, et al. (1998).
36Thomspon, Vu, and Pohl (2000).
Even smaller values of C t are observed in hot-wire
chemical-vapor-deposited (HWCVD) a-Ge containing 1
at. % H, and in plasma-enhanced chemical-vapor-
deposited (PECVD) a-Si containing 10 at. % H. The
lowest values, 300 times below the glassy range, have
been observed in HWCVD a-Si containing 1 at. % H or
D. Annealing to remove this H or D raises C t by a factor
of 10, but still to a value 30 times smaller than the glassy
range.

It should be noted here that the value of C t was de-
termined on all of these films solely from the
temperature-independent low-temperature internal fric-
tion plateau observed on double-paddle oscillators car-
rying these amorphous solids as thin films and vibrating
with a torsional mode with a frequency of ;5 kHz. The
only film for which the validity of the tunneling model
was tested by using a different frequency was the self-
implanted silicon film, in which scattering of thermal
phonons was measured; this was found to be in quanti-
tative agreement with the value predicted by the model
(Liu, Vu, et al., 1998).

When the tunneling model was first proposed, it was
suggested that in fourfold-coordinated solids like a-Si
the atoms would be overconstrained and thus unable to
tunnel between different equilibrium positions (Phillips,
1972). The observation that in pure a-Si, a-Ge, and a-C
the internal friction is smaller than in all other amor-
phous solids can therefore perhaps be taken as an indi-
cation that the tunneling entities are indeed atoms which
are more constrained in these solids than in other solids.
However, the removal of the tunneling states requires
the presence of hydrogen, which is known to be distrib-
uted quite nonuniformly (Wu et al., 1996) and which
should thus lead to large disorder in at least a fraction of
the solid. This immediately raises the question of why
these disordered regions should not contain tunneling
atoms.

V. TUNNELING STRENGTH FOR DISORDERED CRYSTALS
AND FOR A QUASICRYSTAL

As stated frequently in earlier work, even the physical
nature of the tunneling entities is not yet fully under-
stood. It has therefore been argued that if states similar
Rev. Mod. Phys., Vol. 74, No. 4, October 2002
to those common in amorphous solids could also be
found in disordered crystals, it might be easier to under-
stand tunneling in these crystals and thus help to under-
stand that in the amorphous solids. Examples demon-
strating the transition of thermal conductivity and
internal friction from a behavior typical of that of a crys-
tal to that of an amorphous solid were shown above in
Figs. 5 and 6.

Since the first superconducting alloy, Zr12xNbx , was
found to have such glasslike excitations (Lou, 1976), a
large number of crystalline solids with the same excita-
tions have been reported, and it seems useful to summa-
rize those here. Their selection is not simple. If some of
their properties resemble those of amorphous solids
while others do not, clearly the compound should be
rejected. If, however, no such disqualifying properties
have been reported, the decision of how many indepen-
dent measurements are required to establish convinc-
ingly glasslike excitations in a crystal is subjective, and
so is the collection of crystals listed in Table VI. Check-
marks indicate whether glasslike excitations have been
found with a specific technique. The most significant col-
umn is that labeled ‘‘saturated,’’ which indicates that
some of the glasslike excitations have become indepen-
dent of the amount of disorder for sufficiently large dis-
order, usually the doping or the implantation dose. Only
in a small number of crystals is such a saturation estab-
lished convincingly, since it is difficult to distinguish a
mere maximum in a certain concentration range from a
true saturation. The most convincing evidence of satura-
tion in disordered crystal was probably established in
boron-implanted silicon, in which the glasslike excita-
tions remain unchanged over two orders of magnitude
of implantation dose (Liu, Vu, et al., 1998).

The observation of an isotope effect in
Rb12x(NH4)xH2PO4 (Berret et al., 1991) is noteworthy.
Replacement of the hydrogen by deuterium removed
the glasslike lattice vibrations. This was interpreted as
evidence that the low-energy excitations result from the
tunneling of individual atoms or ions, protons in this
case, while the deuterons do not tunnel. Note also the
bottom line in Table VI: the icosahedral AlPdMn alloy is
neither a disordered crystal nor an amorphous solid. Yet
this thermally equilibrated quasicrystal also appears to
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have glasslike excitations (Thompson, Vu, and Pohl,
2000). Many other quasicrystals have been measured by
the variation of speed of sound (Bert et al., 2002).
Whether glasslike lattice vibrations are common to ther-
mally equilibrated quasicrystals is, however, still an open
question. For instance, Gianno et al. (2000) recently con-
cluded from thermal conductivity measurements on
single-grain Y8.6Mg34.6Zn56.8 that no clear evidence was
obtained for their existence.

Figure 12 shows the tunneling strength C t as deter-
mined for the solids listed in Table VI. Again, C t is close
to the range found in amorphous solids, 1024,C t
,1023.

Finally, we should mention one other class of crystals
which appears to have glasslike excitations. These are
the so-called orientational glasses, pure crystalline solids
in which the molecules have random orientations. A
good example is ethanol (CH3CH2OH). In its orienta-
tional glass phase, Talon et al. (2002) have recently re-
ported a linear specific-heat anomaly identical to that
observed in the amorphous phase. There are, however,
no low-temperature acoustic or thermal conductivity
measurements available at this time.

VI. SUMMARY AND CONCLUSION

Inspection of close to 100 studies of thermal conduc-
tivity and acoustic attenuation in amorphous solids has
confirmed a striking similarity, with few exceptions so
far. This similarity can be expressed in two ways.

(a) In every one of these solids, the ratio l/, of the
wavelength l of the elastic wave to the mean free
path , of the energy attenuation is independent of

FIG. 12. Transverse tunneling strength C t for the crystals with
glasslike lattice vibrations listed in Table VI. Note also the
data for the single grain quasicrystalline Al72.1Pd20.7Mn7.2 .
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l over at least nine orders of magnitude, to within
a factor of less than 2 or 3. For different solids, l/,
ranges from ;1022 to 1023.

(b) In the formulation of the tunneling model, the
frequency-independent tunneling strengths Ci
range from ;1023 to 1024 for the different solids.

The only exceptions to this otherwise universal behav-
ior have been found in certain films of a-Si, a-Ge, and
a-C, which suggests that in ideally fourfold-coordinated
lattices no tunneling states may exist, since the lattice is
overconstrained. However, the fact that the largest de-
viation from universality is found in hydrogenated films
that are at least in part highly disordered indicates that
the nearly complete absence of tunneling states must
have yet another cause. The fact that the low-energy
excitations in numerous disordered crystals resemble
very closely those found in amorphous solids also
strongly suggests a picture in which lack of long-range
order per se is not the cause of the low-energy excita-
tions. But in that case, what is important? Can the soft
potential model (Parshin, 1994a, 1994b) be used to ex-
plain these observations? At this time, only speculations
have been proposed. See, for example, Liu, Vu, et al.
(1998) and Pohl et al. (1999). However, speculations do
not belong in this paper, which is devoted to reviewing
the facts. Interested readers may want to look at these
references or, better still, try their own imaginations.
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