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We study the low-temperature behaviour of an elastic continuum with spatially fluctuating elastic
constants and a cubic anharmonic coupling. By functional integral quantization and techniques
used previously for treating an electron gas in the presence of disorder and interactions, we obtain
an effective action which describes the density fluctuations of the system. By means of a saddle-
point approximation we derive a self-consistent set of equations for the density fluctuation propa-
gator Q(w, T) where w is the frequency and T is the temperature. From the low-frequency solu-
tions of these equations we are able to obtain a mean free path £« w™! Im {Q(w, T)"*}. This
leads roughly to a 72 law for the thermal conductivity. We also obtain a specific heat which varies
linearly with temperature at low temperatures. At higher temperatures the quantity C(T)/T> exhi-
bits a peak (“boson peak”). The former features are due to the anharmonic interactions, whereas
the latter is mainly due to the disorder in the harmonic elastic constants.

To find a theoretical explanation of the low-frequency vibrational properties of glasses
and their related low-temperature thermal properties is a long-standing problem [1]
(for a review see Ref. [2]). At very low temperatures (around and below 1 K) the
specific heat C(T) varies (almost) linearly with temperature 7 [3], and the thermal
conductivity [4] x(T) obeys a x < T* law with s ~ 2. At higher temperatures (around
10 K) x(T) shows a characteristic plateau, and the quantity C(T)/T> has a peak which
corresponds to a peak in the density of states g(w), divided by w? (“boson peak™). The
anomalies below ~ 1K are traditionally discussed in terms of the tunneling model [5] in
which the acoustic waves are assumed to be scattered inelastically by local bistable
defects (two-level systems, TLS) with a broad distribution of resonance energies. The
features around 10 K have been discussed in terms of a generalization of this model
(soft-potential model) [6].

Although many of the observed experimental findings including the absorption and
dispersion of ultrasound could be explained by the TLS model and its generalizations
[6, 7], doubts where raised [8] whether the presence of TLS centers could be the only
reason for the observed anomalies. Indeed, for the anomalous specific heat a much
more general explanation in terms of a spin-glass like model was proposed recently [9].

For the boson peak there exist a large number of alternative models (see Ref. [10]
for an overview over models for the “boson peak”). To our opinion the most simple
and obvious explanation is the one in terms of spatially fluctuating elastic constants [10,
11] which lead to elastic scattering of phonons by the frozen disorder [12].

In the present contribution we generalize our previous ideas concerning the boson
peak anomaly to include an anharmonic interaction. By field theoretic methods, bor-
rowed from the theory of electrons in disordered systems [13-16], we show that the
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low-temperature anomalies can be explained as a result of the inelastic mode—mode
coupling of acoustic phonons induced by the combined effect of disorder and anharmo-
nicity.

In order to demonstrate the main features of our proposed scenario we consider a
simplified model of an elastic continuum which supports only longitudinal vibrations?)
(ie. V xu=0, where u(r,t) are the displacements), which is described by a classical
Lagrangian density of the form

L(r,0) =T (1) — V(r,t) = ?([atu 0] — K[V -u(r,0)]). (1)

Here 7 and V are the kinetic and potential energy densities, my = Mp, is the mass
density, M the atomic mass, p, the number density. K = ¢ = (1 + 2u)/my, is the elastic
constant composed of the Lamé constants 4, u#, and c is the sound velocity. The elastic
constant K is now assumed both to have a spatial variation due to the structural disor-
der of the material as well as a space-and-time variation due to an anharmonic coupling
to the density fluctuations Ap(r,t)/py = =V - u(r,1):

K(r,t) = [Ko + AK(1)] [1 — 2gV - u(r,1)]. 2)

AK(r) is the static spatial fluctuation of K which is supposed to have a Gaussian distri-
bution of the form

PIAK] = Py exp {—% J &r [AK(r)]Z} , 3)

where y = AK? (the variance of AK) is the parameter which measures the strength of
the disorder. g is the Griineisen parameter defined by

g=dlnc/dInp|,_, =3 dlnlz/dlnp‘pzm. (4)

The quantum partition function can now be written as [18]

p
. 1 ) %Jdrjdﬁ'li(r,z:it)
7 = Tr {7y — JD[u] o Slute =) _ JD[u] ¢ , 5)

S is the Euklidean (imaginary-time) action and § = h/kpT.

From now on we use dimensionless units such that lengths are measured in units of
the inverse of the Debye wavenumber kp = [6n2p(,]1/ 3 times in units of the inverse
Debye frequency wp = ckp, energies in units of Zwp, and temperatures in units of the
Debye temperature @p = hwp/kg. In these units the dimensionless mass density is gi-
ven by my = moc/hk‘]‘) = Mc? / 6m*hwp, and for the dimensionless average force constant
we have K, = 1.

In order to be able to perform the disorder average from the outset we make use of
the replica trick: Averages over physical variables are carried out with weights e St (r.0)]
without denominators Z for 7 replicas (labelled by the index «), and we have to let
n — 0 at the end of the calculation.

2) The calculation including the transverse degrees of freedom is straightforward [17] (the
SCBA is called CPA by these authors) but cumbersome and will be carried out in a later paper.
However — as we believe — the main features of the full theory will be similar to those described
by the present simplified version.
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Integrating out the disorder produces an effective quartic interaction which is taken
apart by the Fadeev-Popov ghost field method [16], introducing the matrix fields

Quu(r,7,7) = ?V ‘1, (r,7)V - uy(r,7') and the “ghost fields” Ay (r,7,7'). The latter

turns out to play the role of a self ernergy and the average of the former is the den-
sity—density propagator, taken at ' — r. Integrating out the original fields in the stan-
dard way [13-17] yields the following effective action

Se[0, 4] = —% Tr {log [Ag + 1 + A]} + Tr {10} +% Tr {0%)

2
8 (0% 1+ As[0. 4], (6)
my

where the operators appearing in (6) are defined by

(r1] 6] '),y = Ouw(t,7,7) 8(r —¥') Oy ,
(et| AWy = Auar (0,7,7) (x — 1) O, (7)
<kl’l| AO |kll’l/> = (wi/kz) 6kk’(§nn’6aa’ .

ad’ T

Here n are integers which run from —oco to +oo and are related to the Matsubara
frequencies by w, = 2ankgT. AS is a contribution, which arises from odd powers in Vu
and vanishes in the saddle-point approximation introduced below.

Varying the matrix fields Q and A yields saddle-point equations which can be solved
by replica-diagonal and space independent functions Quu(r,7,7") = QO(t — ') dau
and Agy(r,7,7") = A(7-7") duwr- They obey self-consistent equations, which can be

written in terms of the Fourier coefficients Q, = Q(z = iw,) = [ dT ™% Q(7) and
A, = A(z = iw,) with T =7 — 7’ and 0

0(%) = lim, % Vour, it )V -u, 7). (8)

— denotes a configurational average, {...) a thermal one. The self consistent saddle-
point equations are

1 k?

& =3 By Gen R A
B 12)/g2
An - (VQn + l’;l() QZ,n> . (9)
Here
B o
Q2,n - QZ(Z - lwn) =T Z Qin—v - f dt e™'en® Q(f)Z . (10)
v 0

The quantity
Glk,z) = [ + K2(1+ A,)] " (11)

is the averaged displacement Green’s function (propagator), and Q(k,z) = k*G(k, z) is
the density fluctuation propagator (also called response function or dynamical suscept-
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ibility). The density of states is given by g(w) = —(7/2)o Im {G(z=w +ic)} with
G(z) =3 G(k,z).

Let us now first discuss Egs. (9) in the absence of the anharmonic Q; term (g = 0).
Without this term they constitute the self-consistent born approximation (SCBA) for
force-constant disorder, which has been derived previously for mass disorder in Ref.
[17] (the SCBA is called CPA by these authors) by similar techniques. On the other
hand, it can be shown that the well-known coherent-potential approximation (CPA,
(single-bond) coherent potential approximation) [19] reduces to the SCBA in the re-
gime of weak disorder (y/K3 < 1). By means of the CPA (compared with a numerical
simulation) it has been demonstrated in Ref. [10] that the boson peak is a natural con-
sequence of disorder in a harmonic solid with fluctuating elastic constants. Therefore it
is not surprising that within the harmonic limit of the present model the SCBA also
predicts a boson peak both in the quantity g(w)/w? and in C(T)/T? calculated from
this g(w). In Fig. 1 we show C(T)/T? calculated for the harmonic model in SCBA for
three values of y. For y > y; = 0.5 the model becomes instable as in the harmonic
models considered in [10].

Let us now turn to a discussion of the self-consistent Eq. (9) in the presence of the
anharmonic terms. As in the harmonic case we use the analytic functions Q(z), Q2(z)
and A(z) in the real frequency domain z = @ i—oz;e, i. e. we have Q(z) = Q'(w) +iQ"(w)
with the spectral representation Q(z) = (1/7) | do Q"(@)/(@ — z). The dynamical sus-
ceptibility can be re-written as o0

Q(z)z2 (1+72°G(2)). (12)

1
[14A4(z2)]
We see that in the low-frequency regime (which we are interested in) the z2G(z)
term is negligible. In the real frequency domain we can use the fluctuation—dissipa-
tion theorem [20] to relate Q"(w) to the van-Hove correlation function

300.0 ‘ —
——- 4=0.002
----v=02
——- =04
—— =048
200.0 | .
o
|_
=
-
i g
o
1000 |
0.0 ‘ o . :
10° 10° 107 10 10° 10"
T/e,

Fig. 1. Reduced specific heat C(T)/T? against temperature, calculated in self-consistent Born ap-

proximation (g = 0) for four values of the disorder parameter y = (AK)?
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S() = hm ? (V-u(r,t+ 1)V -u(r,f)) and its Fourier transform S(w j dr e’ S(¢)
in the followmg way

Q'(w) =3 (1-e ) S(w) = f(pw) S(w),

) (w ) = f(pw) Sx(w) (13)

with Sy (w j dr e’ S2(1).

We have now a simplified set of equations which bears strong similarity to the set of
equations studied in the context of glass transition singularities [12, 21]. The detailed ana-
lytic and numerical solution of the full and simplified set of equations will be studied in a
future publication [22]. For the present discussion we only note that in the low-frequency
regime the frequency dependence of S(w) is very weak, and the temperature dependence
enters via the thermal factors f(Sw). In order to be able to calculate the thermal conduc-
tivity we remind ourselves that the mean free path ¢(w) can be calculated from the ima-
ginary part of the inverse of the complex sound velocity c(z) = /1 + A(z):

L =Y
Ty = 20 {1+ () 2 (14)
Using (12) this becomes for small w:
o = 20 V2 {10 = 20(10(2)| - @ (@)). (15)
The function Q(z) can be written as
R S(x/p)
06 =5 | a2 (16)

If we believe that the frequency dependence of S(w) is very weak, Q(z) is essentially a
function of 8z so that we can state

(o) = f(fw)/w, (17)
where f(Bw) is some function of Sw. This is the same type of frequency and tempera-
ture dependence as that of the mean free path for inelastic scattering from two-level
systems [S], which, inserted into the conventional formula for the thermal conductivity
derived from the phonon Boltzmann equation

exp {fo} 1 ,
w(T) = de g(w) fro* —— T — 2y(w) (18)
(exp {po} —1)* 3
leads to

w(T) < T? . (19)
In order to be able to discuss the specific heat we have to consider the average
energy which can be easily calculated by adding a static source j to the Lagrangian

L(G)=TA+j)—V(1—j), and we have
— 1d 11

H= B dj InZ(j)|;—o = hm zZG)"

5 20 (20)
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Omitting the AS term the effective j dependent action is

Serlj) = — % Te {log [Ao(1 +]) + (1 —j) + A} + Tr (40}
( 110+ ) D) =i e1)
This gives in saddle-point approximation
H = const. + T} o, 4yg r Z 010,01y

oo+ R+ A4, }

= const. + Hp(T) + AH(T) . (22)

Here Hp(T) is the usual Debye expression for the average energy®) and AH (7T)
is the anomalous contribution which arises due to the anharmonic coupling. Since
O, is an even function of the Matsubara frequencies w, « T, we can state
AH(T) = (4yg>T? /i) Q(z=0)T2 + O(T*) and therefore

lim C(T) = Syg

Jim e (0 T. (23)

Numerical calculations to determine the entire temperature dependence of the specific
heat using the full self-consistent Eq. (9) will be done shortly [22].

We conclude by emphasizing that our anharmonic contribution to the action arises
from a combination of disorder and anharmonicity. If one of the ingredients of our
theory, disorder (represented by the parameter ) or anharmonicity (represented by g)
vanishes, the anomalies disappear.
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