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Abstract

Amorphous solids (glasses) present universal properties strikingly different from that of crystalline coun-
terparts at low temperatures, regardless of their microscopic nature. Tunneling-two-level-system model
(TTLS model) successfully explained several universalities below 1K, but it cannot explain the other glass
low-temperature universal properties. Based on virtual phonon exchange interaction, we develop a glass
generic coupled block model to discuss two universal properties: sound velocity/dielectric constant shift,
and low-temperature mechanical avalanche problem. We also successfully explain the universal property of

glass Meissner-Berret ratio by using our generic coupled block model.
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Chapter 1

Introduction

It has been more than 50 years since the first experiment[1] by Zeller and Pohl showed at ultra-low temper-
atures below 1K the thermal and acoustic properties of amorphous solids (glasses) behave entirely different
from that of crystalline counterparts. In 1972, Anderson, Halperin and Varma[3] group and Phillips[19] in-
dependently developed a microscopic phenomenological low-temperature glass model which was later known
as tunneling-two-level-system model (TTLS). The effective Hamiltonian for TTLS model is the summation
of elastic (phonon) part of Hamiltonian, a set of two level systems randomly embedded in glass material,

and the coupling between two-level-system and phonon strain field.

R . 1 FE 0 A/E  Ay/E
n % / o/ e(t) (1.1)
0 —-E Ao/E —-AJE

where E = \/m The coupling constants between longitudinal/transverse phonon strain and TLS
are denoted as v, ¢, which are adjustable parameters. Together with random distributions of TTLS model
parameters[10], it not only explained existing experiments successfully, such as linear temperature depen-
dence of heat capacity, but also predicted new experiments such as phonon echo[38] and saturation[36]
phenomena. In chapter 1, we will discuss the significance of TTLS model in details.

However, TTLS model has a number of problems. First, while TTLS successfully explained several
universal propeties of amorphous solid below 1K, there are more universalities cannot be explained for tem-
peratures around 1K< T <50K[25], e.g. universal thermal conductivity plateau around 10K, and universal
internal friction Q! plateau between 10K < T' < 50K[34]. Second, the model itself has too many adjustable
parameters, for example, random distribution function f(E,A) for the diagonal and off-diagonal matrix ele-
ments E, A of two level system; coupling constants 7; ¢, etc. Experimental results could always be explained
by adjusting these parameters within a certain range. Third, the model lacks the consideration that as the
interaction with phonon strain field, TTLS must generate a mutual RKKY-type interaction[42]. Taking this
virtual-phonon exchange interaction into account may not only change current theoretical results, but also

question the validity of TTLS.



Besides the above general TTLS problems, in this thesis we will focus on 3 specific universal properties
which cannot be fully explained within TTLS model. They are: universal shifts on sound velocity and
dielectric constant, universal Meissner-Berret ratio and glass mechanical avalanche phenomena phenomena.
We want to focus on these universal acoustic and mechanical properties by developing a theory of coupled
generic blocks. We start by expanding non-elastic part of glass Hamiltonian in orders of strain field e;;(Z)
and derive the non-elastic stress-stress susceptibility via linear response theory. By putting in many-body
interaction generated from virtual phonon exchange process, we set up the renormalization recursion relation
for non-elastic susceptibilities at various length scales. Our goal is to prove that glass universal properties
essentially come from many-body interaction, independent of materials’ microscopic structure and chemical
compound.

The first problem we will discuss in this thesis is the glass universal shift on sound velocity and dielectric
constant. To verify the existence of two-level-systems, L. Piché, R. Maynard, S. Hunklinger and J. Jéckle[33]
studied two-level-systems’ influence on the variation of longitudinal sound velocity in vitreous silica Suprasil
I at temperatures 0.28K < T' < 4.2K and frequencies 30MHz < f < 150MHz. The sound velocity shift was
found to be logarithmically dependent on temperature. At high frequency low temperature resonance regime
with wr > 1 (7 is the effective thermal relaxation time, please refer to chapter 3 for detailed discussions)
the sound velocity increases with increasing temperature. This sound velocity shift in resonance regime
is independent of phonon frequency. At low frequency high temperature relaxation regime with wr < 1
the velocity decreases with increasing temperature. Such sound velocity increase-decrease transition occurs
at the transition point w7(T) = 1, which means the transition temperature T is functional of phonon
frequency. However, as long as the sound velocity measurement enters into relaxation regime, it turns out
to be frequency independent as well. In the rest of this thesis we will discuss the temperature dependence
of sound velocity in relaxation and resonance regimes separately, so we assume that sound velocity shift is
frequency independent in both relaxation and resonance regimes. Such universality has been observed in
amorphous materials such as vitreous silica, lithium-doped KCl[4] and silica based microscopic cover glass[8],
etc.. By averaging over random parameters of glass two-level-system susceptibility, TTLS model successfully
explained the logarithmic temperature dependence of sound velocity shift[19, 10]. It also proves that the
slope of InT" dependence is negative in relaxation regime and positive in resonance regime. The sound
velocity slope ratio between relaxation and resonance regimes is C™! : C** = —1/2 : 1, which agrees quite
well with silica based microscopic cover glass measurements[8]. However at least to the author’s knowledge,
it is the only amorphous material with the absolute value of slope in relaxation regime smaller than that of

resonance regime. Other materials, however, present the absolute value of slope in relaxation regime equal or



slightly greater than that of resonance regime: vitreous silica Suprasil 1[33], PdSiCul[9], Zr-Nb[17], lithium-
doped KCIl[4], vitreous silica[l11], metallic glass[13] NigiP1g, etc. (the electron-TTLS coupling in metallic
glass is relatively weak compared to phonon-TTLS coupling, so conducting electrons are not strong enough
to affect sound velocity[10]). S. Hunklinger and C. Enss[12] suggest that most of the sound velocity slope
ratios of glass materials are rather —1 to 1, probably due to the interaction between tunneling systems,
because glass defects are highly concentrated. Our purpose is to set up a generic glass model to prove
such universal slope ratio of temperature dependence on sound velocity shift, in relaxation and resonance
regimes. We hope our renormalization technique would lead to the universal shift of sound velocity, but right
now the renormalization equations in chapter 4 lead to the increasing behavior of relaxation and resonance
susceptibilities rather than the expected decreasing behavior as the length scale increases. Moreover, the
fixed point in Eqs.(4.19), x**' = —2x"*(w = 0) can never be reached, due to the fact that both of relaxation
and zero-frequency resonance susceptibilities are negative — they will always have the same sign throughout
the entire renormalization process. It is at this point that our renormalization technique cannot explain the
universal sound velocity shift.

By assuming that electric field couples to two-level-systems[7], the calculation of TTLS model on dielec-
tric constant shift is similar with sound velocity shift, but the dielectric shift slope ratio between relaxation
and resonance regimes is C™! : C* = +1/2 : —1. However, dielectric measurements on varies amorphous
materials such as vitreous silica Suprasil W and vitreous AsyS3[14], vitreous silica Suprasil I[6] and borosil-
icate glass (BK7)[15] indicate that the slope ratio is C*®! : C** = +1 : —1, regardless of their microscopic
nature. In this thesis we also try to use electric dipole-dipole interaction to carry out universal glass dielec-
tric constant shift. However, our model and renormalization procedure cannot prove this universal property
as well, because of the same reason as universal sound velocity shift, that the relaxation and resonance
susceptibilities have the same sign, and the fixed point x* = —2x"*(w = 0) can never be reached.

The second goal of this thesis is to use our generic coupled block model to understand the mechanical
avalanche behavior of three-dimensional insulating glass. The reader should be aware that it is the first time
to apply our model in glass mechanical avalanche problem. Therefore our purpose is not to solve the entire
glass avalanche problem from microscopic point of view; instead we want to provide some first-step results
for future people to continue studying this problem. We consider a block of amorphous material under the
deformation of static, uniform strain. With the slowly increasing strain the bulk glass behaves elastically
until it reaches critical strain value. After that the stress (T') suddenly drops to a lower value. A more
convenient quantity is the mechanical stress-stress susceptibility xiju = 6T;;/Jex;. At critical strain field

when irreversable process happens, stress-stress susceptibility presents an abrupt positive-negative transition



when strain field passes through critical value. Our main goal is to prove the existence of such positive-
negative transition in glass mechanical susceptibility.

We successfully explained the third universal property in this thesis, the glass universal Meissner-Berret
ratio. In 1987, Meissner and Berret[45] measured 18 different kinds of glass materials’ coupling constants
vi,¢- They pointed out that the coupling constants ; ; are not arbitrary: below temperature 7' < 1K, their
ratio v,/ turns out to lie between 1.44 and 1.84 for a wide variety of amorphous materials, regardless
of their chemical compound and microscopic molecular structure. Such universality cannot be explained
within TTLS model since the model itself is based on the coupling constants. We believe that there must
be a more general model to describe universal properties of low-temperature glass, including universal ratio
i/ In the rest of this thesis, we use “Meissner-Berret Ratio” to stand for “TTLS coupling constants’ ratio
vi/v:”. We consider this problem by calculating glass resonance phonon energy absorption due to the input
of external longitudinal and transverse phonons. Within TTLS model the resonance energy absorption per
unit time El,t is proportional to the square of coupling constant +; ;; in our generic coupled block model the
resonance energy absorption is proportional to the imaginary part of resonance susceptibility, and it is only
functional of longitudinal/transverse sound velocity ratio. This experimentally measurable quantity does not
rely on adjustable parameters. We believe our theory can help explain the universality of Meissner-Berret
Ratio.

The organization of this thesis is as follows: in chapter 2 we give a short review of the traditional model
— tunneling-two-level-system model, the contributions of it to glass low-temperature behavior explainations,
and limitations of it. In chapter 3 we set up our generic coupled block model and non-elastic stress-
stress interaction via virtual phonon exchange process, with the presence of external phonon field. We also
introduce the most important concepts, elastic and non-elastic stress-stress suceptibilities. In chapter 4 we
study glass universal shift on sound velocity and dielectric constant. We study real space renormalization
recursion relation between small and large length scale non-elastic stress-stress susceptibilities. In chapter 5
we work on the microscopic explaination of glass mechanical avalanche phenomena. We derive the recursion
relation between small and large length scale static susceptibilities. In chapter 6 we explore the universal
Meissner-Berret ratio in glass. We calculate the resonance phonon energy absorption of a group of interacting
single blocks due to the input of external longitudinal (transverse) phonon strain field. By assuming the
external strain field is weak enough that the stress-strain coupling can be treated as perturbation, we
expand resonant phonon energy absorption up to the second order of coupling, and derive resonance energy
absorption recursion relation between single block and super block. We use such real space renormalization

procedure to carry out the Meissner-Berret ratio at experimental length scale. We prove this experimental



measurable quantity is independent of the material’s microscopic nature. We also give a detailed discussion
on the influence of electric dipole interaction on Meissner-Berret ratio for dielectric amorphous solids. The
influence of electric dipole-dipole interaction to Meissner-Berret ratio is negligible. In the appendix (A) we
give a detailed derivation on non-elastic stress-stress interaction coefficient AS;;), and point out 4 differences

between our result and that derived by Joffrin and Levelut[42].



Chapter 2

Tunneling-Two-Level-System Model

At low temperatures the only excitations to contribute the specific heat of insulating crystals are long
wavelength phonon modes. For T' < 1K, much smaller than Debye temperature, the specific heat of insulating
crystal has a T3-dependence, for example, the specific heat of crystalline quartz is C = 0.55T3u/gK[1].
However, the specific heat of glass is considerably higher. If we subtract the phonon contribution Cp
calculated from Debye’s theory from the glass specific heat C, the excess glass specific heat C, = C — Cp is

characteristic of the amorphous state. The additional specific heat capacity can be approximated by
Co = a1 T + a3T3 (2.1)

for example, the exponents are § = 0.22 for Suprasil and § = 0.3 for Suprasil W[8]. The glass excess heat
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Figure 2.1: The heat capacity comparison between amorphous material (vitreous silica) and the crystalline
version (quartz) of it by Zeller and Pohl[1].

capacity C, at 0.1 K is about two orders of magnitude greater in the glass than in the crystal. Besides the
anomalous specific heat, glass thermal conductivity also differs from that of crystalline solids. The thermal

conductivity can be interpreted qualitatively by kinetic formula

K= %C’vsl (2.2)
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where [ is the phonon mean free path. At low temperatures in crystals phonons are scattered by defects
in the crystal or by the surfaces of the sample, so that [ is independent of temperature and x is therefore
proportional to 72. However in glass below 1K r increases quadratically as the increase of temperture and
then enters into a thermal conductivity plateau with temperatures 4K< T <20K. Similar results are seen
in a wide range of other amorphous solids; oxide, chalcogenide, elemental, polymeric and metallic glasses
all present the same behaviour. The universality of the temperature dependences of glass heat capacity

proportional to T and thermal conductivity proportional to 72 provide great attractions for theorists. Since
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Figure 2.2: The thermal conductivity for different amorphous materials by R. B. Stephens[48]. At low
temperatures below 1K, it increases quadratically as the increase of temperature. Between 4K and 20K it
enters in a universal plateau, regardless of the materials’ microscopic structure and chemical compound.

the anomalous properties of glass are observed down to very low temperatures, we want to develop an
effective model to describe such low-temperature behaviors. In the regular lattice of a crystal all atoms
or molecules occupy a well defined position, allowing only one possible configuration. In glass the random
structure of glass material can be realized as a large number of different configurations. Therefore we assume
there are a group of tunneling-two-level-systems randomly embedded in glass material. They can occupy
at least two different positions or configurations. We may introduce “particles” of unknown microscopic
mechnism moving in double-well potentials. In each of the wells such particles move between these wells|7],
and they have a series of vibrational states separated by an energy h{2 which is of the order of the Debye
energy. At low-temperatures we are only interested in the ground states with the wave functions v; and

i for the particles located either in the “left” or “right” well, respectively, in the following figure. The



Figure 2.3: Double well potential by Phillips[19].

difference of double well potential minima is referred to as the “asymmetry” A. The tunneling strength

1/2 represents the overlap

between two potentials is Ag = AQe™*. The tunneling parameter A\ = d(2mV/h?)
of the wave function v and ¢¥gr. d is the separation between the two wells, m the effective mass of the
tunneling particles and V' the barrier between two minima. In the basis (¢, ¥ r) the Hamiltonian of a single
tunneling system is given by [37]
~ 1 A Ao
Hrps = 3 (2.3)
Ay —A
Anderson, Halperin, Varma and Phillips assume that the TTLS parameters A and A are independent of

each other and to have the distribution function as follows,
P(A,N)dAdN\ = PdAdA (2.4)

which means the distribution function P(A, ) is uniform. Because of the exponential dependence of Ag on
A, only a relatively small range of X is responsible for a large range of Ay and over this limited range the

distribution of A can be taken as a constant. Therefore the distribution function for A and Ay is given by

£
A0



Tunneling systems couple to their environments via strain and electric fields. Since both mehcanisms can be
described in the same way, we will only discuss the coupling to strain fields. The coupling can be realized by
transitions from one well to the other. This phonon assisted tunneling process leads to a change of Ag and
A. These “diagonal and off-diagonal matrix elements variation” can be described by deformation potentials
YA, = 0Ag/20e and yo = 6A/2de. Thus the coupling between tunneling system and phonon strain field

e(t) can be written as

It It
- Ta  Ia
Hcoup = Lt lot e(t) (26)
Yo TYA

where [ and ¢ denotes the coupling with longitudinal/transverse phonon strain fields. Usually we assume
that ya > ~ya,, which means the strain fields mainly couple to the asymmetry A. At the first glance
this assumption is unusual. However coupling constants associated with the variation of the geometry are
expected to be rather small, namely of the order the energy splitting itself[5, 10, 19]. Based the assumption
that TTLS-phonon coupling term is diagonal, we would like to rewrite glass TTLS Hamiltonian in the basis

of TTLS energy eigenvalues £F = £,/A2 + AZ:

N N 1 £ O A/E  Ay/E
H:th+§ +'7l7t

: (2.7)
0 -F AoJE —AJE

where the coupling constants v;; are for TTLS-longitudinal/transverse phonon couplings. The diagonal
matrix element of TTLS-phonon coupling represents the TTLS energy eigenvalue shift due to the external
perturbation, and it is further represented by relaxation process, while the off-diagonal matrix element of
coupling stands for the transitions between TTLS different eigenstates, and it is further represented by
resonance process. Based on the above TTLS model assumptions, in this chapter we give a short review of
TTLS model calculations on the 3 universal properties we will talk about in later chapters.

Consider the external phonon field which makes the transitions between TTLS state 1 (with erengy
eigenvalue +F) and 2 (with —F). If we denote the transition probability rate from state 1 to state 2 as
w2, and we; for state 2 to 1, then the time derivative of state 1 and 2 probability Pl, P2 obey the following

equation of motion:

Py = —Piwiz + Pawa Py =Piwis — Powsy = Py = —Pi(wi2 +war) +wo (2.8)

In thermal equilibrium we have Pjwis = Pows;. The relaxation time of two-level-system 7 is defined by



P1 = —Py /7, and is further given by 1= wiz(1 —&-eﬁE). The transition rate wis can be calculated by Fermi

golden rule,

27 - g(FE
wig = Z ?‘<¢1|Hint|¢2|2eﬁE(~ _)1

a=l,t

(2.9)

where ﬁcoup is the coupling between phonon strain field and two-level-systems, « is phonon polarization,

g(E) is phonon density of states. Therefore one gets the relaxation time of an TLS with (A, Ag)

2 BpAZ 1
1By =S "Ja 220 oih (=8E 2.10
T (E) — 2mpht 0 26 (2.10)

where Ag comes from the off-diagonal matrix element of TTLS-phonon coupling. The phonon absorption
process corresponds to phonon number reduction: g(E)npn(E) = —Py. Plugging in Eq.(2.8) one obtains the

. —1
phonon scattering rate Toh

1 2m - 9 1 my2w A2 1
Ta)ph(Ao,A):?|<¢J1|Hint(Ao,A)W}2>| tanh iﬁE = pca ﬁtanh EBE (211)

where E = /A2 + AZ. Since the total phonon scattering process comes from all the two-level-systems with
different parameters A, Ag, and /A2 + AZ = E, one needs to sum over all two-level-systems with different
Ag ranges from —F to E to obtain mean free path.

E _ Pry2w 1
I (w) = (CaTapn) t = / f(A7A0)caTa,Ith(AO)dAO = ZZ;‘ tanh (2ﬁhw> (2.12)
_E «

where the uniform distribution probability P is given by Eq.(2.4). Given the phonon mean free path I, with
polarization «a, the sound velocity shift as the function of temperature can be calculated from the real part

of response function, and it is further given by Kramers-Kronig relation as

1 ®c21-1(0
Ca(w,T) — co(w,0) = Acy(w) = ;P/O %dﬁ (2.13)

where the integral is principle value. Using the form of mean free path Eq.(2.12) the sound velocity shift is
given by

Ac,

Ca

- e (1) (214)

3 —
res PCa TO

This result is the main tool to experimentally measure the values of Py2. Please note that the previous

10



calculations are from phonon absorption/emission process, so Eq.(2.14) is just resonance process sound ve-
locity shift. However in high temperature low frequency relaxation regime, both of resonance and relaxation
processes contribute to the sound velocity shift. The relaxation susceptibility can be obtained by introducing
thermal relaxation time 7 for two-level-system. Consider the population difference AP = P; — P, between

two levels, relaxation process gives

OAP AP — APpins
= — 2.1
ot T (2.15)

where Eq.(2.15) is the equation of instantaneous relaxation of e(t), and AP is the instantaneous distribu-
tion function for the population difference. The expectation value of the two-level-system Hamiltonian can
be perturbatively expanded in orders of external strain field. The susceptibility is defined as the first order

derivative of the expectation value with respect to strain field:

§(Hris)  x(0)

x(w) = Se(w) 1 —iwr (2.16)
with
2 A2
x(0) = Ty TE? sech <2BE) (2.17)

in relaxation regime, both of relaxation and resonance susceptibilities contribute to the sound velocity shift.

The relaxation part contribution is

Ac,,

Ca

Re x(w)
= 1
32 (2.18)

rel

We need to take all possible two-level-systems that contribute to the relaxation process, which is, to sum
over all possible TTLS parameters A and Ay. A more convenient way to calculate this summation is
to transform A, Ay summation into F,7 summation, where 7 is the relaxation time for a certain TTLS.
From Eq.(2.10), the two-level-system relaxation time is inversely proportional to A3. Therefore the smallest

possible relaxation time 7 is obtained by setting Ag = E, which gives

2 3
704 E 1 A Tmin
o b [ 28E - 2 _q_ 2.19
Tmin [ — ¢}, 2mpht «© (25 ) E2 T (2.19)
Also, it is i tant to note, that the mini f relaxation ti — T3 k3 72 BB coth (L3E)]
S0, it is important to note, that the minimum of relaxation time 7, = B 2o o8 3mpht CO (55 ) .

11



Therefore, the A, Ay distribution function, f(A, Ag) can be transformed to g(E, 7) distribution function via

Jacobian determinant:

g(E,7)dEdr = f(A, AO)A L AAdA (2.20)

Plugging in the specific form we made for TTLS model, that f(A,Aq) = P/Ap, we have the distribution

function g(FE, ) given by

p
g(E,7) =~ 27 (L= rom (B) )12 (2.21)

Finally, the summation over different configurations of two-level-systems which contribution to the sound

velocity shift for relaxation susceptibility is

ACO‘ 2 E Tmin g(E T)
— dE h (1 - ) 9ET)
Ca |rel 2pc2 k:BT/ /T sec <2kBT) T J1+wer2?
704 2 E ( Tmin 1 P
20T /o - <2kBT> r )1+w272[ 27 (1= Tt 72|
Py2 [ 9 E o0 Tenin \ 172 1 dr
= ——=< h d (1 _ ar
2/)03 /O e (QkBT> <2kBT) Temin T ) 1 +w27—2 T
g OO
~ _ P / sech? E d E dr
2PCa 2]€BT 2kBT Tmm T
.P’Y2 2 E E Tcutoﬁ
= — (2] h d 1
2pca/o N \2keT )\ 28T ) "\ T
P2 E E
- _2%5/ SeChz(zk T>d<2k T)ln et =
C, 3
P Jo B B T3 [k% N Z—géﬁf@ coth (%BE)}
P,YQ 2 E E Tcutoff
- L [ (5o (s (55)
20c2 / S\ 2kpT %pT ) P\ T3
Py3 o E E e (BE)? 1
L la h d [k, 2o th ( =8E
2pc2 / e (2k3T> <2kBT) " za: & 2mprt O 57
p,y2 2 E 3
= -5 h d 73) — Const.
2pc2 /0 S\ 2kpT 2kBT n (T7) — Cons
3P~2 3P T
= — InT — Const. = CIn | — 2.22
2pc2 . ons 2 pc2 . To (222)

The factor of 3 comes from the T~ dependence of T, (after taking integration over variable E). This
result has the same form as that of resonance process sound velocity shift, but differs for a factor of —%.

Therefore in relaxation regime the sound velocity shift is the summation of relaxation and resonance regimes,
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it is further given by

Ac,

Co

Ac,,

Co

Ac,,
+

tot

_ 1Py 1n<T> (2.23)

“2p2  \Tp

Co

rel res

Finally, we reach the conclusion from TTLS theory: at low-temperature (below the order of 10K), sound
velocity changes as the logarithmic of temperature. It increases as the increase of temperature in resonance
regime, while decreases with the increase of temperature in relaxation regime. Further more, the slope ratio
between resonance and relaxation regime is 1 : (—1/2). However, as we will show in chapter 4, most of the
glass materials’ experiment indicate that the slope ratio is 1 : —1 rather than 1: (—1/2).

From the results Eq.(2.14, 2.23), sound velocity shift slope is the function of P,7q,p and c,. In 1987,
Meissner and Berret[45] measured 18 different kinds of glass materials’ sound velocity shift slope, including
organic material (PMMA), chemically pured material (a-SiO3) and chemically mixed material (BK7). They
calculate 7; ; from longitudinal and transverse sound velocity measurements based on the assumption that
TTLS model is a suitable description for them. They find, that the ratio ~;/7; ranges from 1.44 ~ 1.84 for
these 18 materials, most of them are around 1.5 ~ 1.6. Such universality cannot be explained within TTLS
model. In chapter 6 we will discuss where does this universality come from.

Finally in chapter 5 we also give a tentative microscopic explaination regarding glass mechanical avalanche
phenomena. To our knowledge there is no obvious explaination from TTLS model to solve this problem.
We will discuss the mechanical failure of glass material with the presence of externa static, uniform strain

with our generic coupled block model in chapter 5.
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Chapter 3

The Generic Coupled Block Model

In this chapter we want to develop a generalized glass Hamiltonian based on a set of interacting generic
blocks. We start by expanding non-elastic part of glass Hamiltonian in orders of strain field e;;(#) and
consider the coefficient of first order expansion with respect to strain field, namely non-elastic stress tensor.
We further define non-elastic stress-stress susceptibility defined by the first order derivative of non-elastic
stress tensor with respect to strain field. We also set up the many body interaction between different blocks,
due to the exchange process of virtual phonons. In the following chapters 4, 5 and 6, we will discuss the

universal properties of low-temperature glass from the virtuanl phonon exchange interaction.

3.1 Non-Elastic Stress-Stress Susceptibility

Let us consider a block of glass with the dimension L much greater than the atomic distance a ~ 104. The
elastic strain e;;(&) can be defined as the spacial derivative of displacement #(Z) of the matter located at

position z:

() = 5 (agx(j”) n a"g;”) (3.1)

In this section, we have not considered any external strain field yet. We write H'* for the Hamiltonian of

glass, and expand it in orders of elastic intrinsic strain field e;; in long wavelength limit (A > a):
HYt = ot 4+ /dBIZe” VT4 (F) + O(eZ;) (3.2)

where the definition of stress tensor Tf]@t(f) is the first order derivative of Hamiltonian with respect to

intrinsic strain field

R § Htot
Ttot () —
(7) bens(

)

N
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Next we plug in an external infinitesimal strain field, e;;(Z,t), and measure the stress reponse <Tf]°t>( ,1).
We define the glass stress-stress susceptibility, and the derivative of stress response <Titft>(f, t) with respect
to external infinitesimal strain ey;(Z,¢). The susceptibility is taken for the glass block much larger than

atomic distance:

O(T}5") (&, 1)

tot (= =/ /
r—xr;t—t)=
qul( ) ) Sew (@, 1)

(3.4)
In this definition of susceptibility Eq.(3.4) the average operator () represents thermal average and quan-
tum average: for an arbitrary operator A (here the operator is the stress tensor operator Titjo': (7)), (A) =
S, Z e BEm (m t| Alm, t) with |m) the eigenbasis of Hamiltonian HE* and Z the partition function with
temperature 3 = (kpT)~!. Susceptibility is functional of temperature, but for notation simplicity we write
XU (Z— Tt —t';T) as x*°8(ZF—i';t—t'). Let us separate the total Hamiltonian A" into purely elastic part
H¢' and non-elastic part H™°". We will discuss elastic Hamiltonian H® in details in the next section. Sub-
tracting elastic Hamiltonian we define non-elastic stress tensor which comes from non-elastic Hamiltonian

If[non .

I;[non _ non /d?’;vZe” Tnon )+O( )

R non

(@) = ;SH() (3.5)
In the rest of this thesis we will always use Ho, Xijkl and TZJ to represent non-elastic quantities H, 07" Xijm and
Tirj‘»on, while use H el ijl o and Ti‘}l to represent the elastic Hamiltonian, susceptibility and stress tensor. Define
eigenbasis of non-elastic Hamiltonian Hy to be |m), which is a generic multiple-level-system. We apply linear
response theory to calculate space-averaged non-elastic susceptibility x;jx(w) = % [ Bad3a xiju (T -7 w).
This space-averaged susceptibility is volume independent. We use the same language as tunneling-two-level-
system, that the susceptibility can be expressed in relxation and resonance susceptibilities. The relaxation

susceptibility comes from the energy eigenvalue shift due to the diagonal matrix elements of time-dependent

perturbation, while the resonance susceptibility comes from the transitions between different eigenstates due
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to the off-diagonal matrix elements of perturbation Hamtiltonian:

1 1 , .
mxﬁkz + Xigm (w + i)

= 1o X [ s (32 PPl (@) T o) — Pl @) T ) )

Xijkl(w) =

r . 1 3,13,/ <”‘jij(f)|l><l|jkl(f/)|n>
res (o4 in) = —— E E P
Xijha (@ + 1) L3h — #n/d vdw by w4 (E, — E)/h+1in

1 ) p 0l Ty (D)) U T1a (F) 1)
~ I35 zl: ;/d3xd3x P ot (Bn— B /h+ in (3.6)

Where we use ﬁ Xﬁ}d and X375 (w+1n) for relaxation and resonance susceptibilities. L? is the volume, w

is external strain field frequency, 7 is the effective thermal relaxation time for glass multiple-level-system H, 0,
E,, is the n-th eigenvalue and P,, = e~ #F» / Z the distribution probability of it. The non-elastic susceptibility
obeys the generic form of arbitrary isotropic materials: xijr = (X1 —2x¢)0ij0k1 + Xt (0i10;1 + 0101 ) [25], where
X1 is compression modulus and x; is shear modulus. Please note that the n-th eigenstate thermal relaxation
process is the summation of all relaxation processes between different m-th levels and n-th level. The
effective thermal relaxation time 7, should differ for various quantum numbers n = 0,1,2,.... However,
in this thesis we focus on the real part of susceptibility, and we consider it in relaxation and resonance
regimes separately. In relaxation regime with wr, < 1, the factor (1 — iwT,)~! makes the imaginary part
of relaxation susceptibility much smaller than real part of it, while in resonance regime with wr, > 1,
(1 — iwT,) ! makes relaxation susceptibility negligible compared to the resonance susceptibility. The only
regime sensitive to 7, is relaxation-resonance cross-over regime with wr, =~ 1. Therefore in the relaxation
susceptibility of Eq.(3.6) we use the approximation to replace 7,,, ¥n = 0, 1,2, ... with multiple-level-system

effective thermal relaxation time 7.

3.2 Elastic Susceptibility

The elastic Hamiltonian H*! is usually written in terms of phonon wave functions. It can be represented by

phonon creation-annihilation operators:

N 1
A=Y husn (Tk ; 2) (3.7)

ko

where « is phonon polarization, i.e., longitudinal and transverse o = [, . Due to the definition of elastic stress

tensor Tzl(f) = §H® /de;; (), the inverse of elastic stress-stress susceptibility is ((XEI)’l)ijkl (z,2;t,t') =
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e~ BEm

dep (T, t’)/é(Ti‘jl}(f, t)y=—10@1—t)X,, “—(m|lei;(Z t), e (&, t')] [m), where O(t — t) is time-ordered

operator, and Z =3 e BEm is partition function of phonon energy levels. The full elastic susceptibility

containing higher order corrections from non-elastic susceptibility can be derived by Dyson equation:

—1

—17-1 -1
[T | o) =[] ksw) = xim) (38)
ikl | fan ijkl
— 2
where the inversed bare elastic susceptibility reads (Xel)l tl = pc%w;f&' The wave number independence
’ 3 k

of non-elastic susceptibility comes from the assumption we make later, that the non-elastic susceptibility
is diagonal in spacial coordinates. Please see section 3.2.1 for details. From Eq.(3.8) we find the phonon

frequency is shifted away from wy = ¢; tk:

Awy, _ Re xit(w) + i Im x; ¢ (w)
Wk 2pci,

(3.9)

where the real part of frequency shift corresponds to sound velocity shift, while the imaginary part is relate
to internal friction @~*. From Eq.(3.6) non-elastic susceptibility has two parts, relaxation and resonance
susceptibilities. In low temperature high frequency resonance regime, w7 > 1 so the prefactor of relaxation
susceptibility (1 — iw7)~! makes it negligible compared to the resonance one. The sound velocity shift
is dominated by resonance susceptibility. In high temperature low frequency relaxation regime wr < 1,
so (1 —iwr)~! ~ 1, relaxation susceptibility is no longer much smaller than the resonance one. Both of

relaxation and resonance susceptibilities contribute to relaxation regime sound velocity shift:

Awe  Re (M5 +xiTw) o

TR o 5 relaxation regime

Wl ¢ QPCz,t

Aws. Re v (w

2Wkle Xlig() resonance regime (3.10)
Wil ¢ 2pci

where w is corresponding phonon frequency. At the beginning of chapter 4, we will further discuss the elastic

susceptibility.

3.2.1 Virtual Phonon Exchange Interactions

Within single-block considerations, non-elastic stress tensor Tij (Z) is just a generalization of TLS model.
However, if we combine a set of such blocks, the interaction between them will be taken into account. Since

the stress-strain coupling eijfij contains phonon strain e;;, the exchange of virtual phonons will generate an
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effective RKKY-type interaction between blocks via stress tensor products:

- / Pads’ S M@ — )y ()T (@) (3.11)
ijkl
where the coefficient A; ;5 (Z—&") was first derived by Joffrin and Levelut[42]. A further detailed correction to

this coefficient was given by D. Zhou and A. J. Leggett[28]. Please see Appendix (A) for detailed derivations

Aok
Niju(T =) = — o 5 = 3.12
(@ = T) 8mpc?|T — &|? (3.12)
T 1
Nijrr = 4{(5jl —3n,;n) ik + (65 — 3nyng)da + (0i — 3ning)d5 + (0 — 3ning)d; }
W
5 (1= ) |~ Gig + Gindjo + ju0a)
G
+3(nin0p + ninpdjn + nimd, + ngngdi +njmdiy + ngndi;) — 15nmjnknl} (3.13)

where 7 is the unit vector of & — &', and i, j, k,{ runs over 1,2,3 cartesian coordinates. We call Eq.(3.11)
non-elastic stress-stress interaction. In the rest of this thesis we always use the approximation to replace
Z— ' by ¥y — Ty for the pair of the s-th and s’-th blocks, when Z, denotes the center of the s-th block, and
that [, Tp;(2)d*z = T;f) is the uniform stress tensor of the s-th block. Also we use egj)(t) to denote the
phonon strain field e;;(Z,t) located at the s-th block. By combining Ny x Ny x Ny identical L x L x L unit

blocks to form a NgL x NgL x NyL super block, the non-elastic Hamiltonian without external strain field is

written as
N3 NG
e =3 A+ 3 S A TP (814
=1 s#£s’ ijkl

From now on we make the assumption that block uniform stress tensors Ti(js) correlation function (i.e.,

non-elastic susceptibility) is diagonal in spacial coordinates: Xl(.js.sll) = L_3<Ti(;)T,£lsl)> = XijkiOss’ -

3.3 Glass Full Hamiltonian with the Presence of External Strain

In this section we consider glass super block Hamiltonian with the presence of external strain field e(Z,t)
as a perturbation. Please note that we have defined non-elastic stress tensor and non-elastic stress-stress

susceptibility with the help of intrinsic phonon strain field, in this section e(&,t) stands for the external real
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phonon field. Tt seems the Hamiltonian Eq.(3.14) simply adds a stress-strain coupling ZS 12245 € U ( )Tl(js)
However, more questions arise with the presence of e(Z,t). First of all, in Eq.(3.5) we expand non-elastic
Hamiltonian H) in orders of strain field. The zeroth order term H () g by definition not the function of
e(Z,t), which means the eigenstates |n(*)) and eigenvalues EY) of HOS are unaffected by exteranl field.
Second, Ti(;) might be modified by e(#,t). A familiar example is that external strain field can modify elec-
tric dipole moments by changing positive-negative charge pairs’ relative positions: Ap; = > j (Ou;/0x5)p;
Let’s denote the change of Ti(;) is Afi(;) (e). We further define new stress tensor operator Ti(]is)(e) as follows,

as the functional derivative of non-elastic Hamiltonian at the presence of external real strain with repsect

to intrinsic strain field egj)-
T () = Ty + AT () = 3H) (e) /oe}) (3.15)

which means the new operator T-(-S)(e) is non-elastic stress tensor under the presence of external strain field
(s) . .

e. The stress-strain coupling is then given by > >, e Z; leS (e), where e is external phonon strain field.
The non-elastic susceptibility is given by replacing T( *) with T(S)( ). The exchange of virtual phonon gives
non-elastic stress-stress interaction V = Dsst Dijhl AE;Zl)ﬂ(js)( )Tél )(e). In the rest of this chapter, we
write IA}(J-S) to stand for Ti(js)(e) for simplicity, where e is not virtual phonon strain field, but external real
strain field.

Finally the relative positions of blocks (%) — 26 are changed by external strain field, so that the
coefficient of non-elastic stress-stress interaction is modified from AEJ kl) to Al;Zl)(e). Thus the glass non-
clastic Hamiltonian is 5" (e) = (HOS) + ZZ] b (t )T(s ) T et Doijh A;Zl)( )ﬂ(js)f,if/). The super

block non-elastic stress tensor is given by Iffper = §H"""*"(e)/de;j. Because Aijkl (e) is the function of

external strain field, an extra term appears in super block stress tensor:

o s')
Ssuper ik-Zorm(s) 2 BT aCeAsAS/
D DD I ”f%( )Téb)ng) (3.16)
J

s s#s’ abed
where the above result is obtained in long wavelength limit. We therefore rewrite super block Hamiltonian

Tsuper.

as the summation of unperturbed part ;" (e) and time-dependent perturbation 3", ;e (T

Hsupcr(e) _ super _|_ 2 :6” @uper

ﬁguper(e) _ ZH( s) + Z ZA'E;;Z) )T(S) (317)

s=1 s#s’ ijkl
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Please note, that in Eq.(3.17) e(t) is real phonon strain field. Similar with super block non-elastic stress
tensor, the non-elastic susceptibility X7;;," (w) receives an extra term as well. To calculate super block
non-elastic susceptibility let us denote |n*) and E; to be the n-th eigenstate and eigenvalue for super
block unperturbed Hamiltonian Hj"**"(e), and use linear response theory with respect to perturbation
> eij(t)ﬂfs]}‘per. Please note when deriving super block relaxation susceptibility, the “effective thermal
relaxation time” 75'P¢" should be different from that of unit blocks 7. However, since we will be only
interested in relaxation regime with wr, wr3"P*" < 1 and resonance regime with w7, wr5"P®" > 1 separately,

the exact relation between 7 and 7P is not important. We still use 7 to stand for super block relaxation

time for convenience. The super block non-elastic susceptibility is given by

XS'}Per(w) _ 1 B Z € —BEL+E, )< ‘Tsuper‘ *><m*|Tsuper|m*>
ijkl (NoL)3 1 — dwT . Z*2 ij,cC kl
ﬁE* .
Su er super
72 Zx z] Ec |n*><n*|Tklp |Tl*>>
~BE;, (Ef — E2)/h
e l n)/ super| super

+ - *|T T 3.18

NOLSH*Zl* * W+ZT})2_(EZ*_E,;';)2/h2< | z]cc‘ >< | | > ( )

where Tfjugfr is the complex conjugate of Tfjuper. The first line of Eq.(3.18) is super block non-elastic
relaxation susceptibility —— Xi;,fle”d, and the second line is resonance susceptibility xjp,~ (W + 7).

z* =3 e PP is distribution function of super block unperturbed Hamiltonian H5™ " (e).
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Chapter 4

Universal Shift of Sound Velocity and
Dielectric Constant in Glass

Before discussing the problems of low-temperature glass, let us first give a detailed discussion about the glass
mechanical susceptibility. First of all, let us write the Hamiltonian of low-temperature glass as Ht°t So the
question is, what is contained in H*t? First of all, long wavelength phonon Hamiltonian must be contained in
it. The long wavelength phonon Hamiltonian can be represented by phonon creation/annihilation operators,

given as follows,

1
Z hwke (&Ladka + 2) (41)

ka
where o = [, t denotes the longitudinal and transverse phonon modes. Let us denote the above Hamiltonian
Eq.(4.1) as the “purely elastic part of glass Hamiltonian”, Hel. Subtracting the purely elastic part of
Hamiltonian, the left-over glass Hamiltonan, Htot— f°! we call it “the non-elastic part of glass Hamiltonian”.
We denote the non-elastic part Hamiltonian Htot — el a5 fmon,

According to D. C. Vural and A. J. Leggett[15], next we define the “strain operator” e;; as follows: let us
consider a cube of an arbitrary isotropic amorphous material, with the dimension L which is assumed large
compared to “microscopic” lengths a, such as the typical interatomic distance, but is otherwise arbitrary.
We define for such a block the strain operator e;; in the standard way: if @(Z) denotes the displacement
relative to some arbitrary reference frame of the matter at point Z, then

()= 5 (a2 + 2500 (42)

In the above discussions, we have defined the glass Hamiltonian H tot purely elastic Hamiltonian H el

non-elastic Hamiltonian H™°" and strain ei;(Z). Our next step is to expand the glass Hamiltonian, Htot in
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a Taylor series in the strain e;;:

Ht = Fot 4 / d?’wZe” VT4 (&) + O(e?) (4.3)

In the above expansion, we define the following quantities: H tot is the leading order of glass total Hamiltonian
in the Taylor series of strain; [d®z ", ;€ (@ )TtOt( 7) is the first order of glass total Hamiltonian in the Taylor
series of strain; the operator Tg’t(s—c’) is defined by 7T, it;’t( &) = 0H'" /de;;(Z) as the coefficient of the first order
expansion of glass total Hamiltonian in Taylor series. Throughout this thesis, we call this quantity “the
glass total stress tensor operator”.

Next, let us expand the glass purely elastic Hamiltonian H* and non-elastic Hamiltonian H™°" = Htot —

He! in the Taylor series in the strain e;;:

.Hel

ﬁgl—k/deZe” Te] )+ O(e )

Hor = fpon / deZe” VT1™ () + O(e?) (4.4)

In the above expansion, we define the following quantities: H§' and H ;o™ are the leading order of glass purely
elastic and non-elastic Hamiltonians in the Taylor series of strain, respectively; [ d® Ty eif (& )Td(:c) and
[Pz, ; €ij (T )T“OH( 7) are the first order of glass purely elastic and non-elastic Hamiltonians in the Taylor
series of strain, respectively; the operators 75 () and T12°"(%) are defined by T (%) = 6H®!/de;;(%) and
T[}O”(f) = §H"™" /§e;;(Z). They are the coefficients of the first order expansion of glass purely elastic and
non-elastic Hamiltonians in Taylor series, respectively. Throughout this thesis, we call these quantities “the
glass purely elastic stress tensor YA’Z-‘Z-I” and “the glass non-elastic stress tensor YA;-’;-OH”, respectively. According
to the above definitions, the stress tensor operators have the simple relation: 7’ T = Tfjl(f) + T;;OH(J_,“)

Next, let us consider an externally imposed infinitesimal sinusoidal strain field,
€ij (f, t) = e (eik‘f—iwt + e—ik‘f—i-iwt) (45)

where e;; is real. The glass Hamiltonian Htot will provide a corresponding stress response of the material.

We denote the response as (T;7*) (%, ).

(T (@, 1) = (T e T 4 e (4.6)

)
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where (Titj(’t> is in general complex. Then we can define the complex response function x%’fkl(aw) in the

standard way|[2]

e 5<Titft> E B 52<I:th + fd3x Zij €ij (f» t)thgOt(f»

Xig (k, w) = w) = (k,w) (4.7)

5@kl (5eij5€kl

Please note, that in the above definition of glass total susceptibility, Eq.(4.7), the glass overall Hamiltonian’s
expectation value (i.e., the Hamiltonian of glass which takes everything into account, including the glass total
Hamiltonian, and the externally applied time-dependent pertuabtion) is defined by the glass total Hamilto-
nian A% plus the time-dependent perturbation [ d®z >4 €ii (7, )Tt"t( 7): H' + [ dx > € (T, t)f’l.tj?t (@);
the glass total stress response (ﬂt]‘)t(f))(i", t) is also defined by using the glass overall Hamiltonian: the
summation of glass total Hamiltonian H'** and the perturbation: H** 4 [ d3z >4 €ii (7, t)Tfft(f).

On the other hand, the stress tensor have the relation: T,tj"t(f) = T,ejl(i") + Tnon( 7). We can separate the
glass total stress tensor into the purely elastic part and non-elastic part. The complex response function is

therefore given by

sty L o ((THFEwW)) +6 (@) (F.w)

tot E _ P
XZ] kl( w) 6ekl ( w) 6€kl
PHN + [ By, eif(7,0)THT) - FPHH ™ + [z Y, ey (Z,1)T2(D)) -
_ f Zz] J( ) Z]( )>(k7w)+ < f Zz] J( ) ( )> (k,W)
6€ij5€kl 561]56kl
= X%l',kl(Ev w) + x?ﬁﬁél(ﬁ, w) (4.8)

In the rest of this thesis, we name ijlvykl(l;w) the purely elastic part of glass susceptibility; we name
xzogl(k,w) the non-elastic part of glass susceptibility. Please note, that in the above definitions of glass
elastic/non-elastic susceptibilities, Eq.(4.8), the glass elastic/non-elastic Hamiltonians’ expectation values
are defined by the glass elastic/non-elastic Hamiltonians He and Hrom plus the time-dependent pertur-
bation [ d*z Y, e (4, t)T?l( and [d*x )7, (T, t)T“"“( 7): He + [z, eis(, )TEH (%) and Hron 4
[ Pz > € (T, t)T’“O“( 7); the glass elastic/non-elastic stress responses <T61( 7)) (Z,t) and <T;}°“(f)>(f, t) are
also defined by using the glass elastic/non-elastic Hamiltonians plus the external time-dependent perturba-
tions: H' 4 [ d®x > €ig (T, )TEH(Z) and H™" + [ diz > €ii (7, t)TRon ().

From the above definitions of elastic and non-elastic glass susceptibilities, at the static limit they are by

definition negative. According to the definition in Eq.(4.8), the elastic susceptibility at static limit is given
by

X = = (pei = 2pc}) 0ij0k — pef (Sixdji + Sadje) (4.9)
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The above result seems to be negative compared to the “elastic constant” in a standard elasticity textbook:
(pcl2 - 2pct2) 030kt + pc? (0ir0j1 + 010;%). This is because: in the standard elasticity textbook, one usually
defines the “elastic constant” through the definition x§jicconstant — 62(H®') /de;jder;, but the Hamiltonian
He! here is the elastic part of glass Hamiltonian which does not include the time-dependent perturbation
IRGED ; €ij (Z, t)f’g(f) Therefore our definition of elastic susceptibility differs by a negative sign compared
to the standard elastic constant in the standard textbook.

The non-elastic susceptibility, given by the definition in Eq.(4.8), is also negative at the static limit:

non 1 non rel non res .
Xijki (W) = 1T joor Xidkl + X (w +in)

nonre ﬁ rnon (= rmon ( = rmon (= rmon ( =
Xime = s > [ dxd®a’ (Y Py P (|0 (@) |n) (m| T (&) m) — Po(nl Ti0™ (&) n) (n| T () n)

Tren (@) |1 (T (&) )

1 (n|
nonres . — d3 d3 /Pn
Xijkl (w+”7) LSfLZn:l#Zn/ ra-e w+(En—El)/h+Z7]

1 o (I TER (@)D U T (&) )
 L3h 2. / Pad’a'P, w+ (B, — El)l;lh +in (4.10)

1 n#l

where |m) and E,, are the m-th eigenstate and eigenvalue of the non-elastic part of glass Hamiltonian, Hron,
Py, = e PFm | Z is the m-th level probability function. Z is the partition function of the non-elastic part of
glass Hamiltonian.

One may ask the question, that in the most textbooks of elasticity theory, it seems more natural to
define the “external stress” as the external field we apply on a certain material rather than the external
strain e;;(Z, t). Suppose we apply an external stress on the material. To balance with the external stress, the
material must provide an internal stress (Tl-t;“>(f, t) by deforming itself. It will give rise to a corresponding

; - . oTeety o ,
strain response e;;(Z,t). We can also define the complex response function XE}),tkz = f%l;:z ) (k,w) by applying

external stress as the external field. At the first glance the previous definition of response function seems
to be different from the definition of response function by applying external strain as the external field.
However, in the following discussions, we will see these two definitions are equavalent.

Suppose we apply an external stress on the material, the material must provide a deformation reponse
eij(Z,t), to generate an internal stress (TZZQ';)(JE", t) which balances the external stress. On the contrary,
instead of applying an external stress, we apply an external strain on the material. The material generates
an internal stress (Titft> (#,t). To maintain the deformation, we must provide an external stress to balance the
internal stress <Titj9t>(f, t). Tt is at this point that the two definitions of response function are equavalent. In

the typical elasticity textbook we prefer to put in the external stress as the “external field”, then we measure
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the material’s strain response; in this thesis, we prefer to put in the external strain as the “external field”,
then we measure the material’s internal stress response. Both definitions give the same glass mechanical
response function.

One of the unambiguous evidences presented by Zeller and Pohl[1] is that the low temperature heat
capacity of glass differs significantly from that of crystalline solids. In pure and defect-free insulating crystals
the heat capacity is proportional to 72 below 1K, which comes from phonon vibration modes. However in
glass the heat capacity is the summation of two parts: long wavelength phonon contibution from Debye’s
theory, and an excess specific heat known as the glass excitations approximated by Coxcess = T + co T3,
where § < 1, ¢; and ¢ varies for different materials[2]. Anderson, Halperin and Varma[3] group and
Phillips[19] independently developed a model which was later known as tunneling-two-level-system (TTLS)
(see chapter 2). It successfully explained glass excess heat capacity, together with several other universal
properties such as saturation, echoes etc.

To further verify the existence of two-level-systems, L. Piché, R. Maynard, S. Hunklinger and J. Jackle[33]
studied the influence of two-level-systems on the variation of the sound velocity of longitudinal waves in
vitreous silica Suprasil I at temperatures 0.28K < T' < 4.2K and frequencies 30MHz < f < 150MHz. The
sound velocity shift was found to be logarithmically dependent on temperature. In the high frequency
low temperature resonance regime with wr > 1 (7 is the effective thermal relaxation time, please refer
to section 2(A) for detailed discussions) the sound velocity increases with increasing temperature. This
sound velocity shift in resonance regime is independent of phonon frequency. In the low frequency high
temperature relaxation regime with w7 < 1 the velocity decreases with increasing temperature. Such sound
velocity increase-decrease transition occurs at the transition point w7 (7T") ~ 1, which means the transition
temperature T is functional of phonon frequency. However, as long as the sound velocity measurement
enters into relaxation regime, it turns out to be frequency independent as well. In the rest of this thesis we
will discuss the slope of InT dependence of sound velocity in relaxation and resonance regimes separately,
so we assume that sound velocity shift is frequency independent in both relaxation and resonance regimes.
Such universality has been observed in amorphous materials such as vitreous silica, lithium-doped KCI[4]
and silica based microscopic cover glass[8], etc..

By averaging over random parameters of glass two-level-system susceptibility, TTLS model successfully
explained the logarithmic temperature dependence of sound velocity shift[19, 10] (see chapter 2). It also
proves that the slope of InT dependence is negative in relaxation regime and positive in resonance regime.
The sound velocity slope ratio between relaxation and resonance regimes is C™! : C* = —1/2 : 1, which

agrees quite well with silica based microscopic cover glass measurements[8]. However at least to the author’s
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knowledge, it’s the only amorphous material with the absolute value of the slope in relaxation regime smaller
than that of resonance regime: other materials, present the absolute value of the slope in relaxation regime
equal or slightly greater than that of resonance regime: vitreous silica Suprasil 1[33], PdSiCu[9], Zr-Nb[17],
lithium-doped KCl[4], vitreous silica[l11], metallic glass[13] NigiP1g, etc. (the electron-TTLS coupling in
metallic glass is relatively weak compared to phonon-TTLS coupling, so conducting electrons are not strong
enough to affect sound velocity[10]). S. Hunklinger and C. Enss[12] suggest that most of the sound velocity
slope ratios of glass materials are rather —1 to 1, probably due to the interaction between tunneling systems,
because glass defects are highly concentrated. In this chapter our main goal is to set up a generic coupled
block model to discuss the universal property of temperature dependence on sound velocity shift.

By assuming that electric field couples to two-level-systems|7], the result of TTLS model on dielectric
constant shift is similar with sound velocity shift, but the dielectric shift slope ratio between relaxation and
resonance regimes is C* : C** = +1/2 : —1. However, dielectric measurements on various amorphous mate-
rials such as vitreous silica Suprasil W and vitreous AsyS3[14], vitreous silica Suprasil I[6] and borosilicate
glass (BK7)[15] indicate that the slope ratio is C*®' : C*5 = 41 : —1, regardless of their microscopic nature.
At the end of this chapter we use electric dipole-dipole interaction to discuss such universal shift of glass
dielectric constant.

In this chapter we want to focus on the universal shift of glass sound velocity and dielectric constant by
developing a theory of coupled generic blocks. From chapter 2 we have set up our generic coupled block model,
by expanding non-elastic part of glass Hamiltonian in orders of intrinsic strain field e;;(#,t) and putting
in virtual phonon exchange interaction. In this chapter our goal is to set up the renormalization recursion
relation between large and small length scale non-elastic susceptibilities. We want to prove for different kinds
of amorphous materials, at experimental large length scale the sound velocity and dielectric constant shift in
relaxation and resonance regimes have the same universal behavior, regardless of their microscopic properties.
However, as we will see from the renormalization equations of relaxation and resonance susceptibilities, we
are not able to prove universal shift of sound velocity and dielectric constant, mainly because the negativity
of relaxation and resonance susceptibilities which leads to the increasing behavior of them as the length scale

increases than the expected decreasing behavior of susceptibilities.
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4.1 Renormalization of Glass Non-Elastic Susceptibility
We have given a detailed discussion on single and super block non-elastic susceptibilities (see Eq.(3.6) and
Eq.(3.18)). For convenience we write them down again as follows,

1 .
Xijkl(w) = ﬁ)di}cl + Xijr (W +in)

1—2
Xkt = 3 Z [ s ( 5 PuPatnl (@)} m o)) ~ Pn<n|Ty-j<f>|n><n|Tkl<f’>|n>)

, nT” DU T (Z)|n
Xt + i) = 2 Zz/dg &' P, | (SE‘)|—><E|Z)k/li(i+)|m>

n l#n
T (8)[1) (U T (&) )
Brd*s' P n' 2 411
ey e (@)
1 ntl
super o 1 super rel super res .
Xzykl (w) - 1_Z-w7_Xz]kl +Xzykl (w+“7)
1 ﬁ e_ﬂ(E +E) super| sk * [Super |«
- (NOL)H_W(”;* e o T3 o o £33 )
€ /8 " super * super *
=D e T Iy (T )
1 _QE* (El* _E:L)/h * | pasuper

+ n* TP (412)

(NoL)3 h Z Z* (w+in)? — (B} — Ef)?/h? ("[T5 e In")(

where in the last section we define the n-th eigenstate and eigenvalue of super block to be |n*) and EZ.

B res super super res superrel v Hsuper non non res non rel
We also use Xijkt, Xijh ijk;h Xijkt > Xijkt o Xigle o Lig and T35 to stand for X755, X350, Xijh

)

Supcr non SUpCI‘ nonres supcr non I‘Cl non SllpCI‘ non
ijkl » Xijkl » Xijkl T and T

In this section our goal is to set up the relation between single block and super block non-elastic suscep-
tibilities. Since the unit and super block susceptibilities’ length scales differ by a factor of Ny, repeating this
real space renormalization carries out experimental large length scale non-elastic susceptibility eventually.
The starting microscopic length scale of renormalization is, for example, L1 ~ 504 by D. C. Vural and A.
J. Leggett[25]. Since the final result only logarithmically depends on this choice, it will not be sensitive. In
the n-th step of renormalization, we combine N identical blocks with the dimension L,, x L, X L, to form
a n-th step super block with the dimension NyL, X NgL, X NoL,. In the next step the unit block length
scale is L,11 = NoL,. We begin with such a group of non-interacting unit blocks with bare Hamiltonian
Hy = Zﬁl ﬁés), eigenstates |n) = Hi\]:gl [n(*)) and eigenvalues F,, = Ei\;gl ES). Please note ES) stands for

the s-th unit block eigenvalue for the n(*)-th eigenstate. We combine them to form a super block and turn

27



on non-elastic stress-stress interaction V = ZS s ASZI (0 )Tl(js)TlElS ). We assume non-elastic stress-stress
interactions V are relatively week compared to the summation of unit block Hamiltonians Hy = Z£1 I;Tés)7
so that the interactions can be treated as a perturbation. If the non-elastic susceptibility decreases loga-
rithmically as the increase of length scale, then that means the non-elastic stress-stress interaction V can
be treated as a perturbation at the late stages. The assumption that V can be treated as a perturbation

is qualitatively correct. The n-th eigenstate and eigenvalue of super block are |n*) and E’. Their relations

with |n) and E,, are given as follows

|n*> — +Z p|V| +O(V2>
p;ﬁn
¥ 2
E;, = +<n|V|n>+Z%\p)+O(V2) (4.13)
p#En "

With the help of Eq.(4.13) one can rewrite super block non-elastic susceptibility in terms of unit block
susceptibilities: we expand super-block relaxation and resonance susceptibilities up to the first order of
interaction V, and sum over eigenstates |n) = [1,|n®)). These N§ non-interacting unit blocks’ partition
function is Z =[], Z () and their n-th level probability function is P, = [ Pés). We apply the assumption
that unit block stress tensors’ matrix element products are diagonal in spacial coordinates, i.e., for different
unit blocks (Zs # T,) stress tensors, their matrix element products vanish. The combination of diagonal
and off-diagonal stress tensor matrix elements can be exactly rewritten in terms of unit block relaxation
and resonance susceptibilities. Finally we obtain the recursion relation between super block and unit block
susceptibilities as follows, where both of super block and unit block suseptibilities are implicitly functional

of temperature:

1 rel L3 4 —‘k;.»- —z rel rel rel r
X:;;Sler(w) =1 iwor {X'jkl N’é l Z ZAaiscd) i (zomzs) (ijabxcfucl + 2Xi§achilskl(O))
0 abed ss’
X (W +in) [ Z Z Afjfci Zk'(msxs)] Xigab(W + 1) Xeaw (W + 1)
abcd ss’

1L3 5Agii(1) 6Aej‘8gf)1 rel(1) _rel(1) rel(2) rel(2)
+N3 1— ZWT Z/ bdzf , 66” 5€kl (Xabef Xcdgh - Xabef Xcdgh )
ss’ abedefg
LMD IE oA NG == e hortel))  Tm ()l X ()

o abedefoh 72 de;;  dep (1 —ePhws)(1 — e—ﬁhw;) hws 4+ hwg — hw

Tm x558 - (ws)Tm )25, (w — ws)
.1 —Bhw abe f cdgh
+i(l—e )7r/ (1= e ) (1 — e—Phlo—a)) d(hws)} (4.14)

For details of the calculations please see appendix (B). xi?}c(ll), Xij}c(f) in the third line of Eq.(4.14) are the
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first and second parts of relaxation susceptibility defined as follows:

rel(1 B ~ ~
i = 55 D0 PuPu(n|Tyln) m|Tlm)
rel(2 6 ~ ~
Xijk(l )= i Z P, (n|T;jIny{n|Ti|n)
rel
Xijkl 1 ( rel(1) rel(2))
T iwor 1= iwr Nkt — Xij 1
1—iwr 1 — dwr \Nigkl " Xijki (4.15)

The super block susceptibility x;jri(w) is not functional of momentum E, because we take long phonon

A(ss’) (0)6216(93.5 —z) of Eq(414)

wavelength limit & — 0 in the coefficient limy_,q Doss N

In Eq.(4.14), the third and fourth line terms’ volume dependences are different from others’. This is
because of the 1/r% behavior of AE;Z;) We first investigate the volume dependence of the third line term,

rel(1,2) _ rel(1,2) 2

which is proportional to 3~!. Using the expression Xijkl (x; rel(1,2)

)80+ X (8ir0j1 +
8410;x) and summing over the indices, the third line can be simplified as 5*16‘;;’2) (X;,etl(l’Q))2/(17iw7)p2cﬁtL‘3,
where Cl(lt’Q) are dimensionless constants of order 1. If we require that there is a critical length scale L',
beyond which the third line of Eq.(4.14) is smaller than unit block relaxation susceptibility, the upper limit

of L s,

1

kpT "’

L < | 25 (4.16)
PCL ¢

we further let the temperature T to take an extremely high value, T = 10*K (in fact the low-temperature

glass ultrasonic sound velocity shift measurements are below 50K). The upper limit of L& is 4.6A which is

still smaller than 50A, the effective starting length scale of our generic coupled block model.

On the other hand, to investigate the volume dependence of the fourth line term of Eq.(4.14), we use
the assumption that the reduced imaginary resonance suceptibility Im x5}, (w) = Im xj$;;(w)/(1 — e Bhw)
is approximately a constant up to the frequency of w. and temperatures of the order 10K. Integrating over

2
frequency variables w,,w/, the fourth line term gives —C, ; [hwc In (%) — iwhw] (Im )le“‘f) / pQC?,tLi, where
we obtain this result by using the expression Imﬁ?zl = (Imyx}® — 2Imx}*®) 8,0k + Imx;*(8ird51 + 0udjn).
Cy+ is a positive constant of order 1, and w is input phonon frequency[33, 34] of order w ~ 1MHz. If we
require that there is a critical length scale L', beyond which the fourth line term of Eq.(4.14) is smaller

than unit block resonance susceptibility, we need to calculate the order of magnitude for L**. The upper

limit of L* can be obtained by taking w. to an extremely high value, w. ~ 10'Hz which corresponds to
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T ~ 10*K:

L' < <12h°’> 3 ~1.7A < Ly = 50A (4.17)
pci; In (we/w)
which means the upper limit of L* with super high cut-off frequency 10'°Hz is also smaller than the
starting effective length scale of our model. Thus throughout the entire renormalization procedure the third
and fourth line terms in Eq.(4.14) are always negligible compared to other terms. This agrees with the
conclusion by D. Zhou and A. J. Leggett[28] that the contribution of AE;Z;)(e) modification to resonant
energy absorption is renormalization irrelevant. Dropping the third and fourth lines in Eq.(4.14) and taking
the summations over indices abed, the renormalization equations for non-elastic relaxation and resonance

susceptibilities are reduced to

uper 1 re S8 —z' (xs—2x’ re re re res
Xijhi (W) = 1 —iwr {Xw}cl [ Z ZA((lbcd k(e S)] (ng};chdlkz + 2Xij;chd/cl(0)) }
abed ss’
+ XS (@ + i) — [ > oD A0 “)] XiSop(@ +in)Xidia(w +in)  (4.18)
abed ss’

We calculate the coefficient N3 [— > abed Dossr A(({chlcg (O)Q*ik'(ms*l’;)} which appears in Eq.(4.18), in Appendix

F. We use the expression, that resonance and relaxation susceptibilities are written in the form of Xi‘;zlrel

™ rel -2 rel)&jékl + r61(5ik5ﬂ + 0410,5). The renormalization equations are further simplified as

follows,

1 2
S 1
e T H LR O]
t,l
, . 1
X in) = X (w i) — [ (w + im)]” (4.19)
t,l

Eqgs.(4.19) are the most important results of this thesis.

We now examine the implications of these renormalization equations. At the first glance, it seems that the
non-elastic resonance susceptibility presents usual marginally renormalization irrelevant behavior with the
increase of length scale: by repeating renormalization procedure for the modulus of resonance susceptibility
from starting small length scale L to experimental length scale R we get logarithmic length scale dependence

as follows

1 I (R/Ly) 1
XiF(w +in, R) ety Xi G (w +in, L)

(4.20)
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where the experimental length scale is given by input phonon wavelength R = 2m¢;;/w. Except for the
experiments by L. Piché and his collaborators[33] that the frequencies vary from f = 30 ~ 150 MHz, and by
G. Bellesa and his group[13] that f = 150MHz, most of the input frequencies are f =1 ~ 20kHz[4, 8, 9, 11].
The factor In(R/Lq) is not sensitive to input phonon frequency: as f varies from 1kHz to 100MHz, it
only changes from 20 to 10. Therefore in Eq.(4.20) we neglect the second term of r.h.s.. The modulus
of experimental length scale resonance susceptibility is dominated by 9012,75 /In(R/Ly). For the choice of
f ~ 1kHz, R is of order ~ 10m, so L /R is of order ~ x1071% < 1/In(R/Ly).

However, if we stare at the definitions of relaxation and resonance susceptibilities in Eq.(4.11), we find
that they are not positive, but negative quantities. First of all, the resonance susceptibility is negative. For
example, let us choose w—+in = 0, and let (kl) = (i) in resonance susceptibility, to consider iS5 (w+in = 0),

ij1J

res . 1 P, — B a
ot in=0= 55 3 (F1 ) [elflP <o (1:21)
nl n

The resonance susceptibility x;5;; (w+1in = 0) is negative mainly because P,, < P, for arbitrary pair of levels
n,m with FE, > E;. Because of the negativity of resonance susceptbility, the renormalization equation of
resonance susceptibility is actually not marginally irrelevant, but renormalization relevant (see the second
equation of Egs.(4.19)).

On the other hand, the relaxation susceptibility Xg‘;}cl is negative as well. To prove this result let us define
>on P, (n|Tijln) = Tij to be the “average value of stress tensor Tj;”, and define don P,|(n|Ti;In)|*> = (T?J)

to be the “average value of the square of stress tensor Tij”. For simplicity we still let (kl) = (ij) to consider

rel

the relaxation susceptibility. The relaxation susceptibility x;7;; is rewritten as follows,

= g5 3 [ Pl (X PPl T @) [T @) ) — Pl )l ()

= % ( Y > PuPulnlTijln)(m|Tijlm) = Pu(nlTyln)(n|T; n>>

n

= 5@y - ) <o (422)

Therefore, the relaxation susceptibility is always negative as well. If we look back to the first renormalization
equation of Eqs.(4.19), the linear term 7%%1 [(Xfll)z + 2X£,811X§ls(0)] < 0 is always negative, which means
with the increase of length scale, the relaxation susceptibility becomes “more and more negative”. The
relaxation susceptibility is therefore not marginally irrelevant, but renormalization relevant as well.

It is at this point that all of the beautiful theoretical explainations on experimental measurements breaks

down. To illustrate this point of view, let us pretend that the renormalization equations, Eqs.(4.19) are
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renormalization irrelevant. Therefore, the renormalization equation for relaxation susceptibility has a non-

trivial stable fixed point and a trivial stable fixed point:

Xii(R) = —2xF(w=0,R) (4.23)

Xid(R) = 0 (4.24)

Eq.(4.23) is the main result to explain the universal shift of sound velocity in glass, if the renormalization
equations are marginally irrelevant. The non-trivial stable fixed point, Eq.(4.23) indicates that even if
relaxation and resonance susceptibilities are entirely different at microscopic level, at experimental large
length scale relaxation susceptibility always flows to —2 of resonance susceptibility with zero-frequency.
However, the truth is, both of relaxation and resonance susceptibilities are renormalization relevant. In
that case, one would presumably have to draw the conclusion that the renormalization procedure increases
both the (negative) relaxation and resonance susceptibilities. Then we think one would have to conclude
that the starting-scale value of resonance susceptibility is considerably smaller even than the experimental
value — a surprising and interesting conclusion! Also, the fixed points Eqgs.(4.23, 4.24) are actually unstable,
which means at experimental length scale, there is no reason that in Eq.(4.23), relaxation susceptibility must
equal to —2 of resonance susceptibility (what is more, since relaxation and resonance susceptibilities are both
negative, it is impossible to get the “—2” relation between two negative quantities); on the other hand, since
both of the absolute values of relaxation and resonance susceptibilities increase with the increase of length
scale, in Eq.(4.24) the relaxation susceptibility has no reason to reach the unstable fixed point Xfll(R) =0

at experimental length scale R.

4.2 Some Discussions of Sound Velocity Shift

In this section we discuss the temperature dependence of longitudinal and transverse ultrasound velocity
¢1,1(T) in relaxation and resonance regimes separately. It is convenient to set up a reference frequency shift
Aw(k,Tp) at some reference temperature T, then consider phonon frequency shift Aw(k,T) at arbitrary
temperature 7. Since one can always write phonon frequency shift as Aw(k,T) = kAc;(T), we get the
relative sound velocity shift as follows:

Ac 1 (T) — Acy 4 (To) Rexii(w,T) — Rexy¢(w, To)

= 4.25
Clt 2pcl2,t ( )
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The behavior of sound velocity shift is different in relaxation and resonance regimes. In resonance regime
only resonance susceptibility contributes. The real part resonance susceptibility can be derived by Kramers-
Kronig relation from the frequency integral on imaginary resonance susceptibility. Using the assumption
that reduced imaginary resonance susceptibility Im x;% (w,T) = (1— e Ay =1Im Xi% (w,T') is approximately

a constant of frequency up to the order of w. ~ 10'°Hz, and temperatures around 1K[34, 25], we obtain the

logarithmic temperature dependence of relative sound velocity shift:

Aco(T) — Acy 4 (Top) 2 /00 Q (Im Xi 7 (% T) — Im x5 (€, To)) e wm(T @26)
= = n|\ — .
a(To) res 27TP012¢ 0 02 —w? bt Ty
where C;; = —Im x]§/2mpc}, is a positive constant proportional to reduced imaginary resonance suscep-

tibility. For the calculations of the above Eq.(4.26), please see Appendix (E) for details. Eq.(4.26) is a
multiple-level generalization of TTLS derivation on sound velocity shift[33]. The constant C;, is not the
functional of phonon frequency.

Next we discuss sound velocity shift in relaxation regime. It has contributions from real part resonance
and relaxation susceptibilities. The real part contribution of resonance susceptibility in relaxation regime is
still C; ¢ In (T'/Tp). If, we pretend that the fixed point Eq.(4.23) is stable, then from the “stable” fixed point,
the relaxation susceptibility equals to —2 of zero-frequency resonance susceptibility at experimental length

scale, ARe Xfftl (w,T)/ (2p012’t) = —2C; 4 In(T/Tp). Finally, the sound velocity shift in relaxation regime is

AClﬂg (T) — AC[J (To)

Clt

(4.27)

ARe (@, T) + X (@.T)) . (T>
—C¢rin

2
rel 2pcl,t 0

Summarize Eq.(4.26, 4.27) the slope ratio of temperature dependence of sound velocity shift in relaxation
and resonance regimes is given by C’lr,et1 : (¥ = —1: 1. Unfortunally, due to the increasing behavior of
relaxation and resonance susceptibilities, the fixed point Eq.(4.23) is unstable. One can never reach the
conclusion that relaxation susceptibility equals to —2 of resonance susceptibility at zero-frequency. In fact,

since both of the relaxation and resonance susceptibilities are always negative, it is impossible that they

have opposite signs at experimental length scale.

4.3 Dielectric Shift as the Function of Temperature

The low-temperature dielectric constant is a monotonically decreasing function of temperature in crystalline
material[59], while in glass materials, the low-temperature dielectric constant decreases as the increase of

temperature first, then increases (see Fig.4.6). In the language of TTLS model, our conjecture is that in glass
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material TTLS scatter propagating photons, resulting in the change of photon speed (dielectric constant)
as the function of temperature. It is the different influences from relaxation and resonance processes upon
photon propagation which gives rise to such kind of anomalous dielectric constant shift. The input electric
field frequency of glass dielectric experiment is of order f = 500Hz ~ 50kHz[15], with the wavelength
A =6x10%m ~ 6 x 10°m, much greater than the experimental sample length L. Another experiment by M.
v. Schickfus[14], however, has the input frequency f = 10GHz, corresponding to wavelength A = 3 x 10~2m
smaller than sample length. We still consider a block of glass with the size much greater than atomic
distance L > a. Expanding the glass total electro-magnetic Hamiltonian ﬁ}ﬂ/[ in orders of electric field in

long wavelength limit (A > a), we obtain
Hghy = Hbey +/d xZE 7) Pt (Z) + O(E?) (4.28)

where the vector operator P%t(Z) is defined by

. § Htot
prot(z) — EM 4.29
@) = S (129)
By taking operator derivative P with respect to electric field we further define the susceptibility
§(Prot (1)
g —gt—t)= L2 4.30
Xij (@ -, ) 5Ej(f’,t’ ( )

Again in the above definition the average operator stands for thermal and quantum averages, with the
temperature 3 = (kgT)~!. Let us separate the Hamiltonian ﬁ}ﬂ/j into purely electric part ﬁ%lM and

dielectric Hamiltonian H23%. The electric part H§,, can be represented by free electro-magnetic fields:
5o €, . 1 - .
gy, = /d%zi: <2Ei(x)Ei(x) + m&(z)&(w)) (4.31)

We further define dielectric vector operator pinon(x) and dielectric susceptibility x; " (¥ — ', — t') which

comes from the dielectric Hamiltonian Hzy;,

A = %3@0+/d3xZE 9B () + O(E?)

§(Pron) (i, t)
SE; (')

Xif (& =Tt —t') = (4.32)
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In the following discussions we will use H EM;0, Xij and ]52 to stand for dielectric Hamiltonian, susceptibility

and vector operators H3%. 0 Xig

and P"" while we use H Ve ijl and P¢! to stand for the purely electric
Hamiltonian, susceptibility and vector operator. The dielectric vector operator P, is not electric dipole
moment operators we usually use in dielectric materials. In fact, let’s consider a dielectric system with

electronic dipole moments p;(Z) = ¢(Z)l;(¥) embedded in it. The total electro-magnetic Hamiltonian of

glass is:
Hgly = Ao + [ 5 F (BB ¢ L B@RE - BOHA) ()

Compare Eq.(4.32) and Eq.(4.33), the operator P;(Z) is the negative of electronic dipole moments: P;(Z) =
—pi(Z). To calculate the space-averaged dielectric susceptibility x;;(w) = % [ dBrd3a (T — T, w), let’s
denote |m) and E,, to be the m-th eigenstate and eigenvalue of dielectric Hamiltonian Hg M;0- Using linear

response theory, dielectric susceptibility is given by

Xij (@) = 7= Xi?l + X553 (w + in)

SRS > / ({3 PP o 3 ) P ), )

, (@)1 Up, (&) |n
i) = S5 [ i, LB O

n l#n
(D@1 (D, (F)[n)
L3hzl:;/d3 o’ P +(E, — Ey)/h+1in (4:34)

Where P, = e 8P / Z stands for the distribution function of the n-th eigenstate. 7 is the effective multiple-
level-system Hg M0 relaxation time. Since the dielectric susceptibility must be invariant under SO(3) group
transformations, it takes the generic form x;;(w) = x(w)d;;. Similar with phonon frequency shift, photon

frequency can be shifted by dielectric susceptibility x(w):

=k (4.35)

where the real part frequency shift corresponds to dielectric constant shift, and the imaginary part frequency

shift corresponds to dielectric loss «. Dielectric susceptibility has relaxation and resonance parts to shift
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dielectric constant:

Aér Re (chs(w) 4 chl(w)) ) ]
= — relaxation regime
€r €
A . R res .
& _ L() resonance regime (4.36)
€r €

To explore the dielectric shift as the functional of temperature, we want to find the temperature dependence
of real part dielectric susceptibility in different regimes.

One may realize that the Hamiltonian Eq.(4.33) is incomplete, because electric dipole moments p;(Z) can
interact with each other via 1/r3 dipole-dipole interaction. In fact, we can also derive electric dipole-dipole

interaction by virtual photon exchange process:

5ij — 377,1'71]'

U= Z/d%d% 1 (T — &) ps (2)p; (Z) i (T — &) = (4.37)

8me|d — 7|3
7,7=1

where n; is the i-th component of unit vector of ¥ — #’. If we combine N copies of L x L x L glass unit
blocks to form a NgL x NoL x NoL super block, dipole-dipole interaction between unit blocks will affect
glass super block dielectric Hamiltonian. In the following discussions we will always use the approximation
to replace & by Z, for the center of s-th unit block, where s = 1,2,...Ng, and that [, p;(Z)d*z = pgs) is the
uniform electric dipole moment of the s-th block. Also, we use E(S)(t) to denote the uniform electric field

of the s-th block. With the presence of external electric field, the glass super block dielectric Hamiltonian is

given by

N3 3
FIE]\J = Z <}AISJ)VI70 — ZEz(s) ) + Z Zu(ss pg )pgs (438)

s=1 i=1 s#s’ ]

. . Al S
From now on we assume the uniform dipole moments’ p(- )

(ss) _ A(s) 5(s")

diagonal in spacial coordinates in glass: x;;"° = £z (pl D; ) = Xij0ss- Please note that different from

correlation function (dielectric susceptibility) are

phonon field, electric field is not a collection of real particle oscillations. Therefore the relative positions

=

between differen blocks #s — &, will not be modified by external electric field. Hence the dipole-dipole

interaction coefficient p;;(Z — Z') keeps unchanged under the presence of external field, and the super-block

Asuper

electric dipole moment p; is the direct summation of unit block dipole moments:

Ny
purer — Z et ple) (4.39)
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Let’s denote [n*) and E¥ to be the n-th eigenstate and eigenvalue for super block unperturbed Hamiltonian
Zivol HEM o+ ZS#, > i u(ss) Es p; ) With the definition of dielectric susceptibility Eq.(4.32), super

block dielectric susceptibility is given by

]_ 6 675(E1+Em)
Super — Asuper * Asuper *
X (@) (NoL)?’l—z'wr(n;*Z*? (0 5 ) o 5 )
-BE
e n */\Su er * ASU er *
-3 5 )
1 —PEL (Ef — EX)/h

l* ssuper| *| pSuper l* 4.40
(NOL 3 h Z Z* (W+ZT}) (El* E;)2/h2< ‘pl,cc "I’L ><TL |p] | > ( )

supe Abuper

where p; ..~ stands for the complex conjugate of p . The first and second lines of Eq.(4.40) are super
block relaxation and resonance susceptibilities. Next we want to sep up the relation between microscopic
and macroscopic dielectric susceptibities. Since the unit and super blocks’ length scales differ by a factor
of Ny, repeating this renormalization procedure will carry out experimental length scale susceptibility. We
still choose starting small length scale Ly ~ 50A. In the n-th step renormalization, the unit and super block
length scales are L,, and NyL,,. We begin with bare Hamiltonian Z;V:g1 ﬁg&;o, eigenstates |n) = Hivzgl n(*))
and eigenvalues F,, = Zi\i E,(LS). We assume electric dipole-dipole interaction U is relatively weak compared
to ZNO H,(ESM > 80 it can be treated as perturbation. The relations between |n*), E* and |n), E, are

n*) = In)+ > MW +O(U?  E'=E,+ nUn)+ Z M

m#n En - Em m#n Em

Im) + O(U?)

(4.41)

One can expand super block dielectric susceptibility up to the first orders of U to rewrite super block

susceptibility in terms of unit block susceptibility:

1 1 .
Xf_}lper (w) _ e Xj;'lper rel | Xj;lper res (w + “7)

1 B /

_ — iw’r{ rel _ [ Z ZN 58 ) ik-(xs 333)‘| (X;ZIXITEI + 2X§21X£(;,s(0)) }

ab ss’
+ X (w + in) [ SN uls ekt )] X (w + )X (w +in)  (4.42)
ab ss’
where —— s rel and i (win) are super block relaxation and resonance dielectric susceptibilities.

Applying symmetry property of dielectric susceptibility x;; = xJ;; the renormalization equations can be
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further simplified as:

Xsuper rel _ Xrel _ %Xrel [Xrel + 2Xres(0)}

super res N res - 1 res N
XPTS  g) = X+ ) — 5 [+ i) (4.43)

Eq.(4.43) is very similar to the renormalization equations of non-elastic stress-stress susceptibility. We now
examine the implications of these renormalization equations. At the first glance, it seems that the dielectric
resonance susceptibility presents usual marginally renormalization irrelevant behavior with the increase
of length scale: by repeating renormalization procedure for the modulus of resonance susceptibility from
starting small length scale L; to experimental length scale R we get logarithmic length scale dependence as

follows

1 1 R 1
— = —In|— ) + - 4.44
@ FaR) 3¢ (L) (@ i L)) (4.44)

On the other hand, there is a fixed point in the renormalization equation of relaxation susceptibility in

Eqgs.(4.43):
X(R) = —2X"*(w =0, R) (4.45)

The “experimental length scale R” is the minimum of sample length scale L and input electric field wavelength
A: R = min(L, \). In the problem of sound velocity shift, L > A. In this dielectric shift problem, for input
frequency 480Hz < f < 50kHz[15] we have R = L < A, while for input frequency f = 10GHz by M. v.
Schickfus[14], we have L > A = R.

However, if we stare at the definitions of relaxation and resonance susceptibilities in Eq.(4.34), we find
that they are not positive, but are negative quantities. First of all, the resonance susceptibility is negative.

For example, let us choose w + in = 0, and let ¢ = j in resonance susceptibility, to consider Xij (w+1in=0),

. 1 Pn _Pl A 2
res _ _ .
Wrrin=0) = 5 3 (G ) 1l <o (1.46)

The resonance susceptibility x;5°

i5°(w +1n = 0) is negative mainly because P, < P, for arbitrary pair of levels

n,m with E,, > F;. Because of the negativity of resonance susceptbility, the renormalization equation of
resonance susceptibility is actually not marginally irrelevant, but renormalization relevant (see the second

equation of Egs.(4.43)).
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On the other hand, the relaxation susceptibility xﬁ-l is negative as well. To prove this result let us define
>, Pau(nlpiln) = p; to be the “average value of dipole moment operator p;”, and define Y, P, |(n|p;|n)|> =
(p?) to be the “average value of the square of electric dipole moment operator p;”. For simplicity we still let

rel

i = j to consider the relaxation susceptibility. The relaxation susceptibility xis

7o is rewritten as follows,

X = %Z / d%d?’z/(ZPanmpi<f>|n><m|ﬁi(f/>|m>Pn<n|ﬁi(f)|n><n|ﬁi<f/>|n>)

= 2 (X PRl onlp b~ 3 Pl ol
= % ( (p:)* — (p?)) <0 (4.47)

Therefore, the relaxation susceptibility is always negative as well. If we look back to the first renormalization

1

equation of Egs.(4.43), the linear term — -

[(xrel)2 + 2)(“91)(“’3(0)} < 0 is always negative, which means with
the increase of length scale, the relaxation susceptibility becomes “more and more negative”. The relaxation
susceptibility is therefore not marginally irrelevant, but renormalization relevant as well.

Similar with the theoretical explaination on universal shift of sound velocity in glass, all of the theoretical
explainations on experimental measurements of dielectric constant break down. To illustrate this point of
view, let us pretend that the renormalization equations, Eqgs.(4.43) are renormalization irrelevant. Therefore,
the renormalization equation for relaxation susceptibility has a non-trivial stable fixed point which was shown
in Eq.(4.45).

Eq.(4.45) is the main result to explain the universal shift of dielectric constant in glass, if the renormal-
ization equations are marginally irrelevant. The non-trivial stable fixed point, Eq.(4.45) indicates that even
if relaxation and resonance susceptibilities are entirely different at microscopic level, at experimental large
length scale relaxation susceptibility always flows to —2 of resonance susceptibility with zero-frequency.

However, the truth is, both of relaxation and resonance susceptibilities are renormalization relevant.
Therefore the renormalization procedure increases both the (negative) relaxation and resonance susceptibil-
ities, which means the starting-scale value of resonance susceptibility is considerably smaller even than the
experimental value. Also since relaxation and resonance susceptibilities are both negative, it is impossible
to get the “—2” relation between two negative quantities in the fixed point Eq.(4.45).

Since dielectric susceptibility is functional of temperature, it is convenient to set up a reference dielectric

shift Ae,.(Tp) at some reference temperature Ty. The relative shift of dielectric constant at temperature T is
A€ (T) — A€, (Tp) _ ~ Rex(w, T') — Rex(w, To) (4.48)

€ €
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In resonance regime, the real part of dielectric resonance susceptibility can be obtained by integrating over
imaginary part of dielectric susceptibility via Kramers-Kronig relation. Again we use the assumption that
reduced imaginary resonance susceptibility Im " (w, T) = (1 — e=#")~1 Im x"*%(w, T) is approximately the
constant of frequency and temperature around 1K[8], we obtain the logarithmic temperature dependence of

relative dielectric constant shift:

Ae,(T) — Ae,. (T, 2 *Q (Im x™(Q,T) — Im x"5(Q, T T
e-(To) ros e Jo 02 — w? To
where C = — Im ™ /7e is a positive constant proportional to the reduced imaginary resonance susceptibility.

C is independent of frequency w.

Next we discuss dielectric constant shift in relaxation regime. It has contributions from real part resonance
and relaxation susceptibilities. The real part contribution of resonance susceptibility in relaxation regime is
still Cln (T'/Tp). If, we pretend that the fixed point Eq.(4.45) is stable, then from the “stable” fixed point,
the relaxation susceptibility equals to —2 of zero-frequency resonance susceptibility at experimental length

scale, ARe x**!(w, T) /e = 2CIn(T/Tp). Finally, the dielectric constant shift in relaxation regime is

Ae,(T) — Aer(Tp) __ARe (@, T) + X" (w, T)) =Cln (;:) (4.50)
0

€r €

rel

Summarize Eq.(4.49, 4.50) the slope ratio of temperature dependence of dielectric constant shift in relaxation
and resonance regimes is given by C™ : €™ = 1 : —1. Unfortunally, due to the increasing behavior of
relaxation and resonance susceptibilities, the fixed point Eq.(4.45) is unstable. One can never conclude that
relaxation susceptibility equals to —2 of resonance susceptibility at zero-frequency. In fact, since both of the
relaxation and resonance susceptibilities are always negative, it is impossible that they have opposite signs
at experimental length scale. Compare the slope ratio of dielectric constant shift with that of sound velocity

shift, the negative sign appears in the definition of electric dipole moment.
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Chapter 5

Low Temperature Insulating Glass
Mechanical Avalanche Problem

5.1 The Set up of Avalanche Problem

The glass mechanical avalanche phenomena is referred to the glass stress-strain curve which presents a steep
drop to a lower value at certain critical external strain when avalanche happens[23]. The purpose of this
chapter is to develop a tentative microscopic field theory to investigate such mechanical property of three-
dimensional insulating glass under the deformation of external static, uniform strain. The reader should
be aware that this is the first time to apply “generic coupled block model” in glass mechanical avalanche
problem. Therefore our purpose is not to solve the entire glass avalanche problem from microscopic point of
view; instead we want to provide some first-step results for future people to continue studying this problem.
In the following renormalization analysis of Eq.(5.22), we will find that since the non-elastic susceptibility
stays negative throughout the entire renormalization procedure, it is impossible to find positive-negative
transitions in non-elastic susceptibility. We hope to provide some help for future people to further explore
glass avalanche problems.

As we will see later, the effective starting microscopic length scale of our real space renormalization
procedure is of order ~ 504, corresponding to the characteristic thermal phonon wavelength with the
temperature of order 50K. Our explaination is only valid below this temperature. However, at least to the
author’s knowledge, all of glass avalanche experiments are taken under room temperatures or glass transition
temperatures|[21, 43, 44, 39, 40] (T ~ 300K). We hope more experiments on such mechanical properties of
glass could be taken at low-temperatures below 50K.

Let’s consider a block of glass material. With the slowly increasing external strain the bulk glass behaves
elastically until it reaches critical strain value. The stress (T') v.s. strain (e) curve shows a steep drop. A
much more convenient quantity we consider is the mechanical stress-stress susceptibility x;;xi(€) = 6T;;/0€p.
At critical external strain field when irreversable process happens, stress-stress susceptibility presents an

abrupt positive-negative transition, which is shown in Fig.5.1 as follows:
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Figure 5.1: As an illustration of stress-strain curve, the left picture shows a steep drop of stress. As an
illustration of susceptibility-strain curve, the right picture shows a positive-negative susceptibility transition,
where susceptibility is the first order derivative of stress with respect to external strain field.

The purpose of this chapter is to understand such mechanical property of three-dimensional insulating
glass under the deformation of external static, uniform strain. Since we do not take conducting electrons
into consideration, our model only applys for insulating glass. Further considerations regarding conducting
electron Hamiltonian, electron-phonon coupling and electron-stress tensor coupling are required to explore
the ductility of metallic glass. In this chapter our main goal is to prove the existence of such mechanical
susceptibility positive-negative transition. We start our problem by considering a block of glass with the
length scale L much greater than the atomic distance a ~ 10A. Please note, that in this section we have

not put in external static uniform external strain field yet. We further define the elastic strain field e;;(Z)

which is the spacial derivative of matter displacement @(Z) at position Z: e;;(Z) = % (615,;(?:) + 24 (x)) We
J
write general glass Hamiltonian as H ot "and expand it in orders of intrinsic elastic strain field e;; in long

wavelength limit (A > a):
H* = Aot 4 /deZe” )TE0%(E) + O(e)) (5.1)

the coefficient of first order expansion is stress tensor TtOt( %), defined by the derivative of Hamiltonian with

respect to intrinsic phonon strain field

(5.2)

The most important quantity of this thesis, stress-stress susceptibility X%?,zl is defined by taking derivative

on stress tensor Titft with respect to intrinsic phonon strain field ey;(Z). The susceptibility is taken for the
glass block much larger than atomic distance:

S(T) (&, 1)

tot (=2 =/ /
— &t —t
ijkl(‘r Z ) (Sekl(f’,t’)
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where the expectation value of stress tensor operator T“’t( 7) is functional of time. In Eq.(5.3) the average of
<Tt°t> represents thermal and quantum average: for an arbitrary operator A, (A) = 3 Z=1e=FBm (m_ t|A|m,t)
with |m) the eigenbasis of Hamiltonian Hy and Z the partition function Z = >, e PEm with temperature
B = (kgT)~!. Susceptibility is also the function of temperature, but for notational simplicity we write
X(@ =25t —t;T) as x(& — 5t —t).

In the rest of this chapter it is convenient to separate glass Hamiltonian H't into purely elastic part
H¢' and non-elastic part Fnon. ftot — frel 4 fynon, By taking their first order derivatives with respect
to intrinsic phonon strain field, the stress tensor Tf]?’t can be separeted into elastic and non-elastic stress
tensors: Cf’fft (%) = TEI( ) + Tnon( 7). Similarly, the elastic and full non-elastic stress-stress susceptibilities

are the corresponding stress tensors’ derivatives:

Xigh(kw) = XGak,w) + ik, w) (5-4)

The purpose of this chapter is to prove that for certain critical external strain field e;;, the positive stress-
stress susceptibility Eq.(5.4) suddenly drops to a negative value, leading to the mechanical avalanche behavior
of glass. Subtracting elastic part from glass Hamiltonian, the left-over non-elastic Hamiltonian can be

expanded in orders of long wavelength intrinsic phonon strain field:

I:Inon non /d mzezg Tnon ) + O( )

6Hn0n
dei; (Z)

T (7) =

§(TRm) (7, 1)

Sert (@ 17) (5.5)

Xig (T = 25t —t') =
where for convenience we will use xj57;(Z — 2’5t — t') to stand for xj5; (% — 2’5t — ';€). In the rest of this
chapter we further use HO, Xijkt and T” to represent H, 07" Xim and Ti‘}on, while we use H el Xf;kl and Tf;l
to represent the elastic Hamiltonian, susceptibility and stress tensor.

We want to explain avalanche under external static strain field deformations. Therefore we focus on
DC (w = 0) non-elastic stress-stress susceptibility lim,,_, xijri(w). We denote |m) and E,, to be the m-
th eigenstate and eigenvalue of unperturbed non-elastic Hamiltonian H,. The eigenbasis |m) is a set of
generic multiple-level-system. By using linear response theory, we expand the expectation value of stress
tensor Cf’”) up to the first order of eijTij to derive non-elastic stress-stress susceptibility. We use the same
language as tunneling-two-level-system, that the susceptibility can be expressed in relxation and resonance

susceptibilities. The relaxation susceptibility comes from the energy eigenvalue shift due to the diagonal
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matrix elements of perturbation, while the resonance susceptibility comes from the off-diagonal matrix
elements of perturbing Hamtiltonian. Let’s denote 7 to be effective thermal relaxation time for glass. We
use ij’}gl( w) to stand for relaxation susceptibility, and use Xﬁi;l(w) to stand for the resonance susceptibility.
The susceptibility is always in relaxation regime because wr = 0 for external static field. Thus both of zero-
frequency relaxation and resonance susceptibilities contribute in full non-elastic stress-stress susceptibility.

In the rest of this chapter for simplicity let’s use x;jr to stand for lim, o xi;r(w), and use Xrel

) and Xijki
for lim,, g Xi‘j}d(w) and limy, 440 X?;Zl(w +in). The zero-frequency susceptibility of generic multiple-level-

system is given as follows:

res

Xijkl = Xzykl‘*‘ngkl
XS = V(zpnpm<n|ﬁj|n><m|fﬁm|m>—ZPn<n|ﬁj|n><nTkzn>)
n
. n| |m><m|Tkl|n |m (m|Tj|n)
iji:l = ZZ m ZZ (5.6)
o E,)/h+in Vh T E,)/h+in

where [, T;;(%)d®x = Tji; is the uniform stress tensor of this glass block. P, = e #Fn/Z is the n-th
level probability function and Z = )" e PFn is the partition function with temperature 8 = (kgT)™'. 7
is a phenomenological parameter to represent the higher order corrections of full non-elastic stress-stress
susceptibility due to the coupling between strain field and non-elastic stress tensor: ), ; e,;jﬂj.

Let us stop here for a moment and check the signs of relaxation and resonance susceptibilities. For

rel

example, let us check the diagonal matrix element of relaxation susceptibility, x;5;; with indices (ij) = (kl).

rel

The diagonal matrix element of relaxation susceptibility, x;j;; is always negative, because we have the

relation ) P, Py, (n|Ti;n) (m|T;j|m) < >on P,|(n|T;;|n)[?. On the other hand the diagonal matrix element

of resonance susceptibility x;5;;

(n = 0) with indices (ij) = (k) is negative as well, because P, < P, for
arbitrary pair of energy levels n,m with E,, > E,,. This negative property of relaxation and resonance
susceptibilities will be very useful in later discussions of renormalization equation of non-elastic susceptibility.

Next we consider elastic stress-stress susceptibility. The elastic Hamiltonian H¢' can be represented by

phonon creation-annihilation operators

1
= hwga (dladm + 2) (5.7)

ka

where oo = [, ¢ is phonon polarization, i.e., longitudinal and transverse phonons. The elastic complex response
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function is therefore given by

. SH + [Py, e (7, )TEHT)) -
el ij WA 2]
L (k = k .
X'LJ,kl( ’w) 5€ij66kl ( 70‘}) (5 8)

Please note, that in the above definitions of glass elastic susceptibility, the glass elastic Hamiltonian’s
expectation value is defined by the glass elastic Hamiltonian He plus the time-dependent perturbation
[ &Pz 3, eij(4, HTNE): HY + [dx > €ii (T, t)TeH(%); the glass elastic stress response (TFH(F))(&,t) is
also defined by using the glass elastic Hamiltonian plus the external time-dependent perturbations: He +
f de Eij €ij (f, t):’lejl(f)

From the above definitions of elastic and non-elastic glass susceptibilities, at the static limit they are by

definition negative. The elastic susceptibility at static limit is given by
X§jm = — (pci — 2p¢7) 8150k — pci (6ikdj1 + Sudjn) (5.9)

The above result seems to be negative compared to the “elastic constant” in a standard elasticity textbook:
(pcl2 - 2pcf) 030kt + pc? (0ir0j1 + 0510;%). This is because: in the standard elasticity textbook, one usually
defines the “elastic constant” through the definition x§jjtic constant — 62(H®Y) /deijder;, but the Hamiltonian
He! here is the elastic part of glass Hamiltonian which does not include the time-dependent perturbation
Jd3z >, ; €ij (Z, t)T;}l(f) Therefore our definition of elastic susceptibility differs by a negative sign compared

to the standard elastic constant in the standard textbook.

5.2 Virtual Phonon Exchange Interactions

The previous problem is within single-block considerations. If we combine a set of such single-blocks together,
the interaction between them will be taken into glass Hamiltonian. Since the stress-strain coupling e;;T};
contains phonon strain field e;;, allowing virtual phonons to exchange will give rise to an effective RKKY-type

interaction between different blocks via stress tensor products:

V = /d3$d3$/ Z Aijkl( T — f/)ﬁj (f)Tkl(f/) (510)
ijkl

where the coefficient A;;p(Z — &) was discussed in chapter 2. In the rest of this chapter we still use the
approximation to replace ¥ — &’ by &y — Ty for the s-th and s’-th blocks, in which Z, denotes the center of

the s-th block, and fv<s> Tij (f)dda: = 71(;) is the uniform stress tensor of the s-th block. From this definition
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the uniform stress tensor operator Ti(js) is volume proportional extensive quantity. The non-elastic part of

super block Hamiltonian without external strain field is given by

f{super _ ZH(S + Z ZAE;ZI T(S)T s") (5.11)

s=1 s#s’ ijkl

Again, we apply the assumption: to assume that the correlation function of block uniform stress tensors

Ti(js) are diagonal in spacial coordinates: XE;Zl) = 2= (T, (S)T(S )) = XijkiOss’ -

5.3 Full Glass Hamiltonian with the Presence of External Static,

Uniform Strain field

In this section we begin to put in external static, uniform strain field and consider glass super block Hamil-
tonian affected by external strain field e(#,t). Please note that we have defined non-elastic stress tensor
and non-elastic stress-stress susceptibility with the help of intrinsic phonon strain field, in this section
e(Z,t) stands for the external real phonon field. Because the purpose of this thesis is to consider avalanche
problem under static uniform external strain field, we denote the external strain as e(Z,t) = e on an
isotropic (spherical) glass with radius . As the simplest case, we consider the static strain as e, = e,
Cyy = €z, = €zy = €y, = €, = 0. For other kinds of external strain e = e;;, similar avalanche behaviors

cound be found as well. The spherical glass is deformed to be an ellipsoid. The xy and xz plane cross

Ve242e

sections are ellipses with eccentricity € = )

while the yz cross section is circular.

Figure 5.2: An isotropic (spherical) glass deformed by strain e, = e to become an ellipsoid.

There are a couple of terms appear in glass Hamiltonian with the turning on of external strain field

(s)

e. First, non-elastic stress tensor operators T might be changed for ATi(jS) by external strain field. We

further define new single-block stress tensor Té )(e) as follows
AS) 513’(5)( )

A(s) )
T (e) = T + AT,

(8 = (5.12)
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which means the new quantity T Z-(js)(e) is non-elastic stress tensor under the presence of external strain
e. Such strain field dependent property of T-(-S)(e) comes from the nonlinear strain field dependence of
non-elastic Hamiltonian. Thus the strain-stress coupling term is given by >° >, e ”)Tl(js)( ), where e is
external strain. The s-th unit block full non-elastic susceptibility yiju = V=1 (62H(®) (e)/éel(-;)éeg)> is given
by Eq.(5.6) by replacing Tv(fs) with TV(-S)(e). Virtual phonon exchange process gives non-elastic stress-stress
interaction V =3, D ikl AZ;ZZ)T(S)( )Tlglsl)( ). In the rest of this thesis we will always write T( %) to stand
for Tij (e) for simplicity.

There is a second question arising from external strain field: the relative positions of unit blocks z(*) — #(s")
can be changed by external strain field, resulting in the modification of stress-stress interaction coefficient
ASZZ) AE;;Z)(e). Thus the glass super block Hamiltonian is H¥'*"(e) = 3, (Hog) + 220 ezj)Tz(j ))

Dot Dijkl AE;ZZ)( )T(S)T( s') . Super block non-elastic stress tensor is defined as Tis;lper(e) = G (€) /de;.

Because of the external strain field dependence of Al ki ( ), an extra term appears in super block stress ten-

SOr:
(ss”)
psuper  _ (s) 08 gbed (€) 7:(s) +(s")
e = S TP 4N —ge T T (5.13)
s ss’ abed

where we use 77" to stand for T;;*(e).

The super block susceptibility also receives an extra term. To calculate super block susceptibility let us
first denote |n*) and E? to be the n-th eigenstate and eigenvalue of super block unperturbed Hamiltonian
H™ () = 3, al D s 2oijhl Az(jZl)( )Ti(;)TIE;I) with perturbation > 3, eEJ)Tl(;). By using linear

response theory we get super block susceptibility:

X = NOL (ZP;ZP%WIZﬁ?’ln*ﬂm*lzfﬁ)m*)—Zﬁ@*lZi@”ln*)(n*lZﬁii)ln*>>

B Z - (1 T ) | Sy T In)
NOL Sh (E:; m)/h+”7

AL ) ) )
abe 7 14
D ZZ< o el (5.14)

abed

where we use X7}, to stand for xjip" (e).
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5.4 Real Space Renormalization for Glass Non-Elastic
Susceptibility

In this section our purpose is to find the non-elastic stress-stress susceptibility at experimental large length
scale. We want to set up the relation between unit block and super block non-elastic suscetpibilities. Since
the super block length scale is Nj times greater than single block length scale, repeating the recursion relation
allows to get experimental length scale non-elastic suscetpibility. The suggested renormalization procedure
starting length scale is, for example, L1 ~ 504 according to the argument of D. C. Vural and A. J. Leggett [25].
Since the final result only logarithmically depends on this choice, it will not be sensitive. The effective starting
microscopic length scale must be no less than the order of ~ 504, corresponding to the characteristic thermal
phonon wavelength with the temperature of order 50K. Again, we combine N§ unit blocks with the dimension
L, x L, x Ly, to form the n-th step super block glass with the dimension NyL,, X NoL, X NoL,,. These non-
interacting unit blocks have the Hamiltonian Hy = Zivi ﬁés), eigenstates |n) = Hiﬁl [n(#)) and eigenvalues
E, = Zi\[:gl EYY. We combine them into a super block and turn on non-elastic stress-stress interactions
Vie) = Zi\;‘ss, AE;Z;)(e)IA}(jS)T ,Els,). We assume non-elastic stress-stress interactions V are relatively week
compared to the summation of unit block Hamiltonians Hy = Ziv:gl f[és), so that the interactions can be
treated as a perturbation. If the non-elastic susceptibility decreases logarithmically as the increase of length
scale, then that means the non-elastic stress-stress interaction V can be treated as a perturbation at the late
stages. The assumption that V can be treated as a perturbation is qualitatively correct. In the last section

we define super block eigenstates and eigenvalues to be |n*) and E. Their relations with |n) and E,, are

wy =+ Y A o)
p#En P
~ % e)n 2
2 = But V(e + 3 ) | o) (5.15)
p#n " P

With the relations in Eq.(5.15) one can expand super block full non-elastic susceptibility Eq.(5.14) in orders

of V(e). Up to the first order in V(e) we write these expansions in terms of unit block susceptibilities. The
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recursion relations for unit block and super block susceptibilities are as follows:

Xj;/?ler _ Xj;l};‘)lerrel + j;gler res
rel L?L A(ss ) rel rel res r rel
= Xijkl - W Z Z mnpq Xl]mnquk:l + ijmnquk:l + Xz]mnqukl)
0 mnpq ss’
L3 )
n
X | 2 S AL @) X
0 mnpq ss’
82Ainda(e) 7 7))
s
b 2 D e, (5.16)
mnpq ss’ v

where again we use Xﬁvl’ XiSii Xagh to stand for Xﬁ}d(e), Xisri(€), Xim (e). For details of calculations

please refer to Appendix (B). The last term of Eq.(5.16) is renormalization irrelevant. Compared to other
terms in Eq.(5.16) the last term decreases cubically L~ as the increase of sample length scale L. To prove
this result let us provide a qualitative analysis: denote AZ kl = —Aijkl( i)/8mpci RE,, where Ry = |R's - FT’,;|
and ]\ijkl(ﬁ) is a dimensionless number of order 1. By applying linear response theory on the last term of
Eq.(5.16) with respect to perturbation ), IDIP egj)fi(;) to calculate the thermal and quantim averages, it

turns out to be the convolution of the imaginary part resonance susceptibilities functional of frequency Q:

RL3\
> / dQIm X%, () (Z W) Tm X5 (—9) (5.17)
mnpq t+Yss’
where Apnpq(77) is the second order derivative of A,y,,pq(7) with respect to phonon strain field, and it is also
a dimensionless number of order 1. We use the assumption that the reduced imaginary part resonance sucep-
tibility Im X;57, (w) = Im X535, (w)/(1 — e=B™) is approximately a constant up to the frequency w,. ~ 10°Hz
and the temperature of order 10K. Since the imaginary part of resonance susceptibility is always smaller than
the reduced version: Im Xﬁjzl( w) < Im Xiskl (w) for arbitrary temperature and frequency, integrating over {2

gives the upper limit of Eq.(5.19): —Chw, (Im ¥}*)® /p2cL3, where C is also a dimensionless constant of

n’

order 1. If we require that there is a critical length scale L., below which the last term of Eq.(5.16) is

comparable to the other terms, the order of magnitude for L. is

L.< (%) ~4.6A < L; = 504 (5.18)

PCr4

which means the upper limit of L. is even smaller than the starting effective length scale of renormalization
technique. Throughout the entire renormalization procedure the last term in Eq.(5.16) is always negligible.

With the above simplifications one can rewrite the non-elastic susceptibility renormalization equation as
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follows,

super __ _ superrel + super res

Xijkt = Xijki ijkl

1 1 1 1
= (Xijckl + Xijcil Z Z Agifl;q ‘| ijcmnX;(;kl + Xz]mnquSkl + Xz]mnx;)(;kl + Xz]mnX;(;skl)
mnpq ss’
Xijkl — Z Z Agﬁigq Xijmn Xpqkl (519)
mnpq ss’

where the zero-frequency non-elastic susceptibility x;jr = ch-}d + Xijhi-

The renormalization equation for non-elastic susceptibility can be simplified with the following three

steps. First of all, we define a 4-indice tensor M, ,pq, given by

L?L SS/
anpq = Nig l_ ZAgrm}gq(e)] (520)

ss’

So the non-elastic susceptibility renormalization relation is rewritten as

Xijht = Xijkt = XigmnMmnpgXpqkt (5.21)

Second, we denote the 2-fold indices (ij), (kl), (mn), (pq) in Eq.(5.21) to be (ij) — A, (kl) — B, (mn) —

C, (pg) — D. With this simplification, we rewrite 4-indice quantities x;jr and My,,p, into a 2-indice
matrix form: xap and Mcp. They are 6 x 6 matrices, for example, Mcp has the indices C (or D) =
(zx), (zy), (x2), (yy), (y2), (z2). Third, let us define the change of non-elastic susceptibility dx = x*"P" — x.

The real space renormalization equation for non-elastic susceptibility is simplified as:

X =x-xMx = dx=-xMx = ) x(x) =-M = sx)=M

R
= x '(R) = Mlogy, (L1> +x'! (5.22)

where the experimental length scale R is the size of glass sample. In this chapter we consider the avalanche
problem with the precense of external static, uniform strain, which means the “effective phonon wavelength
of external strain” is much, much greater than the actual size of experimental sample. Therefore, to calculate
the matrix M we first take the momentum k£ — 0 limit, then take the spacial integral over the non-elastic
stress-stress interaction coeflicient AE;Z;) Please note that the above renormalization irrevelant behavior
is only valid for negative eigenvalues of matrix M and it’s corresponding eiganvectors. For the positive

eigenvalues of matrix M, the renormalization equation, Eq.(5.22) turns out to be problematic: since the
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zero-frequency relaxation and resonance susceptibilities are negative, the positive eigenvalues of M will
lead to the “more negative behavior” to the eigenvalues of non-elastic susceptibility x. Eventually at the
experimental length scale R these negative eigenvalues of x are so large, that the physics picture turns out
to be problematic: as long as an infinitesimal strain is applied, the glass system crashes instantly. Here we
would like to argue, that for those positive eigenvalues of matrix M, our generic couple block model and
the renormalization equation may not be applicable in avalanche problem. For the negative eigenvalues of
M which lead to the logarithmic decreasing behavior of the eigenvalues of non-elastic susceptibility, we try
to continue our work to obtain the positive-negative transitions in non-elastic susceptibility.

We have no idea what the value of the constant of integration x’ is. One may guess, that the this
constant of integration x’ is something positive quantity. But this cannot be true. Because the non-elastic
susceptibility keeps negative throughout the entire process of renormalization procedure. At experimental
length scale, it must be negative as well. It is impossible to find any positive-negative transition in non-elastic
susceptibility. If, we use the wrong assumption, that the constant of integration x’ is some positive quantity,
and it takes the generic isotropic form X;jkl = (X] — 2x3)%i0k1 + X3 (0ir0j; + 0i10;%), then the non-elastic

susceptibility obtained from the wrong assumption is then given by Eq.(5.22).

5.5 The Critical External Strain of Avalanche

If we want to prove the existence of positive-negative transition in glass total stress-stress susceptibility,
we are actually required to find the singularity in glass total susceptibility. Since the elastic susceptibility
xf}kl = —(pci — 2pc?)0;;j0r — pci(Jirdji + 6:d;1) does not show such kind of singularity, our hope is to
find the singularity in full non-elastic stress-stress susceptibility. However, as we have discussed earlier, the
non-elastic susceptibility keeps negative. It is impossible to find singularities in non-elastic susceptibility as
well. Let us pretend that in Eq.(5.22) the constant of integration x’ is a positive quantity. We will be able
to observe the positive-negative transitions in non-elastic susceptibility as follows. But the reader should
keep in mind that the results in this section are not correct.

The spherical glass is deformed by external static strain e, to become an ellipsoid. Take continuum
limit in Eq.(5.20) and change the variables 7, + 7, = R and 7, — 7, = 7, we calculate the matrix Myinpg as

follows

1 Amn i
anpq = 72/ d’r % (523)
2mpct Jy (e r

where the integral domain V(e) is an ellipsoid, for the form of ASZ;) please refer to Eq.(3.12, 3.13).
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M logy, (R/Ly) is then represented by the following matrix form

A0 0 B 0 B
0 C 0 0 0 0
9 00 C 0 0 0
M logy, (R> =—ln <R> (5.24)
Li) pci \In)|' B o 0 D 0 E
00 0 0 F 0
B 0O O E 0 D
where
1 _ _
A = 173n§+§a(—3+18n3715n§)
1 _ .
B = 5@[—1—15n§n§+3<n2}+n5)}
1 1 = —
c = Z<2—3n§—3n5)+§a {—1—15n§n§+3<n§+n5>}
_ 1 _ _
D = 1-30+ a(-3+1807 — 15n)
1 -
E = 504(—1—15715712—&—67%2/)
1 1 —
F o= §(1—3n§,)+§a (—1—15n§n§+6n§) (5.25)

In the above result we have applied rotational invariance of the integral domain V'(e) around z-axis, and

the parameter o = 1 — ¢?/c?. The definition of average values (A

1 212 1212 ; .
Ng.ys NENg, nans are given as follows:

for arbitrary function f(7), the average value is
fv(e) d3r f(?”)/r?’

f(r) = Ty Er i/ (5.26)

Taking integrals over the ellipsoid space, the unit vector averages are displayed as follows,

3 ev/1 — €2(—1 + 2€%) + arcsin e
v 4¢€2 (Gm + arcsin e)
— V1 — €2(—3 — 2% + 8¢*) + 3arcsine
* 24¢4 (em + arcsine)
—— /1 — (=3 +10€% + 8¢4) 3(1 — 4€% + 8¢*) arcsin e

2,2 —
nyn;

= +
192¢4 (e\/ 1 — €2 4 arcsin e) 192¢4 (e\/ 1 — €2 4 arcsin e)

(5.27)

where 0 < e < 1 is the eccentricity of the ellipsoid xy and xz cross section (see Fig.5.2). The matrix form of
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the inverse of unknown susceptibility x’ is given as follows, where we denote o/ =1 — x}/x],

o’ 2a’—1 20’ —1
4o’ —1 00 T 2(4a’—1) 0 T 2(4a’—1)
0 1 0 0 0 0
o —1 1 0 0 1 0 0 0
(x) = X, 20/ —1 o 20/ —1 (5.28)
¢ T 2(4a’-1) 0 0 da’—1 0 T 2(4a’-1)
0 0 0 0 1 0
2a’—1 20’ —1 o
T 2(4a’ 1) 0 0 T 2(4a’-1) 0 4a’—1

where we don’t know the exact values of X;,t' In fact, the non-elastic susceptibility must keep negative.
So the assumption that x’ is a positive quantity is not correct. The inverse of full non-elastic stress-stress

susceptibility x !

is the summation of Eq.(5.24) and Eq.(5.28). For an arbitrary invertible matrix A, if ¢ is
one of the eigenvectors of A, and A is the corresponding eigenvalue, then Ay = Ap. We have the important

following relation

_ 1 1 1
Al = XA o = XA lAp = NG (5.29)

which means as long as ¢ is the eigenvector of invertible matrix A, it is also the eigenvector of A=1, with the
eigenvalue A~!. Our purpose is to find the singularity of eigenvalues of full non-elastic susceptibility. From the
above proof, if we are able to find the zero-point of eigenvalues of the inverse of full non-elastic susceptibility,
which is the summation of Eq.(5.24) and Eq.(5.28), then we can prove the existence of position-negative
transition in full non-elastic susceptibility. In the following we straightforwardly calculate the eigenvalues of
full non-elastic susceptibility, instead of calculating the eigenvalues of inverse full non-elastic susceptibility.

If we expand Eq.(5.27) in orders of eccentricity and keep only up to the second order of €, we will not
be able to obtain the singularities of the eigenvalues of full non-elastic susceptibility. Since mechanical
avalanche happens when the stress-stress susceptibility of material presents a positive-negative transition at
certain critical external strain field ec.;, we need to figure out which of the eigenvalues of full non-elastic
susceptibility xx show such transitions. Among 6 eigenvalues of full non-elastic susceptibility, 3 of them keep

positive for eccentricity varies from 0 to 1, while other 3 show positive-negative transitions. We first list

. . . 2 / 2 l—
a series of variable changes for convenience: A’ = A + 21n(é/L1) %’54;‘71, B'=B - 21n(1§/L1)7/;(CIt 2(240;,711)7
t t
2 2 ’ 2 ’ .2
1 __ 1 PCy !/ __ 1 PC o /I _ 1 PCy 2 —1 !/ 1 PCt
C=Crommmgx PV =Ptrommmy x w1 F = E—snmmy x zae—0 F = F+ swmwmo

and A = 8B"? + (A’ — D' — E")%2. The 6 eigenvalues and corresponding eigenvectors of the matrix form of

full non-elastic susceptibility (not the inverse of full non-elastic susceptibility) are given as follows:
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eigenvalue eigenvector
C'-1 (0,0,1,0,0,0)
c'1 (0,1,0,0,0,0)
(%)71 (AL 0,0,1,0,1) (5.30)
(%)‘1 (%,070,1,0, 1)
(D' — E! (0,0,0,-1,0,1)
F'—1 (0,0,0,0,1,0)

As an example, we choose the average value of « = 1 —¢?/c? = 0.7 and R = lmm so In(R/L;) ~ 12
for amorphous solids. We also choose, for example, x; = pci and ) = pc? to give an illustration of the
following positive-negative transitions of non-elastic susceptibility. The first, second and third eigenvalues
C'—1, ¢! and (w)_l stay positive for eccentricity varies from 0 to 1. The plots of eigenvalue
versus eccentricity are displayed as follows.

Fig.5.3 and Fig.5.4 are positive eigenvalues of matrix M. The corresponding strain directions are ey,

q A=D'—E'+VA

€r. and S5z e, + eyy + €., where the coefficient %ﬂ < 0 for Ve € [0,1]. We plot the

.. . A'—D'—E'+VA .
negativity of coefficient #—=-7—"= in Fig. 5.4,
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essentricity
. .

Figure 5.3: The first and second eigenvalues C’'~! in units of pc? as the function of eccentricity (z-axis)
varies from 0 to 1. It stays positive.
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Figure 5.5: The coefficient in the third eigenvector, % as the function of eccentricity. It stays

negative for eccentricity Ve € [0, 1], with the value from —2 to —6.
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On the other hand, the fourth, fifth and sixth eigenvalues of matrix M are negative. The correspond-
’ ’ ’ -1 _
ing eiganvalues (M) , (D' —F) U and F'~1 of non-elastic susceptibility x present positive-
negative transitions at certain critical eccentricity varies from 0 to 1:

_ caseatricity

1
as the function of eccentricity.

Figure 5.6: The fourth eigenvalue ( %),

J essentricity

Figure 5.7: The fifth eigenvalue (D’ — E')™" as the function of eccentricity..

Let’s discuss the eigenvalues which show positive-negative transitions in details. First, the eigensvector
which corresponds to the eigenvalue (%)71 is (%,0,07 1,0, 1). From Fig. 5.9,
the coefficients of e;, and ey, and e, have the same signs. For the external static strain which pulls glass
system in z direction with e;,, when it exceeds critical value, the glass is fragile against additional expansion
or contraction deformations. Second, the eigenvector which corresponds to the eigenvalue (D' — E’ )_1 is
(0,0,0,—1,0,1). When the external static strain exceeds critical value, the glass is fragile against additional
external strain £(ey, —e.), which is to pull glass in y or z direction and squeeze in another direction. Third,

the eigenvector for eigenvalue F'~! is ey, a shear deformation to glass system. For the external static strain

exceeding critical value, the glass is fragile against additional shear in yz plane.
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Figure 5.8: The sixth eigenvalue F'~! as the function of eccentricity.

Fig.5.6-5.8 indicate when external static deformation e, = e exceeds certain critical value, glass is fragile

. . . . . ,_ /_ /_
against the external strain fields in the directions of %em +eyy + €szy —€yy + €., and ey..

DR A

0.0 0.2 0.4 0.6 0.8 1.0

A'—D'—E'—V/A

5B as the function of e. It stays positive for

Figure 5.9: The coeflicient in the sixth eigenvector,
eccentricity Ve € [0, 1].

Finally, to verify the existence of mechanical avalanche phenomena, we need to sum up elastic and non-
elastic susceptibilities to get total susceptibility, x*°' = x°' 4+ x. However the elastic susceptibility does not
have a singularity. For external strain fields away from the critical value, there is no steep positive-negative
transition in glass mechanical susceptibility. When external strain approaches critical value, non-elastic
susceptibility presents a sharp positive-negative transition. The singularity of total susceptibility (glass
avalanche behavior) is therefore determined by the singularity of non-elastic susceptibility. (However, please
note this result is based on the wrong assumption that the constant of integration x’ is a positive quantity
in the renormalization Eq.(5.22). The motivation of making this assumption that x’ is positive is because
we want to obtain the positive-negative transition in non-elastic susceptibility. We hope to get some useful
results to explain the glass mechanical avalanche problem, but since the non-elastic susceptibility keeps
negative from the starting microscopic length scale, the assumption that x’ is positive is not valid. It is at
this point that finally our theory is not able to explain the avalanche problem. )

This chapter is only a tentative work to apply our generic coupled block model into a new field, glass
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avalanche problem. Our model is only valid below the temperature of T' ~ 50K. However, the glass avalanche
experiments we are able to find are taken under room temperatures or glass transition temperatures[21, 43,

44, 39, 40] (T ~ 300K). This might be another reason that our model is not applicable in the glass avalanche

problem.
T 7 T TS T T
o Ve DT ~ -~ /- 3T ~ e /- . .
e [ AN e [ N\ / / ™
f \ { \ / . \
/ / [ \ \ { / [ \ / + | : \
Tﬁ Y =5 “ 10 _T | -ie ﬂ, P 10 I\i BT [ 3‘* 10 I\i
\\ \ . / \\ | / \\ | : /
AN - \\ osl ) /// N -~ \\ osl ) ,// \\\\ \\\ -ost ! - //
— | L—f - — L, L—f - — N _

Figure 5.10: Three external strain field directions to crack the glass. (1) pull or squeeze it in egs, ey, and
e.. strain; (2) pull in ey, strain direction while squeeze in e.. direction, or vice versa; (3) shear in yz plane,

please note du,/0z and du, /Oy not necessarily the same.
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Chapter 6

Universal Meissner-Berret Ratio

It has been more than 50 years since the first experiment[1] by Zeller and Pohl showed at ultra-low tempera-
tures below 1K the thermal properties of amorphous solids behave entirely different from that of crystalline
counterparts. Anderson, Halperin and Varmal3] group and Phillips[19] independently developed a model
which was later known as tunneling-two-level-system (TTLS) model. It successfully explained several uni-
versal experimental results of amorphous solids which cannot be found in crystalline solids, e.g., linear heat
capacity, saturation, echoes, low-temperature heat conductivity etc. In TTLS model people assume he Hamil-
tonian of amorphous solid is the summation of elastic (phonon) part of Hamiltonian, a set of non-elastic
two-level-systems and phonon-TTLS couplings. The longitudinal and transverse phonon-TTLS coupling
constants 7, ; are adjustable parameters. However, in 1987 it was Meissner and Berret’s experiment[45] first
pointed out the coupling constants v; ; are not arbitrary: below temperature 7' < 1K, the ratio between them
~i/7: turns out to lie between 1.44 and 1.84 for a wide variety of amorphous materials, regardless of their
chemical compounds and microscopic molecular structure. Such universality suggests coupling constants
v+ come from more general mechanism which cannot be explained within TTLS model. In the rest of this
chapter, we use “Meissner-Berret Ratio” to represent for “the ratio v;/7¢ of TTLS coupling constant”.

We want to investigate the universality of Meissner-Berret ratio (7y;/v: ~ (1.44 ~ 1.84)) by applying our
generic coupled block model. Within TTLS model the resonance energy absorption per unit time El,t is
proportional to the square of coupling constant +; ;; in our model this energy absorption rate is proportional
to the imaginary part of non-elastic resonance susceptibility Im Xi¢» which will be defined in details in
section 1. So if we want to prove the “universality of ~;/v:”, we are actually proving the “universality of
Im xj°/Im x}°” in our generic coupled block model, where x; is the non-elastic compression modulus, and

X is non-elastic shear modulus.
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6.1 The Set up of Meissner-Berret Ratio Problem

Based on TTLS model the amorphous solid (glass) Hamiltonian with the coupling between two-level-system

and phonon strain field is written as[10]

D M\
== + Lt g et (6.1)
2\ 0 -E 2 M -D

where the Hamiltonian is written in two-level-system energy eigenbasis with F = \/m; D =A/E
and M = Ay/E are diagonal and off-diagonal matrix elements[20] of coupling between two-level-system
and phonon strain field, and by definition they are no greater than 1; Ak is the product of phonon wave
amplitude A and wave number k; w is the frequency of input external phonon; 7, ; is the coupling constants
for longitudinal/transverse phonon strains. Because in glass there are a set of TTLS with different paramters
A, Ay, 1, those TTLS in resonance with external phonon field £ = hw can resonantly absorb phonon energy
which linearly increases with time ¢. Using Fermi golden rule the resonance energy absorption per unit time

is proportional to coupling constant squared:
. 1
E .= ;—hAZkZMQEtanh <2ﬂfw) §(E — hw)yiy o< 77y (6.2)

where we take phonon strain e = Ak and frequency w to be identical for longitudinal and transverse input
phonons.

Since the set up of TTLS model is based on these parameters, within it we cannot explain the universality
of v, /7+. Therefore, we want to apply our generic coupled block model to consider their energy absorption
due to external phonon fields, and try to explore if the ratio of energy absorption due to longitudinal and
transverse phonon turns out to be universal or material independent.

Let us consider a block of glass with the dimension L much greater than the atomic distance a ~ 10A.

The elastic strain e;;(Z,t) can be defined as the spacial derivative of displacement @(Z,t) for the matter

located at Z: e;;(&,t) = 3 (auéf’t) + 67”(3” O). We write H®® for the total Hamiltonian of the glass block,

and expand it in orders of elastic intrinsic strain field e;;(Z,t) in long wavelength limit:
H'' = Hiot 4 / d?’zZeU )TL0%(E) + O(e)) (6.3)

where the definition of stress tensor Tg’t(f) is the first order derivative of Hamiltonian with respect to
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intrinsic strain field

(6.4)

Next we can define stress-stress susceptibility, the derivative of stress tensor f;-tjc’t with respect to intrinsic
strain field eg;. The susceptibility is taken for the glass block much larger than atomic distance:

O(T}") (2, 1)

tot (= =/ !
-t =t) = =
Xz]kl(x z ) 5ekl(x,7 t,)

(6.5)
In the above definition the average operator () represents thermal average and quantum average. For an
arbitrary operator A, (A) = 3 Z~le=#PBm (m t|A|lm,t) with |m) the eigenbasis of Hamiltonian H{* and
Z the partition function with the temperature 3 = (kgT)~!

Let us separate Hamiltonian Ht° into purely elastic part He' and non-elastic part H™o" . We define a

new stress tensor which comes from non-elastic part of glass Hamiltonian:

Hnon _ non /d IZ 6” Tnon )+ O( )

~ 6HH01’1
T°%) = ——= .
50 = 5 (6.6)

The non-elastic stress-stress susceptibility is then defined as x5 (7 — @5t —t') = 5(T—“-°“>(f, t)/der (1)
In the rest of this chapter we will always use Ho, Xijkt and T” to stand for non-elastic part of H, 0" Xkl
and T7n.

To calculate the space-averaged non-elastic stress-stress susceptibility x;;x(w) = ﬁ [ dPrdPs (T —
Z';w) let’s denote |m) and E,, to be the eigenbasis and eigenvalues of unperturbed non-elastic Hamiltonian
Hy. The space-averaged susceptibility is volume independent. The eigenbasis |m) is a generic multiple-
level-system. By putting in external weak intrinsic strain field e;;(Z,t) the system receives a perturbation
[Pz Zij ei; (%, t)f}j (Z). Using linear response theory on <Tw>(f, t) with respect to perturbation eijﬁ-j, we

obtain (the imaginary part of resonance) non-elastic susceptibility as follows:

e PEm
I X5 (T w) = 37 =T x{j ()
() = 75 [ deda’ S miTiy (@)l Tia( ) )
[—6(En — By —w) + 6(Ep — By +w)] (6.7)
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Please note, that the above definition of imaginary susceptibility is self-consistent with (1) the definition
of susceptibility in “Theory of Quantum Liquids” by David Pines and Phillipe Nozieres[61] and (2) the
definition of non-elastic susceptibility in chapters 4 and 5 in this thesis. For w > 0, the imaginary part of
non-elastic susceptibility is negative-definite (in the book by David Pines, the imaginary susceptibility is
negaitve-definite as well). Z =73 e~ PEn is the partition functionn of unperturbed non-elastic Hamiltonian
Hy, and we set h = 1. Because for arbitrary quantum number n we always have E,, > Ej, the definition
of Im Xg;';l( ) in Eq.(6.7) is only valid when E,, > w > —E,,;; when E,,, < w or —E,, > w, in the above

definition of imaginary part of resonance susceptibility, one of the delta-functions will vanish. Therefore

when E,, < w or —FE,, > w, the imaginary part of resonance susceptibility is simplified as follows,

m e A PN .
() = 75 [ deds Y /(@) (0T @) m) (B — B +0)] i w < B

n

Im x {7 (w)

o / udss Sl Ty (E) )l Ta (@) ) [=3(En — By —w)] i w> B (68)

n

it is convenient to rewrite the imaginary resonance susceptibility Eq.(6.7) into reduced imaginary suscepti-

bility Im X1, as follows for future use:

Im x5, (T, w) = (1 — e‘Bhw) Im X, (T, w)

¢—BEm
Im {55, (T,w) = Im ) (w)
m 77 () = / deds’ S m{ Ty (@) ) (0T (7)) [~ 6(En — B — )] (6.9)

n

Please note, that by definition Im ﬁ?zl(T, w) is also a negative-definite quantity. Again, for an arbitrary

isotropic system the reduced non-elastic susceptibility must satisfy the genetic form

Im X;;ZI(TWU) = (Imy®(T,w) — 2Im x;*(T,w))d;;0, + Im X;* (T, w)(0:x05 + 6:105%)  (6.10)

ores

According to the negative-definite property of Im X 71(T,w), the newly-defined quantities Im xj% (7, w) are
negative-definite as well. Please note we use Im ;% (T,w) to stand for imaginary part of reduced non-elastic
longitudinal /transverse susceptibility Im ;% "°"(7T,w). The real part of reduced non-elastic susceptibility
Re X35k (T,w) can be obtained by Kramers-Kronig relation from the imaginary part of it. Therefore after

the Kramers-Kronig transformation, the real part of reduced non-elastic susceptibility Re Xigki (T,w) is also

a negative quantity.
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6.2 Virtual Phonon Exchange Interactions

From the definition Eq.(6.6), within the consideration of single generic block, non-elastic stress tensor Tj; (%)
and non-elastic unperturbed Hamiltonian H, are simply generalizations from 2-level-systems to multiple-
level-system (see Eq.(6.1)). Nothing non-trivial will be obtained within single block considerations. However,
if we combine a set of such blocks together to form a super block, the interaction between single blocks will
be taken into account. Since the stress-strain interacting term eijTij contains phonon field e;;, the exchange

of virtual phonons will give an effective RKKY-type interaction between blocks via stress tensor products:

i / Pods' 3 Ay — &) Ty (@) (@) (6.11)
ijkl

where the coefficient A;ji(Z — Z’) has been carried out in Appendix (A). We call Eq.(6.11) non-elastic
stress-stress interaction. In the rest of this thesis we always use the approximation to replace & — &’ by
T, — Ty for the pair of the s-th and s’-th blocks, when Z, denotes the center of the s-th block, and that
Jve Tij (F)dPx = Ti(js) is the uniform stress tensor of the s-th block. Also, from now on we use e(])(t) to
denote the phonon strain field e;; (Z,t) located at the s-th block. By combining Ny x Ny x Ny identical
L x L x L unit blocks to form a NoL x NoL x NyL super block, the Hamiltonian without external strain

field is written as

T = ZHOS + Z S AGITOTS) (6.12)

s#s’ ijkl

From now on we make the important assumption that these block space-averaged stress tensors Tig?) are
diagonal in spacial coordinates: Im )Zz(lel) (T,w) = %(T( )T(S )Y = Im Yijp (T, 0)6ss

Next, let us consider glass Hamiltonian with the presence of external strain field e;; (&, t) as a perturbation.
Please note that we have defined non-elastic stress tensor and non-elastic stress-stress susceptibility with
the help of intrinsic phonon strain field, in this section e(#,t) stands for the external real phonon field. It

seems the Hamiltonian Eq.(6.12) simply adds a stress-strain interacting term > >". e )( )T( *) . However,

@J zg
more questions arise with the appearance of external strain field.

First of all these non-elastic stress tensors Ti(js)

might be modified. A familiar example is that external
strain field can modify electric dipole moments by changing relative positions of positive-negative charge pairs
(to the leading order of external strain): Ap;(t) = ;(du;(t)/0x;)p; where i,j are cartesian coordinates,

and @(Z,t) is phonon field. In principle we need to obtain the modification of stress tensors, AT(S)( t) to

the leading order in el(- j)(t) for the resonance energy absorption contribution. However, we only qualitatively
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know the expansion of ATZ-(;)(t) in orders of external strain e = Ak is ATi(jS)(t) ~ e(t)Ti(js) + O(€?). Within
qualitative Taylor series technique we calculate the energy absorption contribution in Eq.(6.21). We will
show this energy absorption contribution is renormalization irrelevant at experimental length scale in section
4 via scaling analysis.

There is a second problem arising from external phonon strain field: the relative positions of unit blocks
Zs — Iy can be changed, resulting in the modification of stress-stress interaction coefficient Azjkl (e). To the
first order expansion in external strain field the modification of A l is

Awss’

4
ss’

AN = (2 ARG~ 3RS cost
AASZZ) = {4 [Z(n]nlém + njnidi + ningdi + ningdjy) cos Oy

—[(mjni + mun;)dir + (mjni + men;)oy + (ming + mgn;)dj; + (ming + mmi)](gjk]
—3a cos O <nknl(5ij + njnmbi, + ngngda 4+ ningdje + ningdy + ninj(;kl)

3
+§OL [mz (nl5jk + nkdﬂ + nj5kl) +m; (nl5ik + ngdy + le(skl)

+my, (n0;5 + 105 + 1;0) + my (ngdsj + nidjx + nj6ik):|

15 Axss'
—?a MmN NNy + Mingngng + mgngngng + mynnng | + 30an;n;ngn; cos Oy (6.13)
ss’
where o = 1—¢? /cl , Ty = |Ts— T, AZs = U(Zs, 1), Axgy = |ATs—AZL], cosOsy = (AZsy Tssr) /AT ggr Tssr

is the angle between AZsy and Tse, and m = AZe /Axsy is the unit vector of AZgs . Finally by taking
everything into account the total Hamiltonian for super block amorphous solid with the presence of external

weak strain field e(Z,t) reads

Ng
Hsuper(e) _ Z (SS)J'_ZB T(s
S (MDEOTY + AMSDOIOT AT OT) oo
s#s’ ijkl

where el(;)(t) is real phonon field here.

64



6.3 Second Order Perturbation Theory to Energy Absorption of
Super Block

In previous discussions we know within TTLS model the resonance energy absorption per unit time is
proportional to coupling constant squared: El,t x '712,t~ In this section we use generic coupled block
model to consider it from longitudinal and transverse phonons. We first consider a single-block amorphous

solid with dimension L x L x L, with the unperturbed Hamiltonian Ho and perturbation Z” ei;(t )Tij,
so the total Hamiltonian is H = Hy + > €t )Ti;. We denote |n) and E, to be the n-th eigenstate

Esingle _

and eigenvalue of unperturbed Hamiltonian Hy. Thus the single-block energy absorption rate is

B L ©

picture wavefunction, and H 7(t) and Tij( 1) (t') are interaction picture operators. For an arbitrary interaction

BEn

((n[,t|ﬁ1(t)|n17t> - <n\f[0|n>), where |ny,t) = e I oo Dy e1a (0Tij00) (#)dt! |n) is the interaction

picture operator A (t) we have Af(t) = eiﬁot/hfl(t)e_mot/h. The resonance energy absorption per unit time

of single-block is
Biree = 23 A%KPw (1— e M) Im (T, w) (6.15)

For details of calculations, please see Appendix (C). In the above result, according to the negativity of
Im x; (T, w), the single block energy absorption rate is a positive quantity. Ak is the strength of external
strain field e;;, w is phonon frequency. With the argument by D. C. Vural and A. J. Leggett[25] and the
experiment by R. O. Pohl, X. Liu and E. Thompson[34] we assume that within a certain extent of frequency
w < we below 1K the longitudinal and transverse imaginary susceptibility can be approximately treated
as a constant of frequency Im ;% (T, w) ~ Imx;F(T). In section 4, Eq.(5.27) we will discuss the order of
magnitude of w. in details. Given the external phonon field amplitude A and wave number k the energy
absorption per unit time for single-block amorphous solid is proportional to longitudinal and transverse
imaginary susceptibility Im xj%(7): Elsmgle/EtSingle = Imx;*(T)/Im x}**(T"). Compare this with energy
absorption rate from TTLS model, i.c., Ef"8¢/E5 M8 — 12/22  we get the relation between imaginary
susceptibility and coupling constant Im x}°(T")/Im x;°(T') = v2/~7.

Within single-block considerations one cannot extract more information from generic block model than
TTLS. However, the exchange of virtual phonons allows non-elastic stress-stress interaction between blocks.
Let’s think about a set of N§ identical single blocks with the dimension L x L x L combined together to form

a super block NoL x NgL x NoL. The presence of many-block interaction V affects the energy absorption

of super block. To explore this problem we follow three steps: (1) turn off stress-stress (many-block)
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interaction V. These Ng identical single blocks are non-interacting. Thus the Hamiltonian for super block

(s)

is the summation of single block Hamiltonians Hy = s ﬁo , where s denotes the s-th block which runs

over s = 1,2,...N§. We denote |n) =[], [n®) and E, =3, EY) to be the n-th eigenstate and eigenvalue
"

for Hamiltonian Hy; (2 (2) turn on non-elastic stress-stress interaction V= D Zwkl A7;ZZ)T(S)T( as static
perturbation. The eigenstate and eigenvalue change as follows:
—n) +Z W‘” B = E, + (n[V|n) +27| UvinP (6.16)
— El . 2. g T .

where [n*) and E} are the n-th eigenstate and eigenvalue for Hy + V; (3) take Hy+V as static Hamiltonian

of interaction picture, we turn on time-dependent perturbation

T(0) =Y DTS + 33 (AN OTYTS) 245 AT 01”) (6.17)
s iJ

ss’ ijkl

to calculate the energy absorption rate of super block Hamiltonian Hy+V:

super 0 e_ﬁE: * & ) * *| 1 7 [y *

B (L) = o0 30 S (st o (8) + V(@) g 1) — (n° Ho + V")) (6.18)

where Z* = 3~ e #Fu is the distribution function for static Hamiltonian Ho+V; |n%,t) = ot Joo Hi(that! in*)
is the interaction picture wavefunction, where H'(t) = Do Z“ i ( )Tfj ), H(t), Vi(t) and Ho; are interac-

tion picture operators: for arbitrary operator fl(t) the interaction picture version is
A[(t) _ ei(I:I0+V)t/hA(t)e—i(I:IO—&-V)t/h (619)

By expanding up to the second order in phonon external strain field e;;(Z,t) there are four terms in
total energy absorption rate Eq.(6.18). Three of them come from perturbation H’(t), the last one comes

from non-elastic stress-stress interaction V. We first consider the energy absorption rate due to pertur-
(s)

ij €ij ( )T()7 giving the en-

bation ﬂ’(t). It contains three terms, one is quadratic in operator ) > . e

ergy absorption rate El( t) (L) = N3E™&'°(L). The second term is quadratic in the expectation value of
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Zss/ Zz]kl AAEJSISCZ)( )T‘z(jS)TIS ):

EP(L) = (1—e ) [(55+ 176a + 688a2) + 44(1 + da + 40)x(T, w)]
A2K2N3 In N,
2200 000 [ Im (T, Q) Im (T, w — Q)d2
orGE [ (T In (T — )
EP(L) = (1—e ) [(35+112a 4 6560°) + 28(1 + 4a + 402)z(T, w)]
A2K2N3 In Ny
2200 00 [ Im (T, Q) Im 5°5(T, w — Q)dS2 2
o [ T ST ) (6.20)

For details of calculations, please see Appendix (C). Please note, that the above two results are of the
“quadratic order” of the imaginary part of resonance susceptibilities. So they are positive quantities. o =
1- % and z(T,w) = % — 2. Again we assume Im Y} (7, w) ~ Im x;7(7T) is weakly dependent on
frequency within a certain extent w < w, for T' < 1K. For details of discussions regarding w,, please refer to
section 4, Eq.(6.25). Eq.(6.20) are given by the convolution between Im x;*(7,Q) and Im x;*(T,w — Q).
By substituting qualitative first order expansion ATW ~ T, ; + O(e?) the energy absorption rate due to
external phonon is

A2K2N3 In N,

2)2

B ~ s (1 o) LR

/ Im ;% (T, Q) Im x;*° (T, w — Q)d2 (6.21)
For details of calculations, please see Appendix (C). The above result is also positive. K, are constants for
longitudinal and transverse cases, of order ~ 1. By comparing Eq.(6.20) and (6.21), the energy absorption
from AAESZZ)T(S)T(S) and A(ss )AT(S)T(S) have the same scale dependence. In the next section we will
demenstrate both of them are renormalization irrelevant at experimental length scale. Finally we consider
the fourth contribution of energy absorption from non-elastic stress-stress interaction V: by expanding it to

the second order of e;;(Z,t), the energy absorption rate contribution from V is given as follows

ANBL3A%k?In N,

Via(L) = (1—e ™) o2
t

)

wIm X;7 (T, w)Re ;7 (T, w) (6.22)

cres

oo QIm x](T,2)dQ2
_ 273‘/‘ 1,t .

where we define “real part reduced non-elastic resonance susceptibility”, Re x;¢ (T,w) o

For details of calculations, please see Appendix (C). Also please refer to Appendix (C) for the details of
definitions of Re Xres(T,w). Since both of real and imaginary parts of resonance susceptibilities are neg-
ative quantities, the above many-body interaction’s contribution to energy absorption is positive. The

total energy absorption of super block is given by the summation of the above four terms ESUPGT(L) =
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El(lt) (L) + El(i)(L) + El(i)(L) + Vi+(L). Because “super block” at length scale L is the “single block” at
length scale NoL, we have the important relation E?ltn ge(NoL) = E'ls’lzper(L). Super block energy absorp-
tion ratio due to longitudinal and transverse input phonon is therefore EI™'°(N,L)/E;™8'°(NoL). The
Meissner-Berret ratio at length scale NoL is 42/v2 = ES™8°(NoL)/ES™8°(No L) which is different from that
at length scale L, 42 /72 = EJ™8'°(L)/ES™'(L). This implies that Meissner-Berret ratio is not a constant
with the increase of length scale because of non-elastic stress-stress interaction. To study the universality of

Meissner-Berret ratio we need to obtain energy absorption rate El,t at experimental length scale R.

6.4 Renormalization Procedure of Susceptibility

In this section we want to get the energy absorption rate at experimental length scale by repeaing renormal-
ization procedure of combining single blocks into a super block. From the argument by D. C. Vural and A.
J. Leggett[25] we start the renormalization procedure at length scale L; ~ 50A. Since the final result only
logarithmically depends on this choice, it will not be sensitive. In the n-th step renormalization, we combine
Ng single blocks with the dimension L,, X L, x L, to form a n-th step super block with the dimension
NoL,, x NoL,, x NoL,. In the next step single block dimension is L,,+1 = NoL,. By plugging in a weak
phonon, the n-th step single and super block energy absorption rates are E;ltn gle(L,) and Eilzper(Ln). From
the relation E‘f;per(Ln) = Efltn &1(L,41) we get the following recursion of energy absorption rate from step

nton-+1:
NSE™ (L) + B2 (L) + BS (Ln) + Vie(Ly) = B0 (L) (6.23)

It is convenient to define “energy absorption rate per volume”: éfjfgle( L, =1L, ?’EZSIt]rl gL, él(i’?’)( L,) =
L;ilEl(i’S) (Ly), 014(Ly) = L;jilf/}yt(Ln) and é?:gle(LnH) = L;ilE"lsvifgle(LnH). Repeat renormalization
procedure logy, (R/Ly) times from unit block length scale L; ~ 504 to experimental length scale R, the

energy absorption rate per volume is

. . . . . R
é4(R) = (eu(Ll) + e (Ly) + egf’;)(Ll)) +0,¢ log <L1> (6.24)
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First of all we compare the volume dependence of él(i)(L) el(?;)( L) and v,

ai() 1 [ IgRTomye(Te-0de we
0 PELY I g (T, w) [ @A R I3 [ 040/ (97 — )
1 We

pci pc2 L3 In(w./w) (6:25)

where L is length scale. In the above result we use the assumption that susceptibility Im x; (T, w) is roughly
a constant of frequency for w < w, below temperature 1K. el( tg)(L) and 04 have the same unit (energy per
volume per unit time), however the upper limit of integrals w. in Eq.(6.25) does not increase with the
increase L, él(?t)(L) and e( )(L) are L=3 volume dependent while v, is scale invariant. With the increase
of length scale eventually ©;, will be greater than el(tg)(L) beyond critical length L.. We use ultrasonic
frequency w ~ 10°rad/s, amorphous solid mass density p ~ 103kg/m® and speed of sound ¢ ~ 10°m/s to
estimate the critical length scale when él(i’?’) (L) and 9y ¢+ become comparable. The upper limit of w, is of order
10%rad/s corresponding to temperature 10*K, so the largest possible L, is of order ~ 10A, even smaller
than starting length of renormalization procedure L; ~ 50A. Therefore throughout the entire process of
renormalization, éli’?’)(L) is always negligible compared to ©;;. We conclude él(?t’?’)(Ll) is renormalization
irrelevant in Eq.(6.24).

Next let us compare the renormalization relevance between ¢ (L) and vy ¢logy, (R/L1). The input
ultrasonic phonon frequency usually takes the order ~ 106Hz, corresponding to wavelength R ~ 10~3m
Therefore the experimental length scale R is the wavelength of external phonon, because it is smaller than
the actual size of amorphous samples. With this choice In Nglogy, (R/L1) = In(R/Ly) ~ 20 > 1, so we
assume the energy absorption rate per volume of unit block ¢ (L) is much smaller than that from stress-
stress interactions v logy, (R/Lo). At experimental length scale the energy absorption rate is dominated

by ¥+, independent of material microscopic nature. The ratio between longitudinal and transverse energy

absorption rate per volume at experimental length scale is given as follows:

_ (6.26)

Note the r.h.s. of Eq.(6.26) is functional of Im xj%(7,w); for the Lh.s., at experimental length scale the
entire amorphous sample can be treated as a huge block, with the energy absorption rate per volume
ai(R) = 2A%k%w(1 — e Bhw)lmxreS(T w). So the Lh.s. of Eq.(6.26) equals to % Eq.(6.26)

together with Eq.(6.22) is a self-consistent equation for Im xj¢ (7, w). The only parameter enters it is speed

of sound ratio ¢;/c; and it is a non-adjustable quantity. The self-consistent equation for Meissner-Berret
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ratio /Im x1* (T, w)/Im x}*(T, w) turns out to be

Im x;(T,w) Ct Im x;% (7T, w
Im 33 (T,w) o cl Im x3(T, w

Rey™(Tw) _  Reg®(lw) _ o
JRe xie (T, w) Re i (T,w) 2

(6.27)

Eq.(6.27) only tells us that the ratio between real part of non-elastic resonance susceptibility is sound

velocity ratio squared. But please note that the ratio between Re (T, w) and Re x;* (T,

w) turns out to

be always c?/c?, regardless of their frequency. We can obtain the imaginary part susceptibility ratio via

Kramers-Kronig relation from this frequency-independent property:

wRe i< (T, Q2 Tm vres (T 2
Im}Z;etg(T OJ _ _77)/ Xlt )dQ - m>~<l ( 7w) G
— w? Im xi(T,w) ¢

(6.28)

Finally we get the ratio between longitudinal and transverse reduced version of imaginary non-elastic suscep-

tibilities: \/Im x1*(T)/Im ¥} (T) = ¢;/c; (and so as y/Im x1*(T)/Im x}*(T) = ¢;/c;). On the other hand

by comparing TTLS energy absorption + X 71 . we have \/Im x1*(T)/Im \}(T) = 71/~, so theoretical

Meissner-Berret ratio v;/v: = ¢i/c¢s.

This result is in fairly good agreement with 13 materials we list below. Experimental coupling constants

Y1.t, Meissner-Berret ratio (vy;/7:)“" and speed of sound ¢;; are from the data by Meissner and Berret[45];

(v1/7:) ™ is our self-consistent result:

Material | 7;(eV) | v(eV) | (v/7) | ci(km/s) | co(km/s) | (vi/7)™ = c1/c thesx%
a-Si09 1.04 0.65 1.60 5.80 3.80 1.53 —4.38%
BK7 0.96 0.65 1.48 6.20 3.80 1.63 +10.1%
AsyS3 0.26 0.17 1.53 2.70 1.46 1.85 +20.9%
LaSF-7 1.46 0.92 1.59 5.64 3.60 1.57 —1.26%
SF4 0.72 0.48 1.50 3.78 2.24 1.69 +12.7%
SF59 0.77 0.49 1.57 3.32 1.92 1.73 +10.2%
V52 0.87 0.52 1.67 4.15 2.25 1.84 +10.4%
BALNA 0.75 0.45 1.67 4.30 2.30 1.87 +12.0%
LAT 1.13 0.65 1.74 4.78 2.80 1.71 —1.72%
a-Se 0.25 0.14 1.79 2.00 1.05 1.90 +6.14%
Zn-Glass | 0.70 0.38 1.84 4.60 2.30 2.00 +8.70%
PMMA 0.39 0.27 1.44 3.15 1.57 2.01 +39.6%
PS 0.20 0.13 1.54 2.80 1.50 1.87 +21.4%
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Among 13 materials, the theoretical results of AsyS3, PMMA and PS deviate more than 20% compared to
their experimental measurements. We give below a further discussion on these three materials. For now
let’s investigate the statistical significance between theoretical and experimental Meissner-Berret ratio. We
use least square method. For 13 materials including large deviations of AssS3, PMMA and PS, the fitted
linear relation is (%)theo = 1.102 (%)exp with the correlation coefficient » = 0.261, which means linear
fitting is not good for them; for 10 materials excluding AssSs, PMMA and PS, the fitted linear relation is
(%)theo =1.061 (%)exp with the correlation coefficient r = 0.745, which means except for large deviations
AsoS3, PMMA and PS, ¢;/¢; is a moderate fitting for other 10 materials. We plot these data as follows,

where x and y-axis represent experimental and theoretical Meissner-Berret ratio:

¥= theory s

Figure 6.1: Least square fitting for experimental-theoretical Meissner-Berret ratio. The linear fitting is
y = 1.06x; correlation coefficient » = 0.261 for 13 materials’ data; r = 0.745 for 10 materials’ data excluding
PMMA, PS and AssS3. The dashed line is our anticipation on theory (v;/v:)®P = ¢;/c;.

Instead of resonance energy absorption measurements, the original experiment of Meissner-Berret ratio[45]
was to measure relative speed of sound shift to temperaure, Ac;¢/c; = C; ¢ In(T/Ty), where the experimen-
tal measured constant C;; is derived by TTLS parameters C;; = pfylz,t / pcﬁt. The definition of P is[10]: in
TTLS model the diagonal matrix element A and tunneling parameter A = In(%§2/A) are assumed to be
independent of each other and to have a constant distribution P(A, \)dAd\ = PdAd\. By measuring C; ¢,
c1,c and P one can experimentally calculate coupling constants ~;, ;. However, it may not always be true that
A, X\ exactly obeys constant distribution. We search experimental data for low-temperature specific heat:
AssS3 measured by R. B. Stephens[48]; PMMA and PS measured by R. B. Stephens, G. S. Cieloszyk and
G. L. Salinger[49]; PMMA measured by R. C. Zeller and R. O. Pohl[1]. At temperatures T' < 1K their
heat capacity temperature dependences largely deviate from C,(T) = AT + BT3, where A and B are ex-
perimentally determined parameters. Their huge deviations from “linear temperature dependence” implies

that TTLS assumptions may not be a suitable description below 1K, especially when meansuring quantities
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sensitive to distribution constant P like Yi,t- We think this might be one of the reasons why theoretical
Meissner-Berret ratio 7, /v for AssS3, PMMA and PS deviate more than 20% from experimental data.

We also suggest the possibility that AssSs, PMMA and PS may not possess universal low-temperature
glass properties observed in typical glass materials (e.g. a-SiOq, (KCl),(KCN);_, etc.): for example,
quadratic temperature dependence of thermal conductivity x ~ T2 below T < 1K[48]; universal ther-
mal conductivity plateau between 4K and 20K[48]; universal sound velocity shift discussed in chapter 4[33],
and so on. We hope more experiments of low-temperature thermal and acoustic properties on these three

materials could be carried out to test our predictions.

6.5 The Modification of Meissner-Berret Ratio from Electric
Dipole-Dipole Interactions

Electrc dipole moments interact with each other via r—3 long range interaction similar with non-elastic
stress-stress interactions. In this section we take electric dipole moments as operators which interact like
non-elastic stress stress interactions. The input mechanical waves (not electromagnetic waves) can change
the relative positions #s — Zs of dipole moments at Zs and Zs; on the other hand, electric dipole moment
is proportional to the separation of positive-negative charges: p = ql_j Thus external phonons also modify
dipole moments by changing charge separation I — I+ Al Finally, external phonons will change electric
dipole interations, resulting in the change of amorphous material energy absorption.

However, as we will see at the end of this section, the influence of electric dipole-dipole interaction on
phonon energy absorption is renormalization irrelevent, because of the following reason. From section 3,
we know the non-elastic stress-stress interaction V has four contributions to the resonant phonon energy
absorption rate Fj;: Eqs.(6.20), Eq.(6.21) and Eq.(6.22). Eqgs.(6.20) and Eq.(6.21) are renormalization
irrlevant, while Eq.(6.22) is the only renormalization relevant term for phonon energy absorption. Let us
give a short review on Eqs.(6.20, 6.21, 6.22): Eqgs.(6.20) is generated by the change of non-elastic stress-stress
interaction coefficient AAg;z;)(e) = AE;Z;)(e) - AE;Z;) due to external strain field; Eq.(6.21) is generated by
the change of non-elastic stress tensor operator Arf}j =T ii(e) —Tij. These two terms generate phonon energy
absorptions which are renormalization irrelevant; Eq.(6.22) is generated by the single block wave function
change é|n) due to the coupling between stress tensor and strain field eijfij. This term is renormalization
relevant. When we consider the resonant phonon energy absorption contribution from electric dipole-dipole
(55")
ij

be modified by external phonon field, thus we have the change of interaction coefficient A,uz(.;.sl) = ,ul(.j.sl)(e) _

interaction, we get the following contributions: (1) electric dipole-dipole interaction coefficient p could
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ugjs ). The contribution to phonon energy absorption from this term is renormalization irrelevant, which

is similar with Eq.(6.20); (2) electric dipole moments p; could be changed by external phonon strain field,
resulting in the change Ap; = p;(e) — p;. The phonon energy absorption contribution from this term is also
renormalization irrelevant, similar to Eq.(6.21); (3) while elastic strain field can couple to non-elastic stress
tensor with el-jf’ij and electric field can couple to electric dipole moment with —F;p;, there is not a term,
that elastic strain field can couple to electric dipole moment. The phonon resonant energy absorption from
the coupling eijTij is the renormalization relevant term, which does not exist in electric dipole moments
with the coupling to external phonon strain field.

Let’s first qualitatively compare the order of magnitude for the influence of phonon energy absorption
between electric dipole interaction and non-elastic stress-stress interaction. We use M to denote the value of
off-diagonal matrix element for two-level-system and use ng to denote the density of states for TTLS system.

We also use p to denote the electric dipole moment and use n. to denote the density of states for electric

M?
c2

dipole two-level-system. In the theory of tunneling-two-level-system model, the quantity "Z represents

the average of the imaginary part of non-elastic resonance susceptibility of two-level-system divided by pc?,

represents the average of the imaginary part of dielectric resonance susceptibility divided by

2
while <f-

2
€. On the other hand, the quantities ”0%2 and *¢£- correspond to and ImTX in our generic coupled

Im Xy
b c oc?

Im xi,¢
2

. 2
block model. Since the “resonant phonon energy absorption rate” Ej . is proportional to ( P ) via non-

Lt
2
elastic stress-stress interaction, and is proportional to (ImTX> via electric dipole-dipole interaction (we will

noM?
pc?

2
prove this below), the ratio between and “¢~ gives us the order of magnitude comparison on phonon

energy absorption rate via non-elastic stress-stress interaction and electric dipole-dipole interaction. With

the measurement from S. Hunklinger and M. V. Schickfus[46] we discuss the ratio between ";g ® and "T“z
for two dielectric materials, BK7 and SiOs below.

For BK7, TTLS parameters are of order ngM? ~ 108erg/cm?; dielectric constant € = 3.7; n.u? = 6x1073;
mass density p = 2.51g/cm?; speed of sound ¢ = 6.5 x 10°cm/s. From these data we find the following ratio
between electric dipole-dipole interaction and non-elastic stress-stress interaction is (n.u?/e : ngM?/pc?) ~
(1.62 x 1073 : 0.94 x 10~%), which means the influence on phonon energy absorption due to electric dipole
interaction is one order of magnitude greater than that of non-elastic stress-stress interaction for BK7.

For SiO,, TTLS parameters ngM? = 2.04 x 10%erg/cm?; € = 3.81; electric dipole moment parameters
nep? = 1.46 x 1074 p = 2.2¢g/cm?; ¢ = 5.8 x 10°cm/s; the strength of electric dipole interaction versus
non-elastic stress-stress interaction is (neu?/e : ngM?/pc?) ~ (3.83 x 1075 : 2.76 x 10~*), which means for
SiO4, the influence of phonon energy absorption due to electric dipole interaction is one order of magnitude

smaller than that of non-elastic stress-stress interaction.
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The above qualitative arguments suggest electric dipole interaction in dielectric materials is roughly of
the same order of non-elastic stress-stress interactions. However, after a detailed calculation we demonstrate
the energy absorption contribution of electric dipole interaction is renormalization irrelevant. We use the
approximation to replace ¥ — ¥’ by T, — Ty for the pair of the s-th and s’-th blocks, when Z, denotes the
center of the s-th block, and fv<s> Pi(T)d3x = }32(»5) is the uniform electric dipole moment for s-th block. By
combining Ny x Ng X Ny identical L x L x L unit blocks to form a NoL x NoL x NoL super block, the electric

dipole interaction

Vaipole = Z Z s ppl (6.29)

s#s' 1,j=1

in the above equation we define the coefficient ME;S )

(ss") _ (0ij = 3nin;)

) = 6.30
“ 8me|ds — 7|3 (6.30)

in Eq.(6.29, 6.30) ¢, runs over 1,2, 3 cartesian coordinates and 7 is the unit vector of &5 — Zs. The input
phonon field @(Z, t) can modify (1) dipole interaction coefficient u ) by changing relative positions of blocks

Z, — Zo. We deonote it Auz(-;s ).

SSs SAIéé
AMEJ )= = Sreal [(5nmj — ;) cos b5 — (njm; + nym;)] (6.31)
where .9 = |Ts — ZL|, AT = U(Ts,1), Axsey = |AZs — AT, cosbsy = (AZsy - Tss)/Axsexss and

m = AZsy /Azsy. (2) Phonon field can also change dipole operators p(*), because positive negative charges
in electric dipole are driven from original positions s + %Z_; to new positions I’y + %l_; + (T + %f t), leading

to the change of dipole operators Ap(®)

Ou; (T, t
Apy (T Z Fon (7) (6.32)

Therefore with the presence of external phonon field the total electric dipole interaction is given by

lepole Z Z <M2J pz p] )+AU(SS)( )p(S) (S)—|—2,u” APZS)() (8)> (6.33)
s#s’ i,5=1
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Let’s define electric dipole-dipole susceptibility x;;(7,w) for future use:

Imy;;(T,w) = (1-— e*ﬁh“) Im X, (T, w)
~ e PEm
Imy;; (T ,w) = Z Im XE; )( )
~(m ™ S (S
Iy (@) = 5 > mlp” n) g m) [~0(Ey — B — w)] (6.34)

n

Since the dipole-dipole susceptibility must be invariant under SO(3) group transformations, it takes the
generic form Im X;;(T,w) = Im x(T,w)d;;.

To consider energy absorption we follow two steps: (1) turn off stress-stress interaction V and dipole
interaction Vdipole. These N§ non-interacting blocks’ Hamiltonian is Hy = Do H(ﬁs). We denote |n) =
[1,|n®) and E, = 3, EY to be the eigenstates and eigenvalues for Hy; (2) turn on time-dependent

perturbation

Ho = Yo 52 (MG OTFTE +2n) AT (07

ss’ ijkl

2:2:(Aﬂa 18 + 20 AL (1) ﬁ (6.35)

ss’ ij

_|_

and static interaction V + Vdipole to consider energy absorption of super block Hamiltonian ﬁg +V+ Vdipole:

e~ BEn

B (L) =00y

n

((n;,ﬂﬁo + Vi(t) + Hy(t)|nr, t) — (n|Ho + V|n>> (6.36)

i

with |n7,t) =€ 7 T ﬁ}(t/)dtlm}, and H/(t) and Vi(t) are interaction picture wavefunction and operators
we discussed previously. Besides the energy absorption terms we have obtained in Eq.(6.20), Eq.(6.21) and
Eq.(6.22), there is one extra term from electric dipole interactions. Expand the extra contribution to energy

absorption in orders of e;;(Z,t) the first order vanishes; the second order expansion is

- divole 94A2k? N3 In N, e ~ 3
ool 53A2K2N3 In N, s ~ i
Et pote W (1 — € w) w Im X(T, Q) Im X(Q—'7 w — Q)dQ (637)

Next we need to plug the above contribution, Eq.(6.37) into the renormalization procedure of phonon

resonant energy absorption between differnet length scales, Eq.(6.23). We repeat the RG steps, and obtain

experimental length scale self-consistent equation for Meissner-Berret ratio v; /v = \/ Im x;(T)/ Im x4 (T).

However, let’s stop for the moment and discuss the scale dependence of Eq.(6.37). It is convenient to define

(0]



“energy absorption per volume” é?itp‘)le = (NOL)_3Elditp°1€. From the qualitative order of magnitude analysis,

éldftp()le has the same order of magnitude as él(i’g) (see Eq.(6.20, 6.21) divided by volume). It also has the

2

same volume dependence as él‘t"g). To illustrate this property, let us compared the quantities é?itp‘ﬂe and 77
(see Eq.(6.22) divided by volume) as follows
-dipol Im %)?
T (6.38)
. ~ L3(Im v, )2 :
ULt (p%j‘) In(we/w)

where in the above result we assume dipole-dipole susceptibility Im X (7, w) &~ Im x(T) is roughly a constant

.dipole

of frequency within a certain range w < w.. Eq.(6.38) indicates that the term ¢, " is inversely proportional

to L? when compared to ;. Since eldltpo ¢ decreases cubically with the increase of length scale, we assume

~ 1/3
Im %)2pc? We . .di
Um X) pei e )) , U1+ becomes much greater than e?ltpde. The

beyond the critical length scale L. = (W

upper limit of L. can be obtained by letting w. to take an extremely high value, w. ~ 10*rad/s. We
obtain L, ~ 104, even smaller than the starting length scale of real space renormalization procedure 50A.
Throughout the entire renormalization procedure the influence of electric dipole-dipole interaction on phonon

resonant energy absorption is always negligible.
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Chapter 7

Conclusions

In this thesis we develop a generic coupled block model to explore three universal properties of low-
temperature glass. They are: universal shift on glass sound velocity and dielectric constant, mechanical
avalanche phenomena and universal Meissner-Berret ratio. The assumption we specify in this model is the
correlation function (susceptibility) between non-elastic stress tensors and eletric dipole moments are diag-

onal in spacial coordinates: (T»]»S)T,EZS/)> = Xijki0ss', (ﬁgs)ﬁ§sl)> = Xi;0ss’- The exchange of virtual phonon

?

and photon allows 1/r% long-range interactions. With the increase of system size, the increasing number
of unit blocks compensate 1/73 decreasing behavior. The number of interactions increases quadratically
with unit block numbers, while the number of single block Hamiltonian is proportional to it. Eventually at
large length scale many body interaction dominate glass Hamiltonian. We use renormalization technique to
iterate non-elastic and dielectric susceptibilities from small length scale to experimental length scale.

We want to set up a generic glass model to prove the universal slope ratio of temperature dependence on
sound velocity shift, in relaxation and resonance regimes. We hope our renormalization technique would lead
to the universal shift of sound velocity and dielectric constant, but in fact the renormalization equations in
chapter 4 lead to the increasing behavior of relaxation and resonance susceptibilities rather than the expected
decreasing behavior as the length scale increases. Moreover, the fixed point which gives the relation between
relaxation and resonance susceptibilities at experimental length scale, x™' = —2x™(w = 0) can never be
reached, due to the fact that both of relaxation and zero-frequency resonance susceptibilities are negative —
they will always have the same sign throughout the entire renormalization process. It is at this point that
our renormalization technique cannot explain the universal sound velocity and dielectric constant shift.

The second goal of this thesis is to use our generic coupled block model to understand the mechanical
avalanche behavior of three-dimensional insulating glass. The reader should be aware that it is the first time
to apply our model in glass mechanical avalanche problem. Therefore our purpose is not to solve the entire
glass avalanche problem from microscopic point of view; instead we want to provide some first-step results
for future people to continue studying this problem. We consider a block of amorphous material under the

deformation of static, uniform strain. With the slowly increasing strain the bulk glass behaves elastically

7



until it reaches critical strain value. After that the stress (T') suddenly drops to a lower value. A more
convenient quantity is the mechanical stress-stress susceptibility xiju = 6T3;/Jex;. At critical strain field
when irreversable process happens, stress-stress susceptibility presents an abrupt positive-negative transition
when strain field passes through critical value. Our main goal is to prove the existence of such positive-
negative transition, and to obtain the exact value of critical strain value when avalanche happens. However,
since the elastic susceptibility —(pcl2 — 2pcf)5ij5kl — pcf(éik@l + 6;16;1) does not show such kind of positive-
negative transition (which means it does not have a singularity), and the non-elastic susceptibility keeps
negative throughout the entire renormalization procedure (which means it does not have a singularity as
well), it is impossible to find a singularity in glass total mechanical susceptibility. It is at this point that our
theory cannot explain the glass mechanical avalanche problem.

Among 13 materials measured by Meissner and Berret[45], 10 of them agree faily good with theoretical
results while other 3 are not. At first we thought this is because of huge electric dipole interactions. However
qualitative measurements from Thomas, Ravindran and Varma[47] indicate that electric dipole interaction
is too weak to affect Meissner-Berret ratio. We believe their huge deviations come from the reason that
experimental data ~;/v; were inferred from TTLS parameters. R. B. Stephens[48], G. S. Cieloszyk, G. L.
Salinger[49], R. C. Zeller and R. O. Pohl[1]’s measurements on heat capacity indicate that constant parameter
distribution for AssS3, PS and PMMA may not be a suitable description below 1K, so (7y;/7:)**P inferred

from TTLS parameters for them may deviate from their original natures.
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Appendix A

Derivation Details of Non-Elastic
Stress-Stress Interaction Coefflicient

It was Joffrin and Levelut[42] who firstly gave the detailed derivation of amorphous solid non-elastic stress-
stress interaction coefficient AZ(.;.Zl). We give a further correction to their results. To compare their result

’
with ours, let us denote (Agjzl)) for their stress-stress interaction coefficient :
Joffrin

NG
V=30 50 (), T T
s#s’ ijkl
Rigu()
A(ss') _ _( ]kl(n) Joffrin
kL ) joftrin - Smpci|Es — 2[3
t1vs s
(Aijkl(ﬁ))Joﬂrin = —2(5]'[ - annl)éik

+2a{ — (050Kt + 0irdj1 + 0;k041)

+3(nmj5kl + nmkéjz + nmléjk + njnkéil + njnléz-k + nkmdij) — 15nmjnknl} (Al)

where a = 1 — ¢ /c. We consider long wavelength limit. We will derive A( i kl starting from amorphous
solid Hamiltonian written in the summation of phonon part, phonon-stress tensor coupling and non-elastic
part of Hamiltonian:

H — Z <pu«((j) + qu |uu (D|2> + Zze S)T(S H(l)’lOl’l (A2)

— 2m
qu s

where p is phonon polarization, i.e., longitudinal and transverse; ¢ is momentum and m the mass of
elementary block, p,(¢) and u,(¢) are momentum and displacement operators, respectively for phonon
modes in wave vector ¢ and polarization p. Strain field el(;f) is defined the same as Eq.(3.2), el(;) =
3 (8ul(»s) /0z; + 5‘u§s) / &ci). The relation between displacement operator @®) and ,,(q) is set up by Fourier

transformation:
(s) _ 1 iq&,
u; "~ = /*E :uu((j)eui(@@ (A.3)
N qp
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where €,() is the unit vector representing the direction of vibrations, N is the number density of unit block,
and by definition we automatically get Nm = p. For longitudinal mode p = I, €;;(¢) = ¢;/q, whereas for

transverse modes t; and t,, we have,

€, (q) - 7= ¢€,(q) - 7= ¢&,(q) - €,(7) =0
Y il @ens(@) =i — Q;Z" (A4)

p=ti,t

the strain field is therefore written as egj) = ﬁ > in i, (9)eT % [qie,i() + gien; ()] Since for an arbitrary

function f(g) we always have the following relation, » . f(7) = Z~% [f(9 + f(—@)], and the displacement
u; (Z) is real, ie., u; (%) = u; (¥), we have ui(q) = uj,;(—¢). With these properties of u,(¢) operators we can

rewrite the stress-strain coupling term as follows,
7(s) 1 . iq-E : iq-Es )™ (s
SE T = S S [ @eT) + (@) (e @) + e @I (45)
s iy igoos qu

Because the stress-strain coupling term is linear in displacement operators u,,(¢), we can absorb it into terms
quadratic in u, (), i.e., the quadratic displacement term of phonon Hamiltonian, by completing the square.

An extra term comes out as follows:

2wl w2
H=3 (M + 5 (@) — u (@)~ Q“|u<°>(q->2) " (A.6)

- 2m
n
where the “equilibrium position” u“ ((j) is

WD = 5 SV ) + @] 7T (A7

qu ij s

The extra term left out after completing the square is the effective interaction between non-elastic stress
tensors. It can be rewritten into two parts, the first part represents non-elastic stress-stress interaction

within the same block, while the second part represents the interaction between different blocks:

Z( qu|u<o (Dz>

- Z —~ lwﬁ Z [Qjem(qﬁ) + qie;tj((j)] {qkeul(q) + qzeukf)] ZTZ(JS)T( 5)

ar 5kl s

Z SNm ; SN2 > [qjem@ + qiem(q—?] {lepl@) + qze,m(d')] ST TOTE cos(q- (7 — T1))A8)

‘7 ijkl s#s’
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We denote the second term in Eq.(A.8) as f/7 non-elastic stress-stress interaction. Applying the properties

of unit vector for longitudinal and transverse phonons, it is further simplified as

. 1 11 9i95 9% Q1 o =
Vo= (2 2) DT (M) et a0t 1)
t l

2N'm brpllrrei
<qgm5m + q;qr0i + ¢iqiojk + QiQk5jl) .
cos(q -

eSS :

" 8Nm 2
U os£s ikl q

WLDTSE) (A9)

81

where Zs5 = Zs — 7. If we assume the inter-atomic distance is much smaller than phonon wavelength (long

wavelength limit), we can use integral to replace summation over momentum ¢. For convience of discussion

we write V into two parts, V1) and V®:

. ad 1 1 &g (g9 - 2(8) (s’
v = ( — 62) > Z{/ @) ( ;4 )COS(Q'xss')}E(j)Tlgl )

2
2Nm \ ¢ U7 s#s! ijkl
3 a® 1 Pq [ qi@din + @S + Giqdjx + Giqrd oo 5 (8) (s’
V® =~y E ZZ{/ 2n)? ( ’ e ’ )COS(CI'xss’>}Ti(j)Tl£l )
b ostst ijkl q
(A.10)
In the above two equations, we need to evaluate the following two integrals:
d*q qiqja4
1 7 k4l o
fi(jlzl = / (2m)3 24 cos(q- 7)
g ga .
f](lg) = / 2n) ;—2 cos(q - X) (A.11)
Let us introduce a new parameter A and take the limit A — 0 eventually
3
Wy - (99 9 0 / ¢ v Vg —igw
Figin) (8:&- 0z, 0z 01, ) | (27)3 (2 + A2)2 2 (e )
@y - (0N [ Pe_ v 1 s iga A19
fjl (A = <3{,Cj axl>/(2ﬂ_)3 (q2+)\2)2 (e te ) (A.12)
Using contour integral, and choose the pole at ¢ = —i\, we have,
@) = 9. 90 9 9\ 1
f”kl( ) (83:1- Oxj Oxy, Oz 871')\6
@)y _ (92 9N 1 Al
T <8xj 9z, ) dmz© (A.13)

81



Finally, take the derivatives and we obtain,

. 1 1
;13%) fz‘(j]zl(A) I {(5z]5kz + 81651 + 6510i)
73(ninj5kl + ninkéﬂ + ninl(;jk + njnké,-l + njnléik + nknl(?ij) + 15mnjnknl}
lim £\ = L= snm) (A.14)
A0 drg® ! i '

Finally, plugging the above results of integrals, we eventually get our non-elastic stress-stress interaction

coefficient AE;Z l)

EPH AL

s#s’ ijkl
Aijra (77)

ALY = Uk
87rpct |zs — 2|3

7kl
Niju(7) = *{ jt — 31311) 04 + (055 — 3njmg )0 + (dir — 3ning)dj, + (da — 3nini)d

1
—|—2a{ — (030Kt + 0irdj1 + 0;%041)

+3(nin 0k + ningds + ninidje + nynedy + njngdig + nEngdi;) — 15nmjnknl} (A.15)

in Eq.(A.1), there are 4 differences between our result and

Compare AE;Z;) in Eq.(A.15) and (AE;Z;)

)Joffrin

Joffrin and Levelut’s result:

(1). The first term without « in AE;ZZ), is 7 L1 i1 — 3nng) 0k + (051 — 3nnk)0a + (dir — 3ning)dj; + (0 — 3nini)djk },

while it is (0, — 3n;n;)di; in (AE jkll))Joffrin. This difference is fine, because in Joffrin and Levelut’s calcu-

lation their strain tensor e;; is defined as du;/0z;, while ours is symmetrized: (Ju;/dx; + Ou;/0x;)/2.

Using the definition e;; = du;/0x; at the start of our calculation will give the same unpermutated result

(051 — 3nng)di;

(2). Our ASZ;) is smaller by a total factor of 1/2 compared to (ASZ?)

3)

—(0j1 — 3njng)bik;
)

(4). The second term which is multiplied by « has an extra factor of 1/2 in our AE;;;) compared to

(s5)
(Aij;l ) Joffrin '

Joﬂﬁrin7
. We do not have the negative sign in the term not multiplied by «, while Joffrin and Levelut’s term has:
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Appendix B

Derivations of Renormalization
Equation of Non-elastic Stress-Stress
Susceptibility

We have super block susceptibility given as follows,

1B e PELFEL)
super _ super| _x super *
A (;m:* S [T o 5 )
€ ﬁE* T%uper * T%uper *
- § : ij,cc | >< ‘ ‘ >
1 2 e—BE, ~ W — w*
“ l* Tg}lpcr * * Tsupc1 l l n Bl
+ L/3 h v Z* < | 13,cC ‘n >< | | >(W + 277)2 _ (wl* _ w;)g ( )

where L' = NoL. We want to find the relation between super block susceptibility x7;;" (w) and single block
susceptibility x;jxi(w). Please note: in the following calculations (renormalization procedures) we are only
interested in the first and second orders of susceptibility, which means we only take 2nd and 4th order in

T,;j into account. We will drop terms in 3rd order of stress tensor Tl]

We treat V as perturbation. By using time-independent perturbation theory, we obtain

pIVln [(p|V ) |?
*y = |n) +ZE _E N E} = E, + (n|V|n) +§L BBy, T (B.2)

Therefore we have to expand the distribution function and probability function up to the second order in V:

2
e*ﬁE; — e*ﬁEn 1— n\V\n 52 | p|V|TL ‘
p#£n En
Vl 2
z = S e P 1oV - /32“" 1) ' : (B.3)
l
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The following definitions are much more useful in details of calculations:

rel(1 1 ~ ~
X = 258 PuPnlTysln) (mlTralm)
rel(2 1 ~ ~
Xijk(l) = ﬁﬁzpn<n|Tij|n><n|Tkl|n>
L1 (n| T |1) (U Tsa[n)
= 57 (Po—P)———t B.4
Xz]kl(w+”7) L3R nl( n l) W + Wt + i1 ( )
hence
1 rel(1 rel(2 T
vim(@) = 7 (X @) = X @) + X + i) (B.5)

In the following of this appendix we want to expand three parts of super block non-elastic susceptibility,

Xonr rel(1). Xkt el and Xijht (w +1n) up to the first order of interaction V (i.e., the second order

of unit block susceptibility). From Eq.(3.16) we know there is an extra term in super block stress tensor

generated by the strain field dependence of coefficient Aabcd (e). Let’s denote ) eik- “T(g) T”,

so we
have TP = T, + 5 30 il 5T MT(S)T(S We will discuss higher order expansions from
ij = Lij s#s’ 2aabed ) ab g p

(27,]

A ss’)
ik 7o M‘g’iﬂi(e)T(é)T(é in the last section of this appendix.

the extra term in stress tensor > . > p0q€ o

Currently we consider higher order expansions of super block susceptibility with stress tensor Tij.

B.1 Expansion details for X:?;]Sle”el(l)

8 e PUELFEL) N .
oy 2oz i) Tl
e BEn+Em) .
- (NOL)sz (n|Tij,ccln) (m| Tt |m)

B e B(En+Enz)(_/3§En — BSEn), .- .
term(1) + 0y L)3Z =2 (n|T3j cc|n)(m|Ty|m)

0 nm

B e PEntEn) (_262) . .
term(2) + > = (n|Tj,ce|n) (m|Thg )

e~ B(EntEn) ) . )
o)+ i S | O il + (0T (610 i

nm

+<”|Tij,cc|”> (3(m|) Tia|m) + <n|ﬁj,cc|n><m|fkl (6lm)) | (B.6)
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where Tij,cc is the complex conjugate of T” 6Z and JFE,, represents first and second order expansions with
respect to many body interaction V. Now we begin to calculate every expansions in the above result.

Expansion for term(1):

(0l T3jcclm) (m| Ty |m)

e BEntEn) (5B, + 6 Ey,)
NOLsZ 7
e —B(En+E,.) (

- NOL > IV |n) + <m|V|m>) (n[T3scelm) (m| Tia m)
—B(En+Em)

T DI

abed uu’ ss’

(25785 m) + <m|T§z‘>T£§>|m>) (IT ) (ml T )

—B(En+Em)
B NoLsze DD IP IS

abed uu’ ss’

<<n|T1$;” STy + (TS Iy )m>> (TS ) (m| T m)
l

l

We only defined the relaxation susceptibility, which is the product between diagonal matrix elements of Tm
and the resonance susceptibility which is the product of off-diagonal matrix elements of TZJ We have never
defined the product between diagonal and off-diagonal matrix elements of Ti] The reason is if we average
over spacial coordinate such kind of diagonal-off-diagonal matrix element product will vanish for the random
distribution of matrix element values if glass. In other words, there is no specific relation between diagonal
and off-diagonal matrix elements. In addition, the diagonal matrix element <n|TZ(JS) [n) oc §(H™") /de;; which
is the “total” stress tensor minus elastic stress tensor. It is highly plausible that the non-elastic stress tensor
expectation value tends to vanish for large enough block of glass. Because we want to pair the matrix
elements in the above equation, the only choices for quantum number [ is | = n,m. Because u # u' for

Az(j,?l ), we also have to pair u with s or s’. So we have two choices, u = s, or u = §'.

—B(E+EC 4 EC)

N"LSZZ > C ;(yz?s/m T AL k(e —al)

abed 58’ p(s)p(s")m(s’)

{<n<s>|T;‘s) () T ) (T ) T 5 )
+<n<s>|fg> 1l ) o T ) O 14 o)

ss —ik(zs—1 rel(2) rel(1 rel(2) rel(1
= N()L IN-T\3 Z Z A((zbcd ( 2 (Xc?h] )Xaeblgl) + Xczeikl Xaebz(j )) (B7)

abed ss
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Expansion for term(2):

—B(En +Em)
e ~ ~
NOL 72 OZ (T coln) (| Tha o)

e ,B(E +FE., +El) uu) ik (mq—z A(u) A(u/) "(s) A(S’)
= N()L 3 Z ZZZAabcd <Z|Tab Tcd |l><n|le |n><m|Tkl |m>

lmn abed uu’ ss’

232 —B(En+Em+Er)
- LY e

lmn abed uu’ ss’

UTS S 1K) <k|T£§ |l><n|Ti3f>\n><m|T,5f |m)
k

. 7
e BED+ES+ED+ED)

— 2B2 l (ss’ —ik-(zs—a’)
a (N()L)3 Z Z(s)2 Z(s")2 Z ZAabcd :

1) 18" m(s") p(s) abed ss’
(e >|T“S NN TS [m )y (0| T [0 ) (1T 1))

_ ss') ik-(ws—a’)  rel(1) rel(1)
- No (NoL)3 ZZAabcde Xcdij Xabkl (B.8)

abcd ss

where in the above calculation we need to pair diagonal matrix elements <n|TZ(;)|n> and <m|T,§;l)|m>, SO
the choice of k have to be k = [, to make the matrix element <Z|T£g)|k> diagonal. Then it could be paired
to (n\f(fs)|n> or <m|T,§fl)|m). The reason it must be pair to <n|T4(?9)|n> or <m\T,£f,)|m> is because from the
coefficient A"

zgkl , n # ' so the matrix elements <l|T(§g)|k><k| ’ )|l> cannot be paired. Finally, we have two

choices for u,u: u=sand v’ = s, or u = s’ and v’ = s.
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Expansion for term(3):

—B(En+Em) . .
[( (n]) Tij.celn) (mITralm) + (n|Tij.cc (6]n)) (m|Tralm)

T I

+(n|Tijceln) (8 (ml) Tualm) + (n|Tyg.celn) (m| T (5|m>)}

e_B(EnJFE )

B NOL 3 ZZZZE "y = - A[(;Zud) —ik-(zs—2")

Imn abed uu’ ss’
(T T DTS ) <m|i3£‘i lm) + (T AT T In) I 5 )

e_B(EnJFEm,)

+ (NOLJZZZZ *Ez >3 Afﬁ;‘) —ik-(zs—2')

Imn abed uu’ ss’

n|T“’|n (m|T5TS >|l><1|T,£i lm) + (T m) T 1) LTS ) )

C_B( n+E7n)

- (NOL )3 ZZZZ 7. *El 53 A((;ng) —ik-(zs—2")

Imn abed uu’ ss’

(T Z Y RITS D UTS Iy (mI T [m) + (T UTS) S k) (RITS () (ml T ’|m>>
k

e_B(EnJFEm) (uu) ik (12 _r )
* & JZZZZE 52z Nk
Imn abed uu’ ss’
7 TN k) (k| T 10y T 7 TN AT S k) kIS m)
(n|T5;" [n)(m|Ty, | (K[Toq "I Ty “lm) + (n|T357 In) (m|T); ab ed 1M
k
o BED+ECD+ELD) (ss') ik ,
o s') —ik-(xs—x)
- NQL (NoL)? Z Z Z Z(s) Z(s)2 Adbea
abcd 58’ [(s)m(s")p(s)np(s)
, , ()17 [, (8) {0, () | 7(8) 1 7(5)
(T 7 ey T 1)y 1)
Kl cd E(s) _ E(S)
e BED+EDHESD) C g —
+ NOL (NI >0 ) Zonze) Napea® T

abed ss’ [(s")m (s ) p(s)m(s)
m(s/)mg; )|l(s/)><l(s/)|f(§; ) m()
Er(rfl) _ E(Sl)
58 —ik-(zs—a, rel(1)  res rel(1)  res
- N()L (NoL)? Z Z abcd) e ( ) (Xcdlgl)xabzg (0) + Xabz(] )XCdkl(O)> (Bg)

abed ss’

(s s (s <
<n<s>m§->|n(‘>><m<s>|Téb>\m<s>>

where in the above calculations we insert the identity between Tég) and Té;l): >k |k)(k|. Because of the
coefficient /\(bC ., we know u # v'. Therefore if we want to make matrix elements in pairs, the only choices
are v = s and v/ = ¢ or u = ¢ and v = s. Since the matrix element for the s-th block stress tensor is
diagonal, while for the s’-th block it is off-diagonal, we need to pair on diagonal matrix element to the s-th
block stress tensor, and pairt a off-diagonal matrix element to the s’-th block stress tensor. For example,

we could pair v = s and ' = ¢, another case is similar. Therefore the wavefunction |m) must equal to |k):
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dmi for the diagonal matrix element pairing, on the other hand, the wave function |k) must equal to |m) for

the off-diagonal matrix element pairing.

B.2 Expansion details for X?;}}glerrel(g)

,BE* . ~
(NOL )3 Z B | Tijceln™) (n*[Tha|n®)

e PEn(1 - BE, .
- NOL?,Z Zi D) (] 1 60nl) T (1) + 8103) (] + 8] T (1) + 81m)

e al A
- NOL 3 Z z <n|,Tij,cc|n><n|Tkl|n>

e ﬂE" BéE . .
term(4) NO g Z %) (T el (nl Faa )

_e ﬂ n
term(5) NQL E Z Z(n|Tyj ce|n) (n|Tri|n)

B e fbn

term(6) “NoD)? " Z

[( () Tij,celn) (n|Tialn) + (n|Tijce (31n)) (n| T )

(0| Tj,celn) (8(n]) Traln) + (0l Tij.celn) (n| T (5]n)) (B.10)

Expansion for term(4):

e PEn R
NoL )3 Z anZ] ce|m) (n|Tri|m)

- ®en BZ S0 A e * e T T In) (I T ) (al T )

abed uu’ ss’

e 6E’VL

€ B " uu — U S
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e Pn (88") —ik-(za—al) 1, (8)17(8) 1, ()N 1 (8)|F(5) |, (5)
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- NoL (NoL)3 Z ZAgbccg " )Xabz(j )Xcdlgl) (B.11)

abed ss’

where in the above calculation we insert the identity ), |k)(k|. Because of the coefficient Agzzd) we have
u # u’ so if we want to make the matrix element come in pairs, we need to pair u = s and v’ = s’ or u = s
and v/ = 5. Since the matrix elements for stress tensor 7'*) and T are diagonal, we must pair diagonal

matrix elements from 7 and 7 onto them. Therefore the only choice for k is k = n.
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Expansion for term(5):
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ss! () () p(s)p(s)) abed
<z<5>|f<s)u D) (T ) QTG 1) (DT 1))
ss —ik-(xs—2a’ rel(1) rel(1
- NoL (NoL)? Z Z Afzbcd (. JcS)Xabi(j )Xcdlgl) (B.12)
ss’ abed

where in the above calculations we have inserted the identity >, |k)(k|. Because of the coefficient Af:éz(;)

we have u # u/. So we have to pair the matrix element of T with 7 and 7", and the same for 7).
Since the matrix elements for 7*) and 7*") are diagonal matrix elements, we also have to pair the diagonal

matrix elements of 7(®) and 7). Thus the only choice for k is k = 1.
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Expansion for term(6):
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abed ss’ p(s)p(s")m(s’)
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= NO D 2 2 A 07 (DR (0) X i (0)) (B.13)
abed ss’

where in the above second step we insert the identity >, |k)(k|. Since the presence of coefficient Aabcd ;U

cannot equal to u’. So we need to pair stress tensors in u-th and u'-th block to the s-th and s’-th block stress

tensors. The matrix element for the s-th and s’-th block stress tensor is one diagonal, one off-diagonal. We

need to pair one diagonal matrix element and one off-diagonal matrix element for stress tensors at block

position v and w’. For example, we consider © = s and v/ = s’. The other case is similar. The term

90



<n|Ta(7;:S) >orlk) (k|TC(§/:S/)|m> (m\Tz(Js)|n><n|T,£lsl)|n> does not vanish only when (k|Tc(§/:S/)|m> is diagonal,
and it can be paired to <n|T,§ls/)|n>, and when <n|TCSbu:5) >k |k) is off-diagonal, and it can be paired to
<m|Ti(;) |n). Therefore it is required that k = m. Other three terms in the second step has similar results.

B.3 Expansion details for X?;gle”es

e PEL A . wi
(I*|Tij.ce|n™) (n*| T |1* —_n
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BEn (W + ”7) + wln

term(9) + NOL 3h Z l|T2J cc|n> <n|Tkl‘l> [( ¥ zn) wln] Owin

term(10) + (NOL)3h%eZ Gl Tl it + 1T 510 (Tl

Win

—(w TR =k (B.14)

+(UTjceln) (8(n]) Tuall) + (1T celn) (n| T (]0))

where please note we use the simplified notation (F; — E,,)/h = w; — w,, = wi,. Thus the change of wyy,

5wln = ((5El — 5En)/h
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Expansion for term(7):
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abed ss’
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= 0 (B.15)

where in the above term’s calculations we insert the identity >, |k)(k|. Since we have the coefficient ASZZC;),
u # u' so the matrix elements muct be paired to stress tensors 7 and TG, Since both of the matrix
elements of 7*) and T¢") are off-diagonal, we need to pair the off-diagonal matrix elements for T and T
with them. First we choose u = s" and v’ = s. Since |n) = [[, [n{*)) and the wave function at block position
s has nothing to do with the operator which belongs to the block s, we always have 70" [n(9)) = |n(£))T(s)
Thus we can rewrite Tr [Té;)|n><l|ﬂ(;)|n> <n|T,§lS )|l><n|T(§§ )} into

Te [(T5) 1) O 1) (1) (] (1n2) 1) (T (1757

we automatically get the constraints [n(®) = 1)) and |n(*)) = 1)), On the other hand we choose u = s

and v’ = s’, we have to rewrite Tr [ |n><l|T(]S)\n><n|T,§f/)|l><n\Tiz) into
T | (It T ) )T ) (757 ) ) T 1) (] |

we still automatically get the constraints |n(®)) = [I()) and |n(s")) = |I(=)). With these constraints we finally
reach the 0 result of the above term(7).

However, there is an additional qualitative argument which leads us to the same result for term(7) very
quickly: suppose s # s’ and [ # n in the second step of Eq.(B.15). The operator for the s-th block 7()

changes state |I) — |n) and the s’-th block operator 75" changes state |n) — |I). However, since the s-th
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block operator and the s’-th block operator only operate on wavefunctions which belong to the s-th block
and s¢'-th block, it is impossible to change |I) — |n) and |n) — |I) simultaneously via two different block
operators. The only possibility is |n) = |I), which means the wave functions are not changed by both of 1)
and TG, This argument also leads to the same result of term(7), because the factor wy, = w; — w, =0
makes term(7) to vanish.

Expansion for term(8):
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Win,

e ﬂ En"l'Em

Win

= 0 (B.16)

where again we insert the identity ), |k)(k| and use the same procedure and constraints as we mentioned

in term(7) calculations.
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Expansion for term(9):
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(B.17)

where again we insert the identity ), |k)(k| and use the same procedure and constraints as we mentioned

in term(7) calculations.

Expansion for term(10):
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where in the third step of the above calculation we insert the identity ), |k)(k|. Because of the coefficient

Ag%gd)7 we have u # «'. In the final result of the above Eq.(B.18) we get 4 summations. Let us discuss the

first summation for example.

e Bty wm e ) ) ) (») A(s")
WV 220 M e B E e NI ) (i el T 1)

mnkl abed uu’ ss’

(B.19)

The pairing rule for the other three summations are the same. In the summation, Eq.(B.19), the matrix
elements <l|T$) k), <k|Tc(sl) |m) must be paired with <m\Tl(j) In), <n|T,§f/) ). We get two candidates of pairing:
first, (1| |k) is paired with (m|T" |n), and (k|T) |m) is paired with (n| T3 *|1); second, (|73 |k) is paired
with (n|T3; |1}, and (k| m) is paired with (m|T|n).

In the first candidate, we have u = s,u’ = s’. According to the factor wy,,/((in)? — w?,) which requires [ #
n, the matrix element <n\ff’]5f/) |I) must be off-diagonal. Therefore, the matrix element <k|T§§/:S/) |m) which is
paired to it must be off-diagonal as well. The wavefunctions of |k) = ]_[7{\[:31 |E()) and |m) = Hivjl |m()) are
required to be |k(s,)> = \l(s/)% |m(s,)> = \n(s/)% and ]._.[r#s’ \k(r)> = Hr;ﬁs/ |m(r)>7 Hr;ésf Int) = Hr#s’ 1)

Therefore in the first candidate case, the first term in Eq.(B.19) is simplified as
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(B = B) + (B - B

(B.20)

where in the last step, we exchange the indices (ab) and (cd) in the stress tensors T(S) and T(s,). The

exchange of indices is correct, because the coefficient Aabcd have the symmetry property: Az(jbid Agzzg

Next we consider the second candidate, with v = s’, v’ = s. Actually the second candidate equals to first
candidate, because with the exchange of indices (ab), (cd) and (s), (s’), the coefficient Y asbige_’k (za—a%)

ss’

’
keeps invariant: > flsbid)e”k'("“"w ) = = . Aﬁfi;b)e’”“ (@i=72) and the stress tensor operators commute:

ss’
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Repeat the same process for the other three summations in Eq.(B.20), we procede our calculation of

term(10) as follows,
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(B.21)

There are 4 terms above. The 3rd and 4th terms are similar with the 1st and 2nd terms. There-
fore let us focus on the first two terms: for the 1st term we exchange the indices I,m and s,s’, because

Y Aijkleik'(“’wlﬁ') = . Aijkle’ik'(%*x;) and we assume (n|T|m)(m|T'|n) is independent of the block
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number. We find after the exchange of indices Im and ss’ the 1st term is invariant:
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Use the identity
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we can use the above identities to derive
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Finally the 1st term equals to
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Sum them up we obtain
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The summation over space with respect to Afjid) is:

NS
~L; ZASZz)eﬂk @=0l) = é(/‘ﬁj”léik — KiKjKEKL) (B.32)

where L,, is the unit block’s dimension in the n-th step renormalization, and £ is the unit vector of momem-

tum E

B.4 Derivations of the Effect of 6V (t)’s contribution to
Susceptibility Renormalization

Finally let’s consider the higher order corrections to super block non-elastic susceptibility due to super block
stress tensor correction in Eq.(3.16). There are two kinds of extra expansions in super block susceptibility, (1)
the product between Tj; = > ei’g'msj’i(js) and Y2 o > aped T;Z)Tc(jl)e“;'(fﬁi@)m ((51&5155)502(e))/éeij7 and (2) the
super block susceptiblity expansion quadratic in the operator - o > e Téi)fc(j)e“g'@”i;)m (5A((fbsc/d) (e))/deij.
The susceptibility correction of the first kind is in odd orders of stress tensor matrix elements. Bare in mind
that the stress tensors are a highly frustrated system, the expectation values of stress tensors are random
quantities functional of spacial coordinates and it’s quantum numbers (n,m) in <n|Ti(;) |m). Those terms in
odd orders of stress tensor matrix elements vanish after integrating over spacial coordinates, because it does
not come out in pairs of stress tensors matrix element products. For the super block susceptibility expansion
of the second kind, we calculate it’s contribution to the first, second part of relaxation susceptibility, and
the resonance susceptibility separately. The stress tensor for super block is by definition given by

~ t s TsTTg T (SA s
E] 66 t Z ezk I;T( 4 Z ezk + Z 5gbcd T(E )Tc(d ) (B33)
” abed v

where we choose the phonon strain field to be

e(s) (t) =¢e' i(ka— Wt)elj €ij (t) = e—iwteij (B34)

)
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Which means it has a second contribution proportional to the quadratic in Ti(js) operators. Since the super

block susceptibility by definition is given by

super 1 6 e_B(E:—i_E:") super| x * |super *
Xijkl (w) = (NOL)31—iw7'*( T< |Tm ce [NY M TP |m”)
o [ o 57 )
2 e BE* W —w
+ = Tsuper * Tsuper . [ n B35
hzl T ) e T ) oty (B9

We need to take the term which is quadratic in Ti(j) into account as well. Note that we are only interested

in the 1st and 2nd order in susceptibility x, we only take quadratic and quatic order in Tij into account.

The contribution from this quadratic operator term results in the change of susceptibility as follows,

1 B e—B(En +Em) i meteh SAC )
(NoL)3 1 —idwr (ZL (n ge ( ) (%1 62)0(17—1 7y
i m+x SA (7}u}3 u) (u)
<m|§e< >;gh 56,5 T, |m>>
1 ° ‘ ﬂEn (o SAGS) o))
WW<_%: %/:e ¢ >§;d 5efdeabT )

'1u+£ 6Aeuuh ~(w) s (w
n|Ze < ) Z 5€fq e(f)T( )| >>
Kl

uu’ efgh

1 g e BEn W] — Wn
(NoL)3 h Z (w+ @'17)2 — (w; — wp)?

i 'ISJrI 5A s Iquz 6Aiuu;1) u u

Uy e ( ) 3 5@{@ TOTE Iy Y e’ (o) > —HLRTPTEON) (B.36)

ss’ abed uu’ efgh ki
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Again, we calculate them one by one. The 1st term is

! ’
e—B(En+Enm) ,l<k,ws;ws> i(,f.zu;wu)
e

(N0L31—’LUJTZ Z Z

ss’uu’ abede fgh nm

BAG) SN e
Sei; Tkl(”'Tab 75 n) (m| T TG |m)

1 P En) GAG) OALT) e A(5) (")
= (NOLgl_WZ > 2 o S T T35 ) T T )

ss’ abedefgh nm

e~ BEn+Em) A 5A (s5")

— efgh
o (N()L 3 1 — wT Z Z Z 561] 56]6;]

ss’ abcdefgh nm
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e BE+ER) A SALS)

1
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_B(E®LECE) LEE L&D (ss’

B 1 efgh
- (NoL)3 1 — iwr Z Z Z Z(s)2Z(s7)2 (561] deg

ss’ abedefgh n(s)p(s")m(s)m(s’)
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L3 Z 3 0N g OAergh rez)l(,lc)xrle(;ll)
— abe cdg
Ny 1 —iwt o7 abedotoh de;;  dep

where in the above calculations we inserted the identities >, |k)(k| and ", [k")(K'|.
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The 2nd term is

¢—BFn

vy o) ()

ss’uu’ abede fgh
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i e e DI
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ss’ (SS)
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€ij €kl
abedefgh
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L? ﬂ ! 5A((;;)93 6Aefgh rel(2) rel(2)
= TN e B.38
Nol—zwrz Z Sei;  dex Xabef Xcdgh (B.38)

ss’ abcdefgh

where in the above calculations we inserted the identities >, |k)(k| and »°,, [K")(K'|.
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The 3rd term is
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0

ss’uu’ abedefgh

AL AN TS TE) ) (| 0T 1)

562] de W+ N + wpy

() SAG ) UG TS Il 2151

— P P abcd efgh
NOL (NoI)3 h Z l ; ab&%;gh dejj  dep W+ 11 + wny

5A oot D8 o T35 T 1) (| T T35 1)

_ P P abed efgh e
NOL (NoL)? Z DD Jeij  Oen W+ 1 + Wi
ss’ abedefgh

A(as ) 6A(55

—_ abc efgh
B NOL3HZP ) Z Z 5efjd 561;

ss’ abedefgh

TS TE |y (TP TG 1) ( — imd(w + wnl)>

Wnl

SA ss)5A(98)

— abc fah
plC T ONCER DM s

ss’ abedefgh

Z|T(9)Z|k (K[TS) n) (n| T “)Z\k vty (

(@)

5A(99 ) (SA(SS

abce efgh 1 .
= G h NP Y Y e 2 (  ind(o )

w w
nl ss’ abcdefgh T Wni

D (OIS K (kO ) (TP ) (k)1 )
kk’

<l<8’>|k<8’>><k<8’>|T£§”|n<8’>><n<8’>|k'<8’>><k’<s/>|T<S'>|l<s/>>
A(ss ) SA (55

_ a efgh
o NOL (NoL)3 h Z (Pn = P2) Z Z 5e:d 56];

ss’ abcdefgh

) () 1 (9)Y 11 ()| 7)1 () 17057 7)1 (810 g (87 (8 (67 1
(O U O 1) 1) (o

—imd(w + wnl)>
SAGe) AT
o NOL 3 Z Z (56” 6€kl

ss’ abedefgh

1 ; Y

E (P, — P) < (S) & imd(fw + hwf:;) + ﬁwflj )))
/ / hw + hw,;” + hw,,

R (s ()N nl

/ (POTGUD) (TG IS (B = BS) — hwy)d(hes,)

/ <n<s’>|T;Z/>|z<s’>><z<s |T<”|n OB — B — heyd(he)

SAGS) AL

B 0N pbea efgh Bharely (L
_ 1 ! b (hw — huw, — hwy
N3 3 gabc%gh Sei;  dex (1—e ) <hw "o ey ol s T s >>

/Imx@%ef(ws)d(hwb)/ Imxzfihgh( I)d(hw/)

]_ — e*ﬂhws ]_ Bhw.’

103



A(ss ) (SA

— E § “““abed efgh
N3 2 de; de
ss’ abedefgh i ki

res

, Tm X552 - (ws)Im } 555 (wh)
1 —Bh(ws+w!) abe f cdgh d hwg d hw/
/( € )(1_6—ans)(1_e BT (oo + Ty — Tiw) (hws )d(hwy)

ss (6«5 ) 5
5A(bd Aefqh i Ime%Zf(ws)Imx’g‘th(w ws)
abe (1—6_[3“)(71'/ — ST dﬁws)
N3 ? Zbdth deiy  dew (1= e A1 — ey s)

(B.39)

The super block susceptibility extra expansion terms Eq.(B.37, B.38, B.39) are the terms in the third

and fourth lines of susceptibility renormalization equation.
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Appendix C

Derivation Details of Resonance

Phonon Energy Absorption in
Generic Coupled Block Model

C.1 Resonant Phonon Energy Absorption of Single Block Glass

In this chapter we want to give a detailed calculation on all of the resonant phonon energy absorption terms
which appeared in chapter 6: Eq.(6.15, 6.20, 6.21, 6.22). First of all, in this section we calculate single block
phonon energy absorption. Consider a single block of glass with the size L and non-elastic Hamiltonian
H. As we have mentioned ealier in chapter 6, Eq.(6.6), we can expand non-elastic Hamiltonian in orders of

phonon long-wavelength strain field e;;(Z):
A=yt /d% S e (@)T5(F) + O(e) 1)
ij

We define the eigenvalues and eigenstates for unperturbed non-elastic Hamiltonian H, to be E, and |n).
The genetic multiple-level-system Hy can resonantly absorb phonon energy when a certain pair of energy
levels E,, — E,,, matches hw. At the same time, such a pair of eigenstates |n), |m) spontaneously emit
phonon energy. Taking both of the emission/absorption processes into account, the net resonant phonon

energy absorption is given by considering the entire set of eigenstates of H, 0, and by using Fermi golden rule:

- 2wt e PEn
- h Z

nm

Esingle (t)

|<m| Z eijTij‘n>|25(En - Em - hw) (02)
ij

where Z = 3" e BEm is the partition function for unperturbed non-elastic Hamiltonian flo. In the rest
of this chapter we use the simplification h = 1.To calculate Eq.(C.2) we need to make use of imaginary

non-elastic resonance susceptibility, with the definition given in Eq.(6.7, 6.10),

res e PEm (m)
Im x; 55, (T, w) = Z Im Xijkl(w)
m Q P .
Im X{j (@) = 75 / dadz’ Y (m|Ty;(@)n) (| T (@)m)
[—0(En — B —w) +0(Ep — By + w)) (C.3)
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Please note, that the imaginary part of resonance non-elastic susceptibility is negative-definite. This def-
inition is self-consistent with the definition of non-elastic susceptibility in chapters 4 and 5. Also, it is
convenient to rewrite the imaginary resonance susceptibility Eq.(C.3) into reduced imaginary susceptibility

Im x}7}, as follows for future use:

Im x5 (T, w) = (1 — e ™) Im X}55 (T, w)

~res e_’BEWL
Im X355 (T, w) = Z

m

Im ¥/ ()

I ¥) =~ 75 [ deds’ S mi T @) (@) )3 (B, ~ B ) (C4)

n

For an arbitrary isotropic system the reduced non-elastic susceptibility must satisfy the genetic form

Im X353, (T’ w) (Im Xi*(T', w) = 2Im (T, w)) 80kt + T ™ (T, w) (Gindje + dudje)  (C.5)

where please note we use Im ﬁfts(T, w) to stand for imaginary part of reduced non-elastic longitudinal trans-
verse susceptibility Im ;% non(T w). By definition they are negative quantities. The real part of reduced
non-elastic susceptibility Re Xﬁil(T ,w) can be obtained by Kramers-Kronig relation from the imaginary

part of it. With the above definitions, we can directly calculate Eq.(C.2) to obtain resonant phonon energy

absorption per unit time in single block glass
B = 202 A%KPw (1 — e M) Im ¢ (T, w) (C.6)

This term appears in Eq.(6.15) in chapter 6. Again, the reduced version of the imaginary part of resonance
susceptibility is negative definite. So the “energy absorption” for a single block glass is always positive. This

is result is intuitively correct.

C.2 Resonant Phonon Energy Absorption of Super Block Glass

Now let’s combine N§ L x L x L single blocks to form a NoL x NoL x NoL super block, and turn on virtual
phonon exchange interactions between these single blocks: V = > os L/ Ag;fcl T( )T( ). From chapter 6 the

SUPC? wwhich is

super block non-elastic Hamiltonian is given by the “super block unperturbed Hamiltonian H
static, and the “super block time-dependent perturbation H’ (t)”, which is the summation of (1) stress-strain

coupling, (2) the modification of AE;Z;) due to external real phonon strain field, and (3) the modification of
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stress tensor T;; via external phonon strain:

ﬁsuper(e) _ ﬂ—super -I—I:I/( )
S 3 S A
s#s’ ijkl
@ = ZZe O + ZZ (AA?ZQ HETS) +2n ) AT (¢ )T“)) (C.7)

s#s’ ijkl

for details of getting this Hamiltonian, please see chapter 6. We apologize for so many unnecessary definitions,
but if not, the following calculations and equations will be super lengthy. We require a further definition for

3 A~ Al !
future simplicity, that the “change of virtual phonon exchange interaction Zi\;‘zs, Do ikl (AAEJSZZ)( )Ti(;)T]g;9 )4

AE;ZI)AT( )( )T,EZS,)>” is denoted as 5V(t):

SV (t) = ZZ(AA(”) T )+2A(”)AT()()T,§§”/))

s;ﬁs ijkl

= H'(t) = 226(8) T+ 8V (1) (C.8)

Our main purpose here is to calculate resonant phonon energy absorption from the “super block time-
dependent perturbation H’ (t)”. If we define E,, and |n) to be the eigenvalues and eigenstates of single block
unperturbed Hamiltonian ZNUS ﬁés), and E* and |n*) to be the eigenstates and eigenvalues for super block
unperturbed Hamiltonian, ZNO al+ Z#s > ik AE;I‘ZZ)T(é)T(b ). the relations between E, and E}, and

|n) and |[n*) are given by

. _ {UVin) |1V |n) 2
n*) =In) + > ——=1) + .. E: = E, + (n|V|n) +Zﬁ+"' (C.9)
l#n l#n
where we assume virtual phonon exchange interaction V is relatively weak compared to single block unper-
turbed Hamiltonian ) ﬁés), so V can be treated as a static perturbation. The formal way to calculate

resonant phonon energy absorption via Hamiltonian H3"® 4 H’(t) is to use interaction picture. For arbitrary

operator A and wave function |n*), their interaction picture version are given by
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A~ - frsuper ~ _ s fysuper
A[(t) _ ezHO t/hAe iHj t/h

i

i t) = e Il B e gy (C.10)
where please be careful that in the definition of wave function interaction picture |n},t), the perturbation
H)(t') is also the interaction picture version of H'(t).

After all of the above preparations, finally the formal form of resonant phonon energy absorption per

unit time is given by

0 e PPn
otz

Esuper (L) _

¥ (43 101 (1) + Vi(®) 3 1) — (n* | Ho + V) (€.11)

where Z* =" e~PE. is the partition function for super block unperturbed Hamiltonian I:Iguper. Let us

expand the first term in Eq.(C.11), Y e?f (ns, t|Hor(t) + Vi(t)|n%,t) up to the second order in phonon

strain field.

> S i or(8) + Vi)l )

- e (B B AT 0

~ N 1 6( 8) (11 (<) 1 ”
(ZHS‘Z)G) +V1(t)> o (S e @I 400 )t

- Z ez* t33 Z / dt dt”ze—’(Ez —EDW =R _ g
<n*|ZZeEj)( ) (s)+5v |l l |Zze(s " T(g)+5V( ,,)‘n*>

eﬂE

ij S
P
n Z* "
1 e~ PEL [t N
term[l] + ﬁ 7/ dt/dt//z —i(E; —EL)(t' —t )/h<El*_E’I>’kL)
*|ZZ€ Oy S5 e (il )

ij s’

term[2] + ﬁ Z % / dt/dt// Z e—i(Ez*—E:L)(t/_t//)/h(El* _ E:L)<n*|517(t’)|l*)(l*|6‘7(t”)|n*>
n 1*

(C.12)
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where in the last step of the above calculation, we did not take the cross-over term between 5V and
Zij eijTZ-j into account, because the we assume that the expectation value of three stress tensor prod-
uct, <n|T2]Tlemn|n> vanishes if we average over the randomness of glass. The phonon resonance energy
absorption, Eq.(C.11) is therefore simplified as Elsftlper(L) = O (term[1] + term[2]). Our main purpose of this

chapter is to calculate term[1] and term[2] then.

C.2.1 Calculation Details of Term|[1]: Eq.(6.15, 6.22) in Chapter 6

We expand term[1] up to the second order of phonon strain field. Please note that we are only interested in

the terms up to the second order of non-elastic susceptibility.

term[l] %Z / dt dt//zefz E/f—E;)(t'— ”)/h(E E*)
*|ZZ€ (YL |ZZ€ 1S )

= ﬁze ZZemeklZ E}) *|T(s)\l ><l*|T,§;l)|n*>

ijkl ss’
/ dt dt/l —i(w; '—t")/h [ei(wt'—kzs)—i(wt”—kr;) + e—i(wt/—kzs)+i(wt”—kx’s):|
27th N (s o —ik(za—al)
- Z ZEFWMZ (51 e 1T e
ijkl ss’

1 1 1 1
[m( : ,)_m( | (C13)
T w—w twr —in 0 w+w —wy —in

where we define w, = E,/h and w} = E¥ /h. Next we apply the relations Eq.(C.9). Please note that the
expectation value of virtual phonon exchange interaction (n|V|n) is always zero when |n) = [], [n(*)) stands
for the eigenstates for single block Hamiltonians ) ﬁés). Therefore, in Eq.(C.9) the first order correction
to E* (w*) always vanishes. We need to expand E* (w*) to the second order in V' to calculate the imaginary
part of (w — w; 4w} —in)~! to calculate Eq.(C.13). However, if we try to expand (w — w} + w} —in)~! in
orders of V, the lowest order is the second order expansion. Together with the term (n* |Tl(j) |1y (1* \T,Ef,) [n*)
in the last step of Eq.(C.13), we will get a term written in the third order of non-elastic susceptibility.
Because we are only interested in the terms up to the second order of non-elastic susceptibility, the order of

I expansion is too high. Hence in the following calculation we use the approximation

1 1 1
—Im - m -
T w—w +wh—in W —w +wy —in

1

T
1 1 1 1
—Im < - - ) —Im ( - ) (C.14)
i Wt w; —wy — T

(W—wf +w) —in)~

Q

Q

Wt wp—wy — 1M
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We further apply the approximation that %Im (m) ~ 0w — w; + wy,) and %Im (m) ~
(w4 w; — wy). On the hand, the n*-th level probability e #Fn /Z* can be expanded in orders of V as well.
However, since both of e #F» and Z* expansions come from the higher order corrections of EY | the lowest
order expansion for e #Fn /Z* is in the second order of V. Combining with (n*|Ti(js)|l*><l*|T,§f/)|n*> we still

get a term which is in the third order of non-elastic susceptibility. Therefore we use the approximation that

e BBn /2% ~ e7PEn | Z. Therefore Eq.(C.13) can be further simplified as

2 t _ﬁEﬂ ~(s - S/ * — -a:sfm;
T (=) ST ST Seen Yt (T W IT e T 6w - wn )

ijkl ss’ r*

(C.15)
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then we continue the calculation of Eq.(C.15):

term(1)

term(2)

term(3)

term(4)

term(5)

2wt —BEL —ik-(rs—rl
T (1) Y ZZ%%Z n IO TG )0 (w — wr + wa)e
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E E €ij€LIE
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ijkl ss’

GBE

BBE

S AV s 45,
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(C.16)

There are 5 terms need to be calculated. Term(1) is actually single block glass phonon energy absorption.

We have already calculated it before:

2wt l—e_ﬂhw Z

BE’!L

ijkl ss’ l

—2NZLPA%K*w (1- e PP “) Im Xit (T, w)
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Again, Eq.(C.17) is positive-definite. This is Eq.(6.15) in chapter 6. Term(4) equals to term(2), and term(5)

equals to term(3). Therefore we are only required to calculate term(2) and term(3). Term(2):

¢—BFn
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S eijene " ;'#< O U o — i+ En)
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where in the above calculation we insert the identity > [p)(p|-
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Term(3):
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Finally we sum term(2-5) together. Their summation is given as follows, which turns out to be

V(L) = w(l—e B

N3L3A2k21 N, . 0 QO Im xi (T, Q)
8 n Ny T 8T, w)/ ;(t 1 ( )dQ
ﬂpctl ’ 0 Q
N3L3A2k21 N
= 4 (1 _ e*ﬁhw) n No Im ~res( )Re)zgels( )
pct l

(C.19)

(C.20)

where please note that the reduced imaginary part of resonance susceptibility is negative, and the reduced

real part of resonance susceptibility is negative as well. Therefore the above result, Eq.(C.20) is positive.
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This is Eq.(6.22) in chapter 6. In the above calculations we made use of the definition for “real part reduced

resonance susceptibility” Re ;¢ (7T, w):

Rex

QTm (T, ©
—P/ QI (T9) (C.21)

02 _ 2
Also, the “imaginary part reduced resonance susceptibility” can be easily transformed back from that of real

part:

s w Re Xfef (T,9)
Im x; (T, w) = ——73/ 22 — A} (C.22)

This relation will be useful in deriving the Meissner-Berret ratio self-consistent equation.

C.2.2 Calculation Details of Term|[2]: Eq.(6.20, 6.21) in Chapter 6

Again, we are only interested in the quadratic order of non-elastic susceptibility. Because term[2] is the
expectation value of operator of quadratic (5‘7, the leading order of term[2] is already in terms of quadratic

non-elastic susceptibility. Thus we can use the approximations [n*) — |n), EX — E,, and Z* — Z.

~BE;, y . .
%Z ‘ / dt dt”Ze VMBS — BR)(n*SV ()Y SV () |n*)

Q

1 BEy, 3 ’ 7 N N
e Z %/ dt’dt”Ze‘“E’_E")(t UM E — En ) (n|dV ()10 () |n)

term(6) = -5 Z / dt'dt” " e 1B EN D/ )

(ml Z > (A%Siz) 1T )Il d Z > (AAG“Z} Rl )>n>

s#£s’ ijkl u#u’ abed

—BEy "
term('?) —+ h2 Z € / dt dt" Z 7’L E] t —t )/h(Ell E )

<n|Z°Z(2A§jzl AT ) 3 (202 AT )75 )i

s#s’ ijkl u#u’ abed

2 —BEn t . / 7"
term(8) + 2 Z e?/ dtldt//ze—l(Eiz—En)(t —t )/h(El —E,)

N§
n|ZZ(AA§;zR OTPT Yo S S (AT T Y c2s)

s#s’ ijkl u#u’ abed

Let’s analyze them one by one. First of all we are able to calculate term(6). Before doing it’s calculation let

us first try to transform the matrix element product Y, (p |T(S T(S Ty S)T )|p> §(hw; — hw, — hw) into
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the product of non-elastic susceptibilities:

Z@\T“)T‘S Y UTDTED |p)s (e — B, — )
= ZZpIT(S )l TS 1 U fm) (| T 9o (heon — e, — huw)
= ZZ ml T [p) (pIT) () (| T 1) (UL fm) 8 (e, — Feop, — Tiw)

= ZTr (Téz)\p WIS TS M UTS ) o — e, — o)
= ZTT(I“ WOILS ) pDITS @ 1) (p T 1) )

o I b0 e ] |z<t>><z<t>)a<m—mp—m>

r#s,s’ t#s,s’

- ZTr(u(s VIO PO pC ><p(5)|Ti(js)>Tr(|p(sl)><p(5/)‘j—}£?)|l(5/)><l(s/)|Tc(;))

Il

Tr ( II Ip“)><p(”|) Tr ( [T 119)a® |> O(hwy — hewp — hw)

r#s,s’ t#s,s’
= SO PO T 1) (O TG Iy TS [pt)
sl
(s) (s") s s
S(huw™ + hwy™) — hwS) — hw(®) — huw)

= Z [/ d(ﬁws)(p(s)m(f)\l(s)><l(s)|T(§§) \p(s))(S(hwl(s) _ mz()s) - hws)}
ls

S| [t WO T b o < sl )
b

(™ + hw™) — hw(® — k) — hw)

L6 .

= 5 [ mledow) [ n g, + ki - k)
zzf/mm®%m@muwmm) (C.24)
Since the phonon wave displacement @(,t) = Acos(wt — k - z), we have Az, = |i(Z,t) — @(F,t)| =

Ak - (zs — o)) sin(wt — k- (x5 + 27,)/2)|. So Axge/xee = A, king|sin(wt — k- (s + x,)/2)]. We can
further denote AAijkl = Aiji|sin(wt — k - (zs +2),)/2)]:
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s 3
)\E;kl) = {4 {Q(njnl(;ik + nyngdy + ningdy + ninléjk) cos O,
—[(mjni + mun;)di + (mjni + men;)oy + (ming + men;)dj + (ming + mzni)]5jk]
—3cos O (nknl&j + nnidik + nEngdy + ningdjy + ningds + ninj5k5>
3
oo m (b + nidji + njdrr) + my (i + nidiy + nidgr)
+my (nléij + niéﬂ + nj(5i1) +my (nkéz-j + niéjk + njélk)}

15 -
-5 (minjnknl + miningn, +mEn;n;ng + mmmjnk> + 30an;njngn; cos by }Ak‘ -1 (C.25)

Hence term(6) can be simplified as

e—BEn

1 t : ’ 1"
term(6) = = Z / dt' dt” Z e~ i(BL—En)(t'—t )/E(El —E,)

(nl Z Z (AAzjil) T(S)T(S )|l | Z Z ( A(Uu ' T(u)T(u >|n>

s#s! z]kl u#u’ abed

= h2z
(3.2

ss’ ijkl

D3

/ dt'dt”y " eT BB — B,

!/
sin (wt . M>
2
sin (wt” —k- W‘)

uu’ abed
—BEn
: 22 2

7rtw
= —,Bﬁw
= - Z
ss’ ijklabed
AE;Zz)Aﬁiﬁ(hw B+ B IO W ) 1) )

t o —BEn
- FeeeomEEY ¥

ss’ ijklabed

6 ’
NG [ ) )i R - w)dlre)

ACHTOTE)

Noved Tai Tog ' m)

a

mTtw _ ss’ ss ~res
= T (1 —¢ ﬂhw) Z Z )\gjkl))\abagi / ImX'L]Zb T wS)Im Xc?ik:l(T7w - w8>d(ms)
ss’ ijklabed

NE A%k In Ny
4073 p2ct
(Longitudinal)  x((55 + 176 + 688a?) + 44(1 + 4a + 4a*)z(T,w))

— hwt (1—eFh) / Im 35 (T, Q) Tm X3(T, w — Q)dS

(Transverse)  x((35 + 112a + 656a2) + 28(1 + 4o + 4a?)z(T, w)) (C.26)
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where a =1 — ¢ /c} and z(T,w) = x;(T,w)/x+(T,w) — 2. This result appears as Eq.(6.20) in chapter 6.
I feel really exausted here... anyway let’s continue to write the details of obtaining Eq.(6.21) in chapter
6. Because we only qualitatively know the behavior of the change of stress tensor operator is ATZ-j ~ e(t)Tij7

we are only able to give a qualitative calculation to term(7) and term(8):

eﬁE

term(?) h2 Z / dt' dt” Zefz (Ei—En)(t 7tu)/h(El E, )

" ZZ( AGRATS T )i >y (2050 AT )75 )

s#s’ ijkl uFu’ abed

1 —BEy, t . ’ "
~ €(t/)e(t//)ﬁ Z € = / dt/dt//ze—z(El—En)(t —t )/h(El _ En)
n l

Ng N3
22 (QAEJSZI)T( 1) S 3 (205107 o

s#s’ ijkl u#u’ abed

= A2k27rtw —ﬁhw Z ZZ Z

ss’ ijklabed

NSNS 6(hw — By + E) (| T TS QTS 185 )

- A (1= Y Ty oy

ss’ ijklabed

S5 ss L ~(ng ~(n’
zgkz)A((zbcd) 2/Imx§j43(ws)lmxid§3(w—ws)d(ﬁws)

_ 2.2 R (SS )L
= A*k*mtw 1—e B “’ Z Z A”kl abed -
ss’ ijklabed

/ T 7585, (T, wa) I 025 (T, @ — wa) ()

N3A2%2In Ny
w3 p2ct

e ﬁ n

~ K hwt (1—e P / Im 3% (7, Q) Im X1 (T, w — Q)dQ (C.27)

where K l(? are constants for longitudinal and transverse cases, of order ~ 1. The calculation for term(8) is

similar:
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2 7/8E” t - ’ 1
term(8) = Z S Z / dt'dt"” Ze*l(El*E”)(t —/ME — E,)

NG
B> (G OTEE Yo S S (85 AT T o

s#s’ ijkl u#u’ abed

~ lsin(wt — k- Ts + T ) Z e P / dt dt//ze—z(El —En)(t —t”)/h(El E,)
2 ﬁ2
B> z( ST )|z 03 S (7
s#s’ ijkl u#u’ abed
/[3 n
o RS » 2
ss’ ijklabed
AijzﬁAiiidé(hw By + E,)(n|T}) T“ DTS TS In)
—BEn
= Azkzﬁtw (1 — efﬁh“J Z ¢ Z Z
ss’ ijklabed
ss ss LS ~(ng n
/\z]kl)At(zbcd) 2 / Imxz(jalz(w‘g)lmxidkg(w ws)d(hws)
1A2 2 —ﬁhw (ss’) p (ss )L
= 5 ko mtw (1 —¢ Z Z A7,jk:l abcd
ss’ ijklabed
[ B ()i 5 (T = )0,
N3A k% 1In N,
2 0 — ") res res
~ KPRt T( — e Ph )/Imxt (T, ) Im {2 (T, w — Q)dS2 (C.28)

where K l(’Qt) are constants for longitudinal and transverse cases, of order ~ 1. In Eq.(6.21), chapter 6 we

define Ky = K[} + K7
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Appendix D

The Details of the Matrix Form of the
Inverse of Elastic Susceptibility

The elastic susceptibility is usually written as the form as follows.
X5im = (pc] = 2p¢)6i50m + pei (Gindju + ddji) (D.1)

We want to reexpress it in the form of 6 x 6 matrix representation, where we take the basis as (zx), (zy),
(z2), (yy), (yz), (2z). In the following discussions we use 1,2, 3 to represent z,y, z. To calculate the matrix
form of elastic susceptibility, we let the double indices (ij) and (k) in elastic susceptibility x‘f; 1 to take (ij)
and (kl) equal to (11), (12), (13),(22),(23), (33) and obtain the 36 matrix elements of X?;‘kl:

el el el el el el
X1111  Xii12  Xi113  Xiie2  X1123  X1133
el el el el el el
X1211  Xi212 Xi213 Xi222 X1223 X1233
el el el el el el
ol Xi311  X1312  X1313  Xi322 X1323 X1333
el el el el el el
Xo2211  X2212 X2213 X2222 X2223 X2233

el el el el el el
X2311  X2312 X2313 X2322 X2323 X2333

el el el el el el
X3311  X3312 X3313 X3322 X3323 X3333

We can calculate every of these matrix elements by putting indices ijkl into Eq.(D.1). The inverse of the
above Eq.(D.2) is actually the 6 x 6 matrix form of the inverse of elastic susceptibility, and it is further given

as follows,

40?—1 00 - 2(24%_—11) 0 - 2(24(2_—11)
0 1 0 0 0 0
oy =1 1 0 0 1 0 0 0
() = pc2 2a—1 a 20-1 (D-3)
¢ T 2(4a—1) 0 0 da—1 0 " 2(4a—1)
0 0 0 0 1 0
B 2(240&111) 00 - 2(246:;—11) 0 4aa— 1
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Appendix E

Details of Calculations of Sound
Velocity Shift as the Function of
Logarithmic of Temperature

In this chapter we want to give a detailed calculation of Eq.(4.26) in chapter 4, with the assumption that the
reduced imaginary resonance susceptibility Im xj% (w, T) = (1 — e‘ﬁh“)_l Im X} (w, T) is approximately a
constant of frequency and temperature up to w. ~ 10'5Hz and around the temperature of order 1K[34, 25].

We write Eq.(4.26) in the following,

ACl’t(T) — ACl,t(To)
c1.1(To)

) /oo 0 (Im XIS (Q,T) — Tm XJ5(, TO)>
0

T
o d2 = Cy In (T0> (E-1)

- 2
res 27Tpcl,t

Let us use the reduced imaginary resonance susceptibility Im xj%(w,7) & Im ;¢ in the above integral,

) /oo Q0 (Im XIS (9, T) — Tm x5(2, T0)>
0

ds2
ToC, 02 — w?
_ Immsp/m (1 ) (1= )] 4o
Tpct, 0 Q2 —w?
mis [~ 0
_ —BohQ _ ,—BHR) 4y E2
et 73/o e < (52

where we define 3y = (kpTp) ' and take the “frequency and temperature independent quantity” Im )Zfe[ out
of the integral. Such frequency and temperature independence of Im )Zfet* (w, T) is observed in experiments[34,
33]. Also, according to the argument by D. C. Vural and A. J. Leggett[25], the frequency dependence of
imagnary part of non-elastic susceptibility Im ;% (w) does not differ that much for tanh(w/2kpT) function
dependence (derived from TTLS model) and (1 — e‘ﬁhw) function dependence (derived by multiple-level-
system model). Therefore one would intuitive expect that the “logarithmic temperature dependence of
sound velocity shift” should also be proven in arbitrary multiple-level-system similar with TTLS results.
Please note the above integral Eq.(E.2) has many nice properties: (1) it converges exponentially fast with
the increase of frequency variable ; (2) the “principle value” removes the divengence when {2 approaches
w. We will evaluate this principle integral in details as follows.

The ultrasonic sound velocity shift experiments are measured around the temperatures of order 1K, which
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means the input ultrasonic phonon energy Aw ~ 10728J is much smaller than kgT ~ 10723J. Thus when

the integral variable Q approaches singularity w, the function e #"? a~ 1. The following principle integral

P - LefﬁmdQ = lim o Le*BthQ + - Le*ﬂmdﬁ
y Q22— w? =0\ Jy 02 —w? e 202

= %(h_r% <ln£ + In T) =—1In (w—>) (E.3)

w

where w~ is “some” integral upper cut-off. From the exponentially decay behavior of function e #"? we
know this upper cut-off is some constant times temperature T: w~(T) o« T. Back to Eq.(E.2) we need to

calculate both of the two parts in the bracket, it turns out to be

Acy +(T) — Ac +(Th) _ Im ﬁ:etsp/oo Y (e=FahS _ (=512) 4q)
c1.4(To) res T, 0 2 —w?

_ Im x7% NEE (To)\ (&> (T)
2mpct, w w
_ Im ;% I (w>(T) ) _ Im x;¥ In ( T ) (B.4)

B 2mpc?, ws (Tp) B 2mpct, T,
this is the details of Eq.(4.26) calculations, where — ;Tpi;f is the constant C; ; which appears in Eq.(4.26).
1t
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Appendix F

Calculation Details of the Coeflicient
Renormalization Equations (4.18)

In the renormalization eqations, Egs.(4.18),

uper 1 re 58 —1ﬂ To—i re re re res
ijlIc)le (OJ) = ]__Z‘w,r{xij}cl Z Z A(abcd k(@ S)‘| (Xw}szcdlkl + 2Xz_]achdkl (0)) }
abed ss’
+ X + i) - [ >0 AL “)] Xisan (@ + )X (@ + in)  (F.1)
0 abed ss’

3 T —r
We are required to calculate the linear term expansion ), . Xijab Zﬁ [ D st A((jfcd( 0)e *Zk'(mr"”s)} Xcdkls
- 0

and simplify it into the following renormalization equations,

1 2
S 1
st =i = o [0ah)” + 2t o]
1.l
. 1
Xw " T (w i) = XiT (W + i) — v [ (w + i) ] (F.2)
t,l

s

First of all, let us give a short review of the process of calculating A[(l‘zz;: the non-elastic stress-stress

interaction is defined as follows,

V=33 Al TR (F.3)
s#s’ ijkl
where the coefficient ASZ;) is the term A((I;;,Id) in Eq.(F.1). In Appendix (A) the non-elastic stress-stress

interaction is obtained by “completing the square of phonon Hamiltonian”, and it is given as follows,

; L bbb} )
VvV = INm (t > Z ZZ< )cos(k.xSS/)gj T,

s#s’ ijkl [

8Nm CQ Z Z Z <k kl(szk + k kkézl]:;k kléjk + k k'kéjl) OS(E i‘a )T(S)T(S ) (F4)

t s#s’ ijkl §
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where T,y = &y — Z,. Since we have the relation cos(k - Z) = (e’i’z'f + ei’z'f), the above Eq.(F.4) can be

N|—=

rewritten as

) 1 11 kkkkkz —ikEyy L iEE ) () (s’
V- (g a) ZEE () s “)TMTM

s#s’ ijkl [

1 kikioir + kikidy + kikidjr + kikkdj
gz L2 ( -
s#s! ijkl g

DO |

(F.5)

Now, let us compare the following two pairs of summations:

1 Z <’f ik W?l) i,

k k kkkl) +ii€'*f ’

ss

1
2 2

(F.6)

N |

<k¢ kzlém + k‘ kg + Ky kléjk + k; k‘kéjl> _ikz
S g

Z
2

kikidir + kjkidu + kikidjr + k; kkégl> ik

please note, that in the above summations over momentum E, the components k;, k;, ki, k; are the x,y, 2
components of k when 1,7, k,l equal to z,y, z. Therefore, the first pair of summations are equal to each
other, and the second pair of summations are equal to each other as well. We prove these equal relations as

follows. In the summation 1 5Ok (%) etk T we define k' = —k. Thus the summation is given by

U Rk e, L= (CEDED (R (KD s

52 (;&) AP Pz e
k —k’

1 (KKKEN o

_ 22< 2 )

K

1 Z <k ik kkkl> g (F.7)

X k185 k1 S ) ki kS - .
In the summation £ >~ (kjk“S "+k7kk6”,:;k‘kléj’“+ Lk ”) +ik-Z../ we define &' = —k as well. The summation

is simplified as:
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k’2

1 kikibsr + kjkioa + kikidji + kikrdj i
2 > k2 R
i
L ()R (<R (KD + (R (kDS + (KD s
~ 9 Z 2 € -
&
1 Kiki0ir + Kiky0u + kikiojk + kikpo\ iz
Ry ;2 «
_k/

k;;k:{élk + k;k;c&l + k;kl/éjk + k;k;€(5ﬂ> 6_“;/,5555/

(F.8)

_ 1 k; kidix + k; kg + k; kléjk + k; kkéﬂ —il;f
T2 Z 2
k

Therefore the non-elastic stress-stress interaction can be rewritten as

1% >3 A;ZZ)T(S 7"

s#s’ ijkl
1 kik; kkkl k-2, (s) (s”)
- Y R
s#s’ ijkl
kijkidir + kjkrdu + kikidjn + kikedji\ iz, on(s)mn(s)
8Nm 2 Z ZZ ( k2 e T Ty (F.9)
s#s’ ijkl §
where
’ 1 1 1 kik;kik; o
A(SS ) — o ) kI
- o (35T (4.
1 1 kjkidsr + kjkiou + kikidjn + kikidj\ inz
_ il " Tss! F.10
8Nm 2 Z ( 2 e (F.10)

The above Eq.(F.10) is the most original definition of AE;Z;) Now let us begin to calculate the linear term

3
2 abed Xijab ]L\,gg [ D ossr Afjfcd)e’”c Ts™Ts )} Xcdkl- For notation simplicity let us denote

- 1 1 1 kikjkik 1 1 (Ekjkibsr + kjkida + kikidjr + kikrdj
fijr(k) = -

— — F.11
2Nm 2 k* 8Nm c? k2 > (F-11)

t Cz

_ . L3 _ .
So A ”kl =i fiju(k ) ik-(#:~2,) | The linear term > abed Xijab NE’ [ Y s Aasbicg ik (za =, )} Xedkl 18 calcu-

lated as follows,
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(ss”) 71/@
Z Xzyab NS Z Aa?)cd ) Xedkl

abcd ss’
3 ’ e
= > X”“”élz ]]:IB = Y > AL EE T
abed | @) @)
3
= > Xwab;]]:[g Z S fabea(P)e” (=70 =R (=T | g
abcd T+T) (Zs—2L) D
= D il _Zfabcd ) Y e Jem @I g
abed (Zs—27)

= > xijanLy | =D Favea(@)0 1| Xeart
2

abed I
- Z XijabLi, [_fabcd(lg)} Xecdkl
= a—deZ: . [ ( 1 12) (kakb{fck’d> B ilg (kbkd5ac + kpkedad —Zkakdébc + kak;cébd>} -
abed ¢ g k 8p c7 A
- 2pc2 S g { (kk}flw) N i <kbkd5ac + kpkeag ]:2 kakape + kakc&,d)] . F.12)

abed

where a = 1 — ¢?/c?. Next we use the assumption, that single block susceptibility limg Xijkl(E) should
approximately be independent of the direction of momentum E/ k at small wave number limit limg_, .
Therefore, we assume that the single block susceptibility take the generic isotropic form, x;jm = (i —
2x)0i50k1 + Xt (0ikdj1 + 04d;1). Let us define a new quantity, the “change of non-elastic susceptibility from
single block to super block, dx;jx = Xf;,fle Xijki -

In the renormalization equations, the “change of non-elastic susceptibility from single block to super
block” is equal to Eq.(F.12). In Eq.(F.12) both of “x;ja” and “xcar” are independent of the direction

of momentum, “E/ k” at small wave number limit. After the summation over indices »_ , ., the quantity

Xedki 18 independent of the direction of

2pc2 Zabcd Xijab [ (kak]z;icckd) + i (kbkd‘sac+kbkcéudk:'l‘2kakdébc‘i‘ka,kcébd)}

momentum as well.

Therefore, the terms with odd orders of momentum components kg, ky, k, must vanish (because if we
reverse the direction of momentum l_@ the signs of odd terms are reversed); for even orders of momentum
components ky, ky, k., they take their average values (because if we change the direction of momentum from

)

k to K , the “change of non-elastic susceptibility dx;;x” in small wave number limit is independent of such
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momentum direction change). For example,

[ kaky 1 [k hakkeks
kaky = f( (3)3;;3 12 = g(sab kakpkcka = W = 5 (0abOcd + 0acObd + daddve) (F.13)

Finally we plug Eq.(F.13) into Eq.(F.12), and sum over the 81 summations to obtain the following result.
This result implies that “the change of non-elastic susceptibility dx;;x takes the generic isotropic form in

small wave number limit limg_, 2 Oxijn = (Ox1 — 20x¢)0i0x1 + Oxt(0ixdj1 + 0urdjn)”,

Ly, (s8') —iF(#0—2") XP X X7
OXijkl = Z Xijabeg, - Z Ajpeqe T Xedkl = Pl 2705 00kt + o (8ir0j1 + 0idj)
abed ss’

(F.14)

which gives the simplified RG equations Egs.(F.2).
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