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Measurements of the elastic and inelastic neutron scattering from vitreous silica in the frequency
o —1

range 0,3 to 4 THz and with scattering vectors in the range 0.2 to 5.3 A are analyzed in conjunc-
tion with heat-capacity measurements on the same samples to provide a microscopic description of
low-frequency vibrational modes. The results show that additional harmonic excitations coexist
with sound waves below 1 THz, and that these excitations correspond to relative rotation of SiO~
tetrahedra.

I. INTRODUCTION

The most marked differences between vibrational states
in glasses and crystals occur at low frequencies, typically
below 3 THz (100 cm ), and it is in this part of the fre-
quency spectrum where the most dramatic changes occur
in passing from the glass to the liquid state. Although
these states have been extensively studied, there is no gen-
erally agreed microscopic description even in vitreous sili-
ca, the most heavily studied of all.

These vibrational states contribute to the heat capacity
C(T) in the temperature range 2 to 20 K, and experi-
ments in SiOz indicate a density of states larger by a fac-
tor of 7 than calculated from measured sound velocities. '

Infrared and Raman experiments can be used to probe
these states but the most detailed information is provided
by inelastic neutron scattering. In a previous publication,
preliminary results at frequencies in the range
0.3 (v~2. 5 THz and with scattering vectors Q up to 3
A ' indicated that in silica these states could be described
as rotations of Si04 tetrahedra. In the present paper more
extensive neutron experiments are described which extend
the range of Q to 5.3 A ', together with measurements of
C(T) in the range between 2 and 20 K on the same ma-
terial. A more detailed analysis than that given in Ref. 2
allows a more complete description of the vibrational
states, and also provides a way of choosing between the
different models that have been proposed for the origin of
these states.

The remainder of the paper is divided into three sec-
tions. Section II describes the experiments and data pro-
cessing, while Sec. III gives a detailed analysis. This sec-
tion is divided into five parts: calculation of the density

of states, comparison of the inelastic scattering for simple
models, identification of the vibrational modes, compar-
ison with the modes of crystalline silicas, and a critical ex-
amination of other models. Basic conclusions are given in
Sec. IV.

II. MEASUREMENTS AND DATA ANALYSIS

The sample was a silica glass made out of natural
quartz (Heralux from Heraeus at Hanau) with an OH con-
tent of —130 ppm. For neutron scattering a tube of 16
mm diameter, 1-mm wall thickness, and about 100 mm
long was used with a scattering probability for thermal
neutrons of 12%.

The measurements were done on two time-of-flight
spectrometers. The first was the IN6 at the High Flux
Reactor of the Institut Laue-Langevin at Grenoble which
is placed at a neutron guide of the cold source. The wave-
length of the incoming neutrons was 5.1 A. Measure-
ments were carried out at three temperatures (50, 100, and
290 K) in the standard cryostat of the spectrometer.
Empty cryostat measurements were done separately. The
detector calibration was determined using a vanadium
sample. In addition, the vanadium run was used to judge
the "cleanness" of the low-frequency energy gain region.

To keep contamination from the tail of the elastic line
small compared to the inelastic sample signal, it was
necessary to restrict the measurement to frequencies above
150 GHz (more than six times the full resolution width
away from the elastic line).

The measurement was extended to higher momentum-
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transfer values by a room-temperature measurement with
neutrons of 2.S A wavelength at the time-of-flight spec-
trometer SV22 at Julich. This instrument is situated at a
thermal beam tube of the DIDO reactor. It has a double
monochromator and consequently a very clean back-
ground even very near to the elastic line. Qn the SV22
measurements from 400 GHz upwards were possible.

Elastic scattering data obtained on the two spectrome-
ters was supplemented by measurements on the triple axis
spectrometer SV4 at Julich. All three sets of results were
in good agreement with each other and with published
data after inclusion of the measured Debye-Wailer factore, obtained from a comparison of the elastic intensity
at three temperatures. Using the high-temperature ap-
proximation to W gave an effective Debye temperature of
370 K, smaller than the value of 494 K obtained from the
sound velocities. At room temperature the Debye-%aller
factor was 0.94 at 2 A

The Debye-Wailer factor can be used to extrapolate to
larger values of Q the influence of multiphonon scatter-
ing, which increases approximately as Q . The estimate
showed that multiphonon scattering is still negligibly
small as compared to the one phonon scattering at room
temperature below 4 THz.

Multiple scattering is evident at small Q. The experi-
ence of low-frequency scattering from polycrystals shows
that multiple scattering is essentially Q independent,
which allows the zero Q contribution to be subtracted
from both elastic and inelastic data.

The intensity of the elastic line was used to calibrate in-
elastic measurements: Normalized inelastic intensities
measured on different spectrometers were identical within
experimental error in the regions of overlap. Absolute in-
elastic intensities were also obtained by reference to the
elastic structure factor So(Q) [So(Q) =S(Q,O)

=S(Q)e ] in two different ways.
(i) The first peak in So(Q) was calibrated by reference

to published data on Si02 which allows the absolute
height to be related to the high-Q limit. An effective
number of scattering atoms was deduced from this in-
coherent limit.

(ii) For the model of five tetrahedra, described in Sec.
IIIB, which contains sufficient atoms to describe the
main features of So(Q), the calculated So(Q) was com-
pared directly to the experimental elastic scattering.

Both methods were in essential agreement (difference
6%) although the first is to be preferred as being less
model sensitive. The Debye-Wailer factor was taken into
account during normalization, but in practice this correc-
tion was uniinportant at the small values of Q involved in
a scaling of the first peak of Sp(Q).

The heat capacity of a small (134 mg) sample cut from
the tube was measured, using a standard pulse technique,
over the temperature range 1.5 to 20 K. A Aat surface
was ground on the silica which was then attached to a
silicon-on-sapphire bolometer using silicon oil. The addi-
tional heat capacity of the bolometer and supporting wires
decreased from 25% of the total at 1.5 K to 10% at 20 K.
Values of C, believed accurate to 3%, are in close agree-
ment with measurements on Amersil, but are about 20%
lower than results on Spectrosil-B.

III. DISCUSSION

A. Density of states

d2~(i)

dQdv
kf 3irtlV g( ) (, )

4~
(2)

where Q=kf —k;, where kf and k; are the final and in-
cident neutron wave vectors, na the Bose factor, I(I the
number of atoms, and

2

I'"(Q)= gb&e 'e '(Q e~)/MJ
J

(3)

where bj is the coherent scattering length, RJ the position
vector, MJ the mass, and ej the displacement amplitude
of atom j. The polarization vectors are related to the ac-
tual displacements uj by uJ =MJ' e~, and normalized so
that g ej~= l.

On the assumption that the Q dependence of I"'(Q) is
the same for all modes in this frequency range, g(v) can
be obtained by scaling the inelastic intensities to give a
common curve, shown in Fig. 3. The close agreement be-
tween scaled results at different frequencies supports the
imtial assumption in the range 0.3 & v&2 THz. Derived
values of the density of states, given directly by the scal-
ing factor, are shown in Fig. 1. The proportionality fac-
tor depends on the model used to fit the Q dependence of
I'"(Q) but as discussed in Sec. III 8, all models oscillate
around an underlying Q dependence. The Q range of the
present work was large enough to suppress the inAuence
of the Q oscillations on the determination of g (v) within
a few percent. The only model assumption left in the neu-
tron g(v) curve in Fig. 1 is that of a pure oxygen motion.
[A model with pure Si motion yields g(v) larger by fac-

As shown in Ref. 2, the excitations above 0.5 THz are
essentially harmonic vibrations. This can be seen from
the temperature dependence of the inelastic signal. In
principle, the scattering from a two-level state is tempera-
ture independent when the temperature exceeds the corre-
sponding level splitting, while the scattering from har-
monic vibrations is proportional to the Bose factor nb (for
our frequencies and temperatures essentially proportional
to temperature). Except for frequencies below 0.5 THz at
290 K all data scale with nI, . The nonharmonic contribu-
tion, reminiscent of that observed' in Raman scattering
in SiOz, will be the subject of a separate publication.

In the range above 0.5 THz both neutron and heat-
capacity data indicate a density of vibrational states g(v)
which is considerably higher than the Debye value. Nor-
malizing the densities of states to unity, so that

f g(v)dv= 1,
the Debye value is given by

4mv 1 2
gD(»= i+

vI

where v~ and v, are the longitudinal and transverse sound
velocities, and V is the average atomic volume.

The one-phonon scattering cross section is given by"
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FIG. 1. Density of states g(v) in vitreous silica derived (a)
from the scaling factor used to bring the inelastic neutron inten-
sities to the common curve sho~n in Fig. 3 and (b) from the
heat capacity,

tors 3.3 and equal amplitudes of both atoms increases
g(v) by a factor of 1.5. This results from differences in
scattering lengths and masses entering Eq. (3).]

Figure 2 compares the heat capacity calculated from
the density of vibrational states in Fig. 1 to the measured
data. The agreement to within 10% is smaller than the
estimated error in the normalization factor (connected
with the accurate determination of multiple scattering and
the Debye-Wailer factor) of about 20%. The assumption
of predominant oxygen motion is confirmed. The general
form of the two curves is in good agreement. When plot-
ted in Fig. 2 as C/T against T, the results show a peak
at ll K which in turn indicates a density of states g(v)
which first increases more rapidly than v and then less

rapidly as shown in Fig. 1. The neutron data do not
determine g(v) below 0.3 THz, where nonharmonic exci-
tations are important, but g (v)/v was smoothly extrapo-
lated to the Debye limit for calculation of C( T).

It is interesting to compare the form of g(v) shown in
Fig. 1 with that deduced from neutron data using the in-
coherent approximation. Although this approximation
fails at very low frequencies, where the vibrational ampli-
tudes show a large degree of coherent motion, both Lead-
better et al. '2 (Q &10 A ') and Carpenter and Price'
(Q & 16 A ') have presented data at frequencies down to
3 THz (100 cm ' or 12.4 meV). The data can be directly
compared if the earlier date of Leadbetter et al. is
corrected for multiphonon scattering and the curve nor-
malized to unity. Surprisingly, the earlier data of Lead-
better' agrees well with the absolute values derived from
the heat capacity. Carpenter and Price, however, show
that g(v) &gD(v) below 3 THz, in conflict with Fig. 1.
However, the effect of the incoherent approximation must
be examined more carefully before firm conclusions can
be drawn.
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B. Structural analysis

The variation with Q of the inelastic scattering as
shown in Fig. 3 provides detailed information on vibra-
tional modes. The data is most easily understood by first
calculating the inelastic structure factor for a number of
models of increasing complexity. For comparison, the
elastic scattering is also calculated for the more complex
models within the spirit of the quasicrystalline ap-
proach. '
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FIG. 2. Specific heat C of vitreous silica plotted as C/T
against temperature T. The points are experimental data and
the line is calculated from the neutron data shown in Fig. 1.
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FIG. 3. Inelastic scattering intensities scaled to a common
curve.
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l. Sound waves

The effect of well-defined phase relationships between

the motion of neighboring atoms can be examined by cal-
culating the inelastic cross section for sound waves. In
the limit q «Q, where q is the wave vector of the sound

wave, Eqs. (2) and (3) give'

d2 (1)
1 kf gQ2

dQdv 2m k; 2M,„v I(0)(Q)
gD(v)

(4)

2. Single atom

The Einstein mode represents the opposite limit, where
no coherent motion exists. In this case the only terms in
Eq. (2) which contribute are the "self" terms, so that
I' '(Q) is proportional to Q~. In general, therefore, infor-
mation on the nature of the vibrational modes is con-
tained in the form of I"'(Q)/Q2 and not in the general
increase of I"'(Q}as Q .

3. Single tetrahedron

Both elastic and inelastic scattering can be calculated
explicitly for molecules and small clusters. ' ' Ignoring
Debye-Wailer factors, the results obtained after averaging
over angles are

I(o)(Q) =g bibjj o(QRiq)

and

—(1/R,j) (R;,'e;)(R;, e, )j2(QR;, ) I, (7)

where g; =
~
R; —R ~, jo and j2 are Bessel functions,

and both indices i and j run over all atoms.
The structure-independent part of I' '(Q) at Q =0 is

subtracted using a Gaussian function with a weight given

by the average scattering of the atoms in a cavity contain-
ing the tetrahedron and the result normalized to give
So(Q). Maxima in So(Q) at Q=2.9 and 5.2 A ' are
determined by the O-O distance of 2.6 A although the Si-
O distance of 1.6 A gives an additional contribution
which is responsible for the greater amplitude of the
higher Q peak. Because the number of nearest neighbor
O-O and Si-0 separations in a single tetrahedron is the
same as that for vitreous silica as a whole, changes in rela-
tive magnitudes of the two tetrahedron peaks in So(Q)
should be small when the calculation is extended to other
structures. The calculated result for So(Q) is shown in
Fig. 6.

where M,„ is the average atomic mass and
2

I' '(Q)= Qb e
J

is proportional to the elastic structure factor. I'"(Q) is
therefore proportional to Q So(Q) and in SiO2 would
show a strong peak at 1.6 A

Although direct calculation using Eq. (7) [or Eq. (3)
averaged numerically over angle) is needed to give the pre-
cise form of I"'(Q), the main features of the results can
be understood on the basis of an approximate form of Eq.
(7). The sum jo(x)+j2(x) can be written as 3j)(x)/x, so
that the relative magnitudes of the two terms on the
right-hand side of the Eq. (7) are given approximately by
the ratio j)(x)/xjq(x) for most combinations of the ej.
For x larger than 2.5 the second term is more important,
so that the peaks in I'"(Q) are given by maxima in

—g(1/&;, ) (R;, e;)(R;J ejj)p(Q&~J) .

If (R,z e;) and (R,j.ej) have the same sign (e; ez &.0)
then, for a single R,J, maxima in I"'(Q) correspond to
minima in jz(QR;~), and vice versa. It is straightforward
to show that for pure rotation all terms in the summation
of Eq. (8) are positive. For rotation of the tetrahedron
about an axis passing through the Si atom only the O-O
distance is relevant, giving peaks in I"'(Q)/Q at approx-
imately 2.7 and 5.3 A . This is shown in the results of
the complete calculation [using Eq. (3) and not Eq. (8)] in

Fig. 5. It should also be noted that the relative heights of
the two peaks in I'"(Q)/Q is reversed from that seen in

&p(Q).
Other kinds of motion give different forms of I"'(Q).

In general, distortion of the tetrahedron gives maxima
where rotation gives small values. For example, the
tetrahedral breathing mode gives maxima in I"'(Q}/Q
at maxima in j2 because e; ej &0 for all pairs of atoms.
The wag mode gives smaller maxima at Q equal to 1.6
and 4. 1 A '. A displacement of the complete tetrahedron
will, by analogy with the sound wave calculation, give
I'"(Q) proportional to Q So(Q).

4. Paired tetrahedra

This nine-atom unit, illustrated in Fig. 4(b), is a first
step towards accounting for neighboring atoms round the
single tetrahedron of Sec. IIIB3 and is the basic repeat
unit of crystalline silicas. The calculated So(Q) is shown
in Fig. 6. The most significant result is the appearance of
a peak at 1.6 A, a feature of the bulk glass which has
been the subject of much recent discussion. ' It can be
identified as arising from the next-nearest-neighbor O-O
distances of 4.5 A, although the Si-0 and O-O nearest-
neighbor contributions are important in determining the
exact position of the peak. Changing the Si—0—Si bond
angle from 180 to 154' (the mean value in the glass}
broadens and moves the peak to slightly higher values of
Q as expected. Contributions from Si-Si and Si-0 dis-
tances above 1.6 A do not contribute significantly to
So(Q). The magnitude of the peak at 1.6 A in Fig. 6 is
of course low in comparison with the glass because the
number of next-nearest neighbors is not representative of
the bulk. Analysis of the five-tetrahedra model (Sec.
III B 5 and Ref. 2) shows how this peak increases with the
number of tetrahedra.

The inelastic scattering factor I"'(Q) (Fig. 5},calculat-
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FIG. 4. Structural models used in the calculation (a) single tetrahedron, (b) pair of tetrahedra, and (c}five tetrahedra.
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FIG. 5. Inelastic factor I'"(Q)/Q' normalized to 1 for
g~ oo for (a) rotation of a single tetrahedron, (b) selective rota-
tion of t~o tetrahedra, and (c) the relative rotation of five. Also
shovvn are experimental points with error bars derived from Fig.
3.

ed for a coupled rotation of both tetrahedra around two
parallel axes through the Si atoms of the form shown in

Fig. 4, shows similar features to that of a single tetrahe-
dron. The peak in I' '(Q) at 1.6 A ' is not seen clearly in
I' "(Q) /Q because some of the relevant factors
(R;J'e; )(R;„e,) are negative, with consequent cancellation
between terms of opposite sign in Eq. (8).

The apparent shoulder at 3.8 A in I'"(Q)/Q, not
seen for a single tetrahedron, arises from the cancellation
of contributions from different oxygen-oxygen second
neighbors, an accidental coincidence that is easily des-
troyed by changes in the Si—0—Si bond angle or by dif-
ferent types of motion. For example, this peak almost
vanishes if the central oxygen atom in the pair of
tetrahedron has twice the amplitude of the others. The
first peak in So(Q) will be seen in I'"(Q)/Q2 if the nine
atoms have equivalent displacement (as in a sound wave)
and for rigid rotation of both tetrahedra about any of the
six noncentral oxygen atoms.

For purposes of comparison with experiment the most
significant features of I'"(Q)/Q are the exact positions
of the two peaks at approximately 2.6 and 5.1 A ', their
relative heights, and the width of both peaks. Taking the
pair shown in Fig. 4(b) as a reference, none of these
features is significantly changed by rotation about the Si-
0-Si axis. By contrast, the position of the lower-Q peak
is shifted to higher Q, and the higher-Q peak is consider-
ably broadened when the Si—0—Si bond angle is in-
creased to 154', the average value in the glass. Increasing
the amplitude of the central oxygen atotn by a factor of 2
relative to the other 6, equivalent to rotation with slight
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distortion of the tetrahedron, has little effect on the two

peaks but reduces structure in the valley between them.

5. Five tetrahedra

This model has been discussed in some detail in an ear-
lier publication. Calculations based on a Si-0 distance
of 1.6 A and an Si= O—Si bond angle of 180' are shown
in Figs. 5 and 6. Features ascribed to oxygen-oxygen
next-nearest neighbors are now stronger than for two
tetrahedra. The width of the 2.6 A ' peak in I"'(Q)/Q
becomes considerably smaller and begins to compare
favorably with the experimental data. Similar trends, as a
function of the Si —Si bond angle and relative dis-
placements, are expected for this group of atoms as for a
pair of tetrahedra.

(a}

1.5

(c}

1.0

0.5

1 2 3 4 5
momentum transfer ll (A i}

FIG. 6. ${Q}for (a) single tetrahedron, (b) pair of tetrahe-
dra, and (c) five tetrahedra. Also shorn are scaled experimental
points.

C. Vibrational mode analysis of experimental results

In Ref. 2 the sound wave contribution to the inelastic
scattering was subtracted before scaling the remaining
contribution to obtain an excess density of states, a
procedure which removes any sign of a peak at 1.6
A '. However, comparison with Figs. 3 and 5(c} shows
that this peak is not significant even without subtraction
of a sound wave contribution. The neutron data cannot
therefore demonstrate the presence or absence of sound

waves in this frequency range in the presence of the much
larger density of non-Debye modes (Fig. 1). At higher
frequencies where the condition q « Q is not satisfied (as-
suming q can be defined) the characteristic sound wave

signature So(Q) in the inelastic intensity will be
broadened unrecognizably. Evidence on the range of fre-
quencies over which well-defined nondispersive sound
waves exist must be sought in other experiments.

Nondispersive sound waves are known to exist at low
frequencies from Brillouin scattering' (v&30 GHz) and
phonon interference (v & 500 GHz} experiments.
Analysis of the thermal conductivity a. of Si02 based on
this premise ' suggests that sound waves are reasonably
well defined below 1 THz, but in order to explain the
"plateau" in ~ between 4 and 20 K the free path for trans-
verse waves must be smaller than the wavelength at
higher frequencies. Furthermore, the total density of
states derived either from C(T) or the neutron data sug-
gests a value less than the Debye value above 4 THz, in
direct contradiction to the postulate of nondispersive
sound waves. This accumulated evidence indicates that
well-defined nondispersive sound waves exist below 1

THz, but not at higher frequencies. Our analysis is con-
sistent with this picture. (Longitudinal modes may exist
above 1 THz but, contributing only 10% of the Debye
density of states, can be ignored in the following analysis. )

The most noticeable features of all the data (Fig. 3} are
the sharp rise to maxima at 2.9 and 5.1 A ', both corre-
sponding to peaks seen in I'"(Q) of individual tetrahedra.
Together with the absence of a strong peak at 1.6 A
this strongly suggests that the dominant motion in the fre-
quency range 0.3 to 2 THz corresponds to coupled rota-
tion of tetrahedra. Detailed fitting confirms this sugges-
tion and the model calculation of I"'(Q) allows an abso-
lute value to be assigned to the neutron density of states
(as described in Sec. IVA). This picture applies even

below 0.5 THz where the larger concentration of coupled
rotational modes mask the sound wave contribution. The
focus of this analysis is on the O-O nearest-neighbor dis-
tance giving peaks in the measured So(Q) and I"'(Q)/Q
at 2.9 and 5.1 A '. Although the peak found at 1.5 A
for the pair and five tetrahedra models is difficult to
reproduce in large-scale random cluster models, the oth-
er two peaks are preserved and in general become better
defined as the number of tetrahedra increases. This shar-
pening is significant from our point of view because we
can duplicate the sharp rise at 5 A in the inelastic in-
tensity [or equivalently the sharp peak in I'"(Q)/Q ] in
model calculations only by maintaining the Si—0—Si
bond angle close to 180'. Better agreement with experi-
ment is also obtained if the Si—0 bond length is de-
creased from 1.60 to 1.54 A, a change which is associated
with increases in the Si—0—Si bond angle. ' We ex-
pect that calculations carried out for coupled rotation of
tetrahedra in larger models would give a sharp rise in
I"'(Q) without this constraint on the bond angle. At fre-
quencies above 2.5 THz the increase of I'"(Q) becomes
less sharp, and the peak at 2.8 A ' less well defined, a
trend consistent either with the idea that with increasing
frequency tetrahedra in which the Si -O—Si bond angle
is less than 180' become increasingly involved in the
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motion or with motion restricted to a smaller number of
atoms.

It is important to be precise about the kind of informa-
tion on localization provided by I"'(Q). For a bulk glass
the summations in Eqs. (3), (6), and (7) are over all atoms
in the solid (and therefore give selection rules in the crys-
tal) and the result is averaged over time. ' In the disor-
dered solid the average in Eqs. (6) and (7) contains contri-
butions only for pairs of atoms which have correlated
motion, and so, except at the lowest frequencies, only for
close neighbors. A clear distinction must be made be-
tween the fact that I'"(Q) can be interpreted in a local
picture and the concept of phonon localization, which can
be studied only indirectly through widths of peaks in
y( 1)(Q) /Q 2

D. Relation to crJJstalline silica

The structures of vitreous silica and the most common
forms of crystalline silica are based on corner-sharing
Si04 tetrahedra, and this similarity suggests that examina-
tion of local motion in the crystals will provide a useful
comparison for the results of Sec. III C. A highly signifi-
cant feature observed in crystals is the extremely wide
range of zone boundary and zone-center modes: In per-
fect crystals of quartz, for example, such frequencies
range from 1.5 to 36 THz. At the microscopic levels, the
modes above 15 THz can be classified in broad terms as
stretching vibrations of the Si O bonds, while those be-
tween 12 and 15 THz are dominated by distortion of the
Si04 tetrahedra with the Si- -0 bond essentially constant
in length. Below 12 THz the modes are either sound
waves or involve the rotation of relatively undistorted
tetrahedra.

Confirmation of this general picture comes from calcu-
lations of normal mode frequencies and displacements. In
the frequency range relevant to this paper the most de-
tailed analysis has been made of the modes at 4 and 6
THz in the low-temperature form of quartz, which soften
near the a-P phase transformation temperature of 846 K.
These modes clearly involve coupled rotation of Si04
tetrahedra.

Calculations of the phonon density of states in a
quartz2 and cristobalite~ show that the densely spaced
tetrahedral rotation and distortion modes give an almost
constant density of states, which in quartz would occur
for frequencies in the range 1.5 to 12 THz. Although a
calculation in cristobalite based on a two-parameter
Born model gave incorrect values for zone-boundary fre-
quencies, a more recent calculation based on a modified
Keating model which includes the three qualitatively im-
portant force constants (Si-0 stretch, O-Si-O, and Si-0-Si
bend), confirms the existence of low-frequency transverse
acoustic zone-boundary modes. The important conclusion
of this analysis of the vibrational modes is that the gen-
eral form of the crystalline density of states, after
broadening, would resemble that shown in Fig. 1, and also
that vibrational modes corresponding to rotation of al-
most rigid tetrahedra can occur at frequencies below 2
THz in crystalline silica.

E. Comparison of models

A currently fashionable explanation for the form of the
density of states needed to explain the peak in C/T is
based on fractals or fractional dimensionality. Original-
ly developed for polymeric materials, it has been extended
to other glasses on the basis that all amorphous materials
show a characteristic length scale L above which the solid
is essentially homogeneous. This could, for example, be
identified with the distance at which structure in the radi-
al distribution function becomes small, or more precisely
in polymers with the distance between crosslinks. For
wavelengths greater than L, the system is three dimen-
sional with the usual quadratic density of states, but at
shorter wavelengths the dimensionality is reduced to a
value close to unity, with a corresponding density of states
that is only weakly frequency dependent. The crossover
between the two regimes occurs at a frequency given by
v=u, /L, and it has been claimed that at this point the
density of states increases above the Debye value, as it
must to explain the peak in C ( T)/Ti.

This idea is superficially attractive in that all amor-
phous solids show a peak in C/T at a temperature which
corresponds to vibrational frequencies given very approxi-
mately by u, /L if L is taken in the range 0.5 to 1.0 nm.
For example, the density of states in epoxy resins in-
creases significantly above the Debye value at frequencies
in the range 0.3—0.6 THz, which correspond to L approx-
imately equal to 2 nm.

The results presented in this paper cast serious doubt on
the fractal picture for three main reasons.

(i) The derived form of the low-frequency density of
states in vitreous SiOz is similar to that of epoxy resins '

even though the structures are very different. Moreover,
both calculation and experiment show a very similar form
for g(v) in cristobalite, where no one would suggest the
fractal model should apply.

(ii) At higher frequencies the density of states in vitre-
ous silica rises above the plateau to a peak at 12 THz. ' '
In epoxies the density of states shows not a plateau but a
single broad peak. ' In neither material is there a fre-
quency regime in which the density of states has a well-
defined power-law dependence less than two. Attempts to
fit C in this way capitalize on the insensitivity of C(T) at
low temperature to g (v) at higher frequencies.

(iii) The inelastic neutron data show very clearly the ex-
istence of harmonic modes below 0.7 THz, where sound
waves are known to exist, in addition to the nonharmonic
two-level states important below 1 K. The fractal ~odel
makes a clear distinction between the three-dimensional
properties and fractal behavior. If the increase of g (v) at
0.3 THz in vitreous silica were to be attributed to the on-
set of fractal behavior the model would give a length scale
of L =u, /v-10 nm. This is unreasonably large in com-
parison with the equivalent length of 2 nm in epoxies,
which are much closer to one-dimensional solids.

In addition to the "fracton" model, the peak in C/T
has been explained in cristobalite, and by analogy in vitre-
ous silica, as arising from transverse acoustic waves trav-
eling on internal surfaces in the solid. These surfaces
are claimed to be microtwin interfaces in the crystal, and



U. BUCHENAU et al. 34

clusters in the glass. Twinning occurs as a result of the
a-P transformation, which in turn is related to the soft
mode identified as rotation of tetrahedra. In the absence
of a detailed microscopic picture for the atomic displace-
ments associated with the surface acoustic waves the re-
sults presented here can neither confirm nor repudiate this
model which has, ho~ever, been criticized in other
respects.

Neither of these two models satisfactorily explain the
inelastic neutron experiments, which support a picture in
which the large density of states between 0.5 and 3 THz
result from modes in which almost rigid tetrahedra rotate
relative to each other, as expected from a study of vibra-
tional modes in crystalline silicas.

IV. CONCLUSIONS

The most important results of the analysis of the inelas-
tic neutron intensity can be summarized as follows

(i) At any given frequency below 1 Thz sound waves
with a well-defined wave vector and constant velocity
coexist with a second class of harmonic excitations.

(ii) A quantitative comparison of neutron and heat-
capacity data shows that these additional excitation
predominently involve oxygen motion.

(iii) The form of I"'(Q) indicates that these additional
excitations can be represented as relative rotation of al-

most rigid tetrahedra.
These results, together with an analysis of vibrations in

crystalline quartz, lead us to propose the following picture
for low-lying modes in vitreous silica. Nondispersive
sound waves exist up to frequencies of approximately 1

THz (q=2X10 in ') although disorder in the solid
gives a rapid decrease of the phonon mean-free path as
this frequency is approached. In addition, disorder mixes
modes which in the crystal would be described as the
high-q part of the dispersive (transverse) acoustic branch
to give a spread of frequencies about a mean of approxi-
mately 1 THz. Dispersion is important in giving a wide
range of different modes in a narrow frequency range.
Each normal mode, of course, contains a wide range of
possible values of q, and so cannot be represented in a
simple way.

This picture is firmly based on the inelastic neutron re-
sults above 0.3 THz, but it is interesting to speculate on
what happens in the limit of zero frequency. The way in
which frequencies can approach zero in a structure based
on linked tetrahedra, and how the structure becomes lo-
cally unstable has been demonstrated both by considering
the effect of the surrounding solid on a pair of tetrahe-
dra~" and by model calculations. ~5 The resulting two-well
potentials are consistent with what is known about tunnel-
ing states at low temperatures, and also with the micro-
scopic motion described for low-frequency excitations in
connection with the data. These results therefore give, for
the first time, structural indications as to the nature of
double-well potentials in glasses.
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