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Phonon localization in glasses
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A universal but unexplained characteristic of glasses is the temperature-independent region or pla-
teau in the thermal conductivity for temperatures 1—30 K. Examination of low-temperature
thermal conductivity data for a wide variety of glasses indicates that the mean free path of the aver-

age thermal phonon becomes less than the phonon wavelength at temperatures in the vicinity of the
plateau. Comparison with similar data in aggregates suggests that Ioffe-Regel localization of the vi-

brational modes occurs for phonons whose wavelength and mean free path are on the order of a
structural correlation length of the material. Typical correlation lengths in glasses determined by

O

this argument are 20—50 A. The universal plateau in bulk glasses is therefore associated with pho-
non localization due to strong scattering from inhomogeneities on this length scale.

I. INTRODUCTION

Low-temperature studies over the past fifteen years
have yielded a great deal of information on the structure
and dynamics of glasses. ' The universal thermal, electri-
cal, and acoustical properties below 1 K have been traced
to a broad distribution of intrinsic two-level tunneling sys-
tems (TS's). The typical glassy features aboue 1 K, how-

ever, are much less well understood. The thermal conduc-
tivity x of glasses, for instance, generally exhibits a broad,
temperature-independent plateau for T- 1—30 K, be-

tween the T low-temperature behavior and an approxi-
mately linear behavior at high temperature. There have
been many attempts to explain the plateau in terms of
propagating thermal phonons, including elastic and in-
elastic' scattering of phonons from TS's, Rayleigh
scattering from density fluctuations' " or phonon
dispersion. ' Nonpropagating vibrational modes have also
been invoked. For example, they have been suggested as
centers which scatter propagating phonons. Alternative-
ly, on the postulate that glasses are fractal, it has been
proposed' ' that a band of fractons (the localized vibra-
tions of a fractal object) is responsible for the plateau.
Another very recent study' reveals a plateaulike feature
in the thermal conductivity of powder aggregates which
appears at a temperature that depends on the particle size.
In particular, it occurs at a temperature for which the
average thermal phonon wavelength A, is equal to the par-
ticle size (or the correlation length of the structure), which
is also equal to the mean free path I. The equality of k
and I suggests that phonons in the vicinity of the plateau
in aggregates are localized. This has prompted us to reex-
amine the thermal-conductivity data for a wide variety of
glasses. Using the usual kinetic formula for x and assum-
ing thermal-phonon heat carriers at the lowest tempera-
tures, we find a mean free path 1(co) which becomes
shorter than the thermal phonon wavelength at a tempera-
ture near the upper end of the plateau. We therefore pro-
pose a picture in which phonon localization takes place
for phonons with wavelength near some structural corre-
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FIG. 1. Thermal conductivity of a-Si02 (Ref. 8), a-Ge02
(Ref. 36), a-As2S3 (Refs. 7 and 23}, a-As (Ref. 4), a-Se (Ref. 8),
epikote epoxy (Ref. 24, sample X), and polymethylmethacrylate
(PMMA} and polystyrene (PS}(Ref. 37).

lation length g, and we argue that this is intimately con-
nected with the plateau.

The evidence presented here is for the Ioffe-Regel'
condition (kl —1) being satisfied by phonons in glasses.
Recent calculations' show that a mobility edge can occur
for high-frequency phonons in a disordered medium of
dimensionality greater than two, and it has been further
suggested' that weak localization of phonons may be re-
lated to the plateau. Whether or not the situation can be
described by Anderson localization' of phonons de-
pends upon quantities such as the inelastic and elastic
scattering lengths which have not yet been determined at
the energies in question. '

II. EXPERIMENTAL RESULTS

The thermal conductivities of a wide variety of glasses
are shown in Fig. 1. Glasses have been chosen for which
sound-velocity measurements are also available. '
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The plateau is readily discernible for each glass, and the
well-known remarkable similarity from glass to glass is
exhibited. The similarity of the plateaus includes a-As
which, ho~ever, is anomalous at temperatures below 1 K.
It has been shown that a-As has an unusually low density
of TS's and that the low-temperature conductivity is dom-
inated by scattering from a large number of voids in the
sample.

It is usually assumed' that long-wavelength acoustic
phonons are the dominant heat carriers at low tempera-
tures and that one can calculate Ic(T) using the formula

coD

x( T) =(U/3) f C(co, T)1(co)dao, (1)

where C is the heat capacity of the thermal carriers with
cutoff frequency coD and average velocity U. This ap-
proach has been used successfully to account for not only
the temperature dependence but also the absolute magni-
tude of ic. That is, l(co) and U obtained from acoustic
measurements can be inserted in Eq. (1) to obtain a con-
ductivity that agrees with experiment. ' For tempera-
tures below 1 K, the assumption of propagating thermal
phonons carrying the heat is therefore justified.

To reproduce the observed x. over the full temperature
range of Fig. 1, we write ' "'

l(co)=(1, '+lR ) '+l;, .

l, is the mean free path due to scattering from TS's:
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FIG. 2. Data of Fig. l displaced downward for clarity by
successive factors of 2 from a-As (undisplaced). The symbols
are the data points represented in Fig. 1 by smooth lines. The
lines are numerical fits of Eq. (1) to the data. Each vertical ar-
row indicates the temperature TL at which localization of the
thermal phonons sets in (see the text).

I, '=A(Rco/ks)ta hn(%co/2ksT)

+(&/2)(ks/fko+B 'T ) 10-6

where the two terms represent resonant scattering and re-
laxational absorption, respectively.

In terms of microscopic variables in the tunneling-
system model, A and 8 are given by

10-e

2 si
a-AS

A =any k~/pU fi (4)

a =~'k,'~'gpss'. ',
where n is the subset of tunneling states which are strong-
ly coupled to phonons, y is an average deforination poten-
tial, p is the mass density, and U is the average phonon
velocity. A density of TS's is assumed to be constant. We
have assumed that the low-temperature part of the plateau
arises from Rayleigh scattering,

I '=DA co"/k

but we note ' that this form is not unique, since any
mechanism resulting in a very rapid decrease of I with co

mould suffice. I;„is constant which is the usual lower
limit on I to prevent it from. becoming unphysically small.
There is no theoretical justification for a more complex
form for I;„, and it fits the high-temperature upturn
reasonably well. As explained below, little importance is
attached to the quality of the fit above the plateau because
it is just in this temperature range that the assumption of
propagating phonons becomes invalid. Typical values for
I at large co are 4—10 A, i.e., molecular dimensions.
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FIG. 3. Mean free path /(~) for a temperature of 10 K,
determined from the fits to the thermal-conductivity data in

Fig. 2. Also shown is the inverse phonon wave vector
k '=A, /2m to indicate the point at which the localization con-
dition kl= 1 is met. The dashed line showing k for a-Si02 is in-

cluded to emphasize that l(co) easily satisfies the somewhat less
stringent condition l =A, . The temperature scale at the top indi-
cates the temperature at which the average thermal phonon has
angular frequency co.
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TABLE I. Parameters associated with the numerical fits shown ln Figs. 2 and 3. Units are the following: p (g/cm'), v (10'
cm/sec), eg) (K), A (cm 'K ')) 8(10 'K ), D(cm 'K ), l~i„(A), L (A), Tg (K), ny (10 ergcm '), y (eV), and G(10 ).

Material

a-Si02
a-Ge02
a-As2S3
a-As
a-Se
epoxy
PMMA
PS

2.2
3.6
3.2
4.77
4.3
1.22
1.2
1.0

4.1

2.6
1.69
1.56
1.19
1.66
1.79
1.67

300
192
93

160
113
140
150
123

360
520
330
110
880

1150
1000
2330

3.0
2.4
0.6
2.0

20
9
0.3
1.0

1.50
2.9
2.9

16
143
61
83

170

Imin

12
6
5

4
4

5

33
22
27
20
29
34
42
48

TL

22
21
11
14
7
9
8

6

1.3
0.79
0.13
0.049
0.16
0.16
0.17
0.26

0.86
0.31
0.04
0.09
0.14
0.12
0.025
0.035

4.9
5.2
5.0
5.0
4.9
4.9
4.8
5.0

Least squares fits of Eq. (1) to the data of Fig. 1 using
Eq. (2) for /(co) are shown in Fig. 2. The frequency
dependence of 1(co) for these fits is shown in Fig. 3, where
we also plot the phonon wavelength A, =2iru/co and
k '=I, /2m. The fitting parameters as well as density,
velocity, and approximate Debye temperature are listed in
Table I. The parameters are in reasonable agreement with
previous fits to the thermal conductivity of a-SiOz (Refs.
2, 3, 5, and 11) and a-As (Ref. 4).

III. DISCUSSION

The values of l(co) in Fig. 3 are, for the most part,
larger than A, (co), consistent with the assumption of propa-
gating phonons. For co~10" sec ', l(co) varies as co

duc to resonant relaxation by TS's. An exception is a-As,
which has few TS's but has a distribution of voids which
effectively limits i to 1,„=29pm, where l,„ is added to
l,

' and lx
' in Eq. (2).

For Q)) 10" sec ', the Rayleigh scattering term be-
comes important and l drops rapidly. Measured values '

of /(co) up to co=2X10' sec ' in a thin film of a-SiOi
are in reasonably good agreement with this behavior. At
higher frequencies, the intersection of l(co) and A, (co) indi-
cates incipient localization and, indeed, the Ioffe-Regel
criterion kl= 1 is met at somewhat higher frequency. We
note that an extrapolation of the co mean free path in-
tersects A, /2n. at a value which is very close to the i
selected by the fitting routine. We take the intersection of
this short extrapolation and I,/2n (co) as an indication that
the Ioffe-Regel condition is satisfied, and we do not ex-
pect Eq. (1) to be applicable at higher co. The value of I,
defined at this intersection and denoted L is listed in
Table I for the glasses in Fig. 3. The frequency of the in-
tersection is defined as coL. The temperature TL for
which the average phonon energy is
( TL ——~L /2. 7k&) is included in Table E and as vertical
arrows on the data in Fig. 2. T~ occurs consistently near
the upper end of the plateau, and the fits are markedly
worse at higher temperatures. Poor agrcemcnt at high
temperatures may be expected not only because of locali-
zation but also because the phonon spectrum is not known
at these high temperatures, which are a large fraction of
the Debye temperature. %e note that, while the strength
D of the Rayleigh scattering ranges over 2 orders of mag-
nitude in Table I, the values of the localization length I.

D =SktiG( /i)t'u (7)

where g is the correlation length of the fluctuations. Us-
ing (=A,L in Eq. (7), we obtain the values of 6 given in
Table I. We find 6=4.9+0.1X10, indicating a re-
markably constant root-mean-square variation in velocity
of 2.2% for all the glasses. While the values of 6 are
reasonable, we know of no theoretical argument that
would account for such constancy in the amplitude of the
velocity variations. %e emphasize, however, the internal
consistency of the present analysis. Ioffe-Regel localiza-
tion indicates a correlation length I. which, with the as-
sumption of a (remarkably) constant amplitude of the
velocity variations, accounts for the strength of the Ray-
leigh scattering. Previous calculations '" have not been
able to account for such strong Rayleigh scattering on the
basis of density fluctuations. The important difference in
the present case is our use of a longer correlation length
L„rather than molecular dimensions.

The present study approaches the localization regime
from the low-temperature, long-wavelength side. Recent
work in aggregates' approaching from high temperatures
and short wavelengths has revealed the upper end of a

span only a factor of 2. The latter indicates an intermedi-
ate range order with a remarkably invariant length scale
of 20—50 A for a wide range of glasses.

The results presented in Table I enable us to examine
the variation of the fitting parameters from glass to glass.
The TS scattering strength A yields values of nyi which
range over an order of magnitude. The values for a-Si02,
a-AsqS3, and a-Se agree reasonably with ultrasonic
values: ' ' 1.6&10, 1.4&(10, and 5&10 ergcm
respectively. Ultrasonic values of ny2 are not available
for the other glasses. The coupling constant y derived
from 8 is only somewhat smaller than the measured '

average value of 1.3 eV for a-Si02, the only case available.
We conclude that the interaction of the propagating pho-
nons with the tunneling systems is well described by the
values of A and 8 in Table I.

%e assume that the co scattering term represents Ray-
leigh scattering from local variations of the density or
bond length, ' s " which produce local variations in
velocity. In the long-wavelength limit, a convenient ex-
pression for the scattering strength caused by a mean-
square velocity variation 6 = ((Au/u) ) is given by
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plateau occurring at a temperature at which A, equals the
correlation length g. In this case g is approximately equal
to the particle size. This was interpreted as phonon locali-
zation because the mean free path was also equal to the
particle size. Those results, extrapolated to the plateau in
bulk a-Si02, suggested /=30 A in a-Si02. That predic-
tion agrees quite well with the wavelength (35 A. ) for
which k/=1 in Fig. 3.

The present analysis assumes linear dispersion of propa-
gating phonons up to the frequency at which kl= 1

(coL, ——6 X 10' sec ' for a-SiOz). Measurements to
co=3X10' sec ' show linear dispersion in an a-SiOz
film. Extending the measurements up to ~t should reveal
any deviation from linearity that might occur as the
Ioffe-Regei condition is met. In the absence of either
measured or calculated dispersion in the vicinity of cut,
we have assumed the simplest case, i.e., linear dispersion.

It has previously been noted that there is a strong
correlation between the temperature of the hump in C/T
and the temperature of the plateau in e The. present re-
sults provide strong support for the suggestion that
the hump is due to the heat capacity of localized modes.

The generality of the present analysis does not allow us
to distinguish among various models for the localized
modes. In particular, we cannot infer that the modes are
fractons, ' ' since there is no evidence that the structure
of a bulk glass is fractal.

Thermal-conductivity data for a series of Araldite
epoxy samples have been cited3 as qualitative evidence
for a fracton density of states. The data, Fig. 4, include
results for different amounts of hardener, ranging from
37% to 4 times the stoichiometric amount. (The sample
with the smallest concentration of hardener seems to be
qualitatively different from the others and we exclude it
from the present discussion. ) The effect of adding more
hardener is to increase the conductivity, especially at tem-
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peratures near the lower end of the plateau, and to cause
an apparent shift in the plateau toward higher tempera-
tures. This apparent shift toward shorter thermal wave-

lengths is claimed to support a fracton model because it
is supposed that the increased amount of cross linking
that occurs with increased hardener concentration shor-
tens the characteristic molecular length scale, which is
thought to determine a phonon-fracton crossover frequen-
cy.

These arguments can be tested quantitatively by using
the same analysis and fitting scheme described above for
bulk glasses. The results are shown in Fig. 4 as calculated
curves for the thermal conductivity which reproduce the
data quite reasonably. As suggested by Farrell et al. ,
the same mean velocity is used for all the samples. The
Debye cutoff frequency 8D is taken arbitrarily as 140 K
for all samples, for lack of more information. The choice
of 8D affects the high-temperature conductivity but, as
described above, it is just in the high-temperature regime
that localization takes place and the propagating-mode
analysis breaks down. Thus, little importance can be at-
tached to the value of 8D or the quality of the fit above
10—15 K. The three parameters determining the fit for
the remaining temperature range are the scattering
strengths A and 8 and the Rayleigh scattering strength
D, shown in Fig. 5. The analysis indicates a strong de-
crease in TS scattering strength with hardener concentra-
tion, most easily interpreted as a decrease in the number
of TS per unit volume. This is in agreement with the
original (nonfractal) interpretation of the data. In con-
trast, the Rayleigh scattering strength is nearly indepen-
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FIG. 4. Thermal conductivity of' a series of Araldite epoxy

samples with different amounts of hardener {Ref.38). Cq is the
hardener concentration relative to the stoichiometric hardener
concentration. The lines through the data represent computer
fits described in the text.

FIG. 5. Parameters A and 8 {resonant and relaxational TS
scattering strengths) and D {Rayleigh scattering strength) for
the epoxy data in Fig. 4 as a function of the relative hardener
concentration CI, .
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dent of hardener concentration, indicating that the ap-
parent shift in the temperature of the plateau is due pri-
marily to a change in the number of TS. The constancy
of D indicates a constant value of I., which turns out to
be 26 A for all the epoxy samples in Fig. 4. This value is
similar to those of other bulk glasses in Table I. Thus any
change that may occur in cross linking does not have a
strong effect on the characteristic length scale revealed by
Rayleigh scattering of thermal phonons.

The data of Fig. 4 therefore do not support the sugges-
tion' that bulk glasses are fractal. In our opinion, the
dynamics of bulk glasses are better described in terms of
phonon localization due to strong scattering from static
density fluctuations. A fracton model is more appropri-
ately tested using materials with a demonstrably fractal
structure, such as aggregates of small particles. ' '

IV. CONCLUSION

Examination of the thermal conductivity of a wide
variety of glasses at low temperatures reveals that the
Ioffe-Regel criterion for phonon localization is satisfied in
the region of the plateau. This is compared to earlier
work in aggregates where localization occurs on a length
scale determined by the correlation length of the struc-

ture. Together, these results indicate a correlation length
of -30 A.in bulk a-Si02, for example. Glass-to-glass
variations in the wavelength at which localization occurs
are minor, spanning the range 20—50 A. The use of this
Ioffe-Regel localization length allows for a better quanti-
tative understanding of Rayleigh scattering in glasses than
is possible using a correlation length of molecular dimen-
sions.

Examination of the thermal conductivity of a series of
epoxy samples with varying hardener-to-resin ratio reveals
a similar correlation length for all samples. The data can
be explained by a varying amount of scattering from tun-
neling systems, without the need for a phonon-fracton
crossover as previously suggested.

More generally, we have established a strong correlation
between the plateau in disordered structures and the local-
ization of phonons associated with heavy scattering, and
we have shown that this locahzation occurs for phonon
wavelengths comparable to a correlation length of the
disordered structure.
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