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Block copolymer microstructures in the intermediate-segregation regime

M. W. Matsen® and F. S. Bates
Department of Chemical Engineering and Materials Science, University of Minnesota, Minneapolis,
Minnesota 55455

(Received 26 August 1996; accepted 1 November 1996

A detailed examination of the intermediate-segregation regime of diblock copolymer melts is
presented using the incompressible Gaussian chain model and self-consistent field SkF6hy

We find that the competition between interfacial tension and chain stretching used to describe
behavior in the strong-segregation regime also explains behavior in this regime. Phase transitions
from lamellae () to cylinders C) to spheres$) occur due to the spontaneous curvature produced

as the asymmetry in the diblock composition increases. Complex phases, g@oipdrforated
lamellar (PL), and double diamondX), have curvatures between thoseLoAndC, and therefore

they compete for stability along thie/C boundary. Nevertheless, onlg exhibits a region of
stability. To explain why, we recognize that interfacial tension prefers the formation of constant
mean curvaturéCMC) surfaces to reduce interfacial area, and chain stretching favors domains of
uniform thickness so as to avoid packing frustration. While the classical strudtyr@sands, are
successful at doing both simultaneously, the complex phases are not. Of the complex @hiases,

the least frustrated and consequently is stable at intermediate degrees of segregation. Hawever,
becomes unstable in the strong-segregation regime because the relative penalty for packing
frustration increases with segregation. TR& and D structures are simply too frustrated, and
therefore are never stable. €97 American Institute of PhysidsS0021-960607)50806-3

I. INTRODUCTION geometries. The classical microstructures are flat lamellae
(L), hexagonally-packed cylindersC§, and spheres ar-
AB diblocks have become the model block copolymerranged on body-centered cubic lattic®) ( Recently several
system for examining microphase separation in the melgomplex structures have been observed. A perforated lamel-
statel~® because of their inherent simplicity. This molecular lar (PL) structur@ occurs when the thin minority layers of
architecture consists of just two chemically distinct blogks, the L phase each develop an hexagonal array of passages
andB, with one end from each covalently bonded togetherthrough which the majority layers are connected. Also
Two quantities characterize th&B diblock copolymer, its  reported”’ s a bicontinuous structure witla3d space-group
total number of segments and the fractiorf of those that symmetry, denoted the gyroi@) phase, where the minority
belong to theA block. In a melt, these molecules are well component domain forms two interweaving three-fold coor-
described as incompressible Gaussian chains with each seginated lattices. Another cubic structure, the ordered bicon-
ment occupying a fixed volume dy. The entropy loss that tinuous double diamondY) phase, withPn3m symmetry
results when the ends of a “course-grained” segment arend two four-fold coordinated lattices has been reported in
stretched to a distandes proportional to [/a)?, wherea is  the past but is now thought to have been a misidentifad
the statistical segment length. In this work, we assume thghase’
diblock is conformationally symmetric whe#e andB seg- An attractive feature of block copolymer melts is that
ment have equal statistical lengths; the generalization to urthey are well described by mean-field theory, except for a
equal lengths is straightforwafdThe interaction betweeA  small region along the ODT. Even in this region, fluctuation
andB segments is represented by a standard Flory—Hugginsffects become small when the molecular weight is laPge.
form with a strength controlled by a single paramejerA Figure 2 shows the mean-field phase diagram for conforma-
positive value ofy corresponds to an unfavorable interactiontionally symmetric diblocks calculated using self-consistent
between the unlike segments. field theory (SCFT).2 In addition to the conventionaf
The productyN dictates the degree to which theand  phase, theory predicts a second spheri&}X phase where
B blocks segregate. WhepN=<10, entropy dominates the the spheres arrange in a close-packed lattice rather than the
energetic penalty of mixind andB segments, resulting in a usual bcc oné! This S¢p Phase occurs in a very narrow
disordered phase. AgN increases, thé andB blocks seg- region along the ODT foryN=17.67. The only complex
regate inducing an order—disorder transiti@DT). Because  structure predicted by the theory is tfephase. It extends
these blocks are chemically joined, theand B domains  between the. and C phases fromyN=11.14 to about 60.
remain microscopic, and consequently ordered periodidhe PL structure is nearly stable along théG boundary
structures result. Figure 1 depicts the various documentegonsistent with where it is observed experiment&flyon
the other hand, th® structure is rather unstable in accord

dpresent address: Polymer Science Centre, University of Reading, Whité’-"_ith recent experimental evidence that it is not present in
knights, Reading RG6 6AF, UK. diblock copolymer systents’®
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Classical Structures

FIG. 1. lllustrations of six diblock copolymer microstructures showing the

domains occupied by the minority component blocks. The majority compo-

nent blocks fill the remaining space within the structures.

In the limit of large yN, diblock microstructures can be
described by the strong-segregation theof@ST) of
SemenoV? In fact, SCFT should reduce exactly to SST in
the limit yN—o where the chains are strongly stretchéd’
However, exceptionally large values oN are required for
the strong-stretching assumption to become va&liNever-
theless, SST is qualitatively correct, provides analytical ex

2437
F FAL B~
nkBT:'%e'+'%e'+'%i”" 1)
A R | B R |
= —1p —
aN aN
R -1
+BONY | )

where n is the number of molecules in the meR, is a
measure of the domain size, and the coefficiesfts «®, and

B, are quantities that depend on the molecular composition
and the geometry of the microstructure. The first two terms,
7% and.75, account for entropic losses from stretching the
A and B blocks, respectively. They are proportional RS
because the polymer chains are Gaussian. The last term,
Fint» TEpresents the interfacial energy and is proportional to
the interfacial area which in turn is proportional B 2.
Minimizing this free energy amounts to balancing entropic
stretching energy against interfacial energye., 273

+ 2.72, = .7 np)- This determines the equilibrium domain size,
which exhibits the well established scaling form,

1/3

R=a )(1/6N 2/3.

()

2(a’+ab)
With that, the free energy expression, E8), reduces to
F 3

nkeT ~ 2 (2(a"+a®) B2XN) Y2,

4
In the appendix, we provide the coefficienté,, o, and g,
for each of the classical phases. They are derived using a
standard unit-cell approximatioJCA)® and ignoring ex-

clusion zones! Comparing the free energies, the lamellar

pressions for the quantities of interest, and offers intuitive(L) phase is stable for 0.299 <0.701, cylinders C) are

explanations for the phase behavior. In the SST, the fre
energyF of the melt takes the form
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8table for 0.11%f<0.299 or 0.70%f<0.883, and spheres
(S) occur forf<0.117 or 0.883f. Recent SST calculations
for the complex phase®L,*® G,° andD,2%?! predict them

to be unstable in the strong-segregation limit consistent with
Fig. 2.

This paper presents a study of the intermediate-
segregation regime,yN~15-60, using the SCFT of
Helfand?! In this regime, neither the strong-segregation
theory (SST) described above nor the weak-segregation
theory of Leiblef? provides an adequate description. For that
reason, this intermediate regime has received less attention
than the weak- and strong-segregation ones, even though it is
experimentally more relevant. Although density functional
theon? can be applied to this regime, the SCFT used here is
superior because it avoids a number of approximations. The
few SCFT calculations that have been perforiféd® have
focused primarily on phase boundaries. With the intention of
explaining the phase behavior, we perform a more compre-
hensive study that examines numerous quantities such as
segment distributions, individual contributions to the free en-

FIG. 2. Mean-field phase diagram for diblock copolymer melts calculated inergy, domain size, interfacial area, and interfacial curvature.

Ref. 3. The ordered phases are labeled. dg&amellay, G (gyroid), C (cy-
lindrical), S (spherical, andS;,, (close-packed spherigalThe dot marks a
mean-field critical point, and the dashed curves denote extrapolated pha
boundaries, which could not be calculated due to numerical limitations.

We pay special attention to the latter, because it is possible

i explain the intriguing complex phase behavior of diblock

copolymer melts by studying the curvature of the surface that

J. Chem. Phys., Vol. 106, No. 6, 8 February 1997



2438 M. W. Matsen and F. S. Bates: Block copolymer microstructures

divides theA- andB-rich domains?® At the strongest degree

of segregation that we conside¢gN=60, theA and B do-
mains are nearly pure. Here, it becomes reasonable to com-
pare SST to our SCFT results. Such a comparison reveals
that while some quantities are well described by SST others
are not. This is in part because the polymer chains are only
weakly stretched contrary to the assumption in $SNev- ———

f=0.375 4 10

ertheless, we find that the SST is qualitatively correcg/t 1-G (203754 G f=033810
=60, and that, in fact, the SST description is conceptually i
valid over most of the intermediate-segregation regime.
L AN N
Il. SEGMENT DISTRIBUTIONS O ° ——— P,
1+C f=03384 |- C £=0.2431 10

A useful feature of a SCFT free energy calculation is
that it yields the segment distributions. Here a selection of
those distributions are examined, and these alone shed some
light on the behavior of diblock melts in the intermediate-
segregation regime. Specifically, we examine the overall
A-segment distributiong,(r) and the distribution of the
diblock junctions p;(r). (The dimensionless distribution
¢a(r) varies from 0 to 1 according to the fraction of seg-
ments atr that are of typeA, and the junction distribution
py(r) is normalized so that its volume average is uniBig-

ure 3 showsp,(r) (solid curve$ andp;(r) (dashed curvesat 0E= — = e b
a sequence of points across the phase diagranyNo20. - 0 11 12 0 1
Because of the symmetry in the phase diagram, it is suffi- z/aN

cient to examine the intervdl=1/2—-0, whereA segments
form the minority domain. We begin dt=1/2 showing the FIG. 3. A-segment profileg, (solid curves and diblock junction distribu-

. . tions p; (dashed curvgsare shown for a selection of compositions and
proﬁle of thel phase, then we show prOfIIeS throth the phases agN=20. In general, the coordinatemeasures distance relative to

andG phases at the/G phase boundary, followed 6§ and  the middle of a minority domain. The compositiohs0.375, 0.338, 0.243,
C at the next boundan andS at the following boundary, and 0.210 correspond to the/G, G/C, C/S, and S;j/disordered phase
and finaIIy we show a profile oB.. at the ODT Figure 4 boundaries. For the andC structures, profiles are orthogonal to the layers
id | cpN—GO .t that and cylinders, respectively. For tiig S, andS;, structures, profiles remain
PVOV' es an analogous seql_Jence)f T e_xcep _a pro- essentially invariant on this scale as the direction through minority domain
files for theG phase are omitted because Fig. 2 indicates thak changed. For the phase, profiles are provided for two orthogonal direc-
it is unstable at this degree of segregation_ tions through the middle of a strut that forms its minority dom@ee Fig.
A number of observations can be made from Figs 3 anc}); these profiles differ because the cross-section of the strut is somewhat
. . ’ . noncircular(see Fig. 14
4. They demonstrate a substantial increase in segregation
from yN=20-60. At the interface, this involves an increase
in the slope ofg,(r) and in the amplitude ob,(r). We note
that at fixedyN, a slight decrease in segregation occurs a®rgy, the interface is best defined as the loatgyr)=1/2,
the ODT is approached. This is becauseblocks become where a maximum occurs in the internal energy density,
poorly anchored to the spherical microdomains fasO,  which is proportional toy¢,(r)¢g(r). Another natural defi-
which results in a significant population of “free chains.” At nition is the locus of points where the distribution of diblock
large xN, this decrease in segregation tends to coincide withunctions p;(r) exhibits a peak. Mathematically, this condi-
the S/S;, transition for reasons that will be discussed in Section can be expressed &sp,(r)-Vp,(r)=0. Both definitions
VII. Another observation is that the width of the minority produce similar results, but here the former is used because
domain decreases as the minority block becomes shorter, egf its relevance to interfacial energy. Furthermore, the fact
cept when a phase transition occurs at which point it inthat this definition does not involve differentiation is numeri-
creases discontinuously. We will demonstrate in Sec. Il thatally advantageous in our calculation because the Fourier
this is because a transition to a more curved microstructureepresentation of,(r) converges more rapidly than, for ex-
allows the larger blocks to relax at the expense of the smallesmple, that ofV @, (r).
blocks; i.e., the majority domain becomes thinner while the  In addition to the location of the interface, we are inter-
minority domain increases in thickness. ested in the characteristic width over which the profile
In the strong-segregation regime, the internal interface iswitches fromA- to B-rich. Following a standard definitioh,
narrow and relatively independent of the manner in which itwe define the interfacial width at a given pointon the
is defined. At intermediate degrees of segregation, this is nmterface asw(r)=|ny-Va(r)| %, wheren, is a unit vector
longer the case, and therefore it is necessary to be carefabrmal to the interface. We find that this local interfacial
when choosing a definition. When discussing interfacial enwidth remains essentially constant over the entire surface of

J. Chem. Phys., Vol. 106, No. 6, 8 February 1997
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Ill. FREE ENERGY CONTRIBUTIONS

A natural strategy for understanding the phase behavior
is to separate the free enerfyinto physically relevant con-
tributions. This also provides the opportunity to examine in
detail how well the diblock melts are represented by SST.
Here we decompose the Helmholtz free energy as

F=U-T(S;+Sa+Sp), (6)

whereU is the internal energy; is the translational entropy

of the junction,S, is the configurational entropy of th&
block, andS; is the entropy of th& block. (Because we are
examining an incompressible mode&l,andU could equally
well be called the Gibbs potential and enthalpy, respec-
tively.) Using the standard Gaussian model and SCFT, these
quantities are given by

- =ﬂfdr¢ (1) (1) @)
nkeT 7 AITRE
—i=ifdrp (M)In py(r) (8)
nkg 77 J R
FIG. 4. Profiles and distributions analogous to those in Fig. 3, except that
these are foyN=60. TheG phase is excluded because it is thought to be Sa 1
unstable at this degree of segregatisee Fig. 2 - n_kB R drips(n)In q(r,f )+Wa(r)da(r)},
9
. L . . Sg 1
a microstructure. Therefore_, it is meaningful to define a — = f dr{p,(r)in qT(r,f )+Wig(r) da(r)},
single area-averaged quantity, NKg / 10
w=./z*1f d.Zng-Vea(r)| 3, (5  whereZ=nN/p, is the total volume of the melt, arglr’,f )

is the partition function of am\ block subjected to the field
where .7 is the total interfacial area. Figure 5 shows theW,(r) and constrained with its junction end fixedraf* The
variation in this averaged interfacial widtw across the analogous quantities for B block areq'(r’,f) and Wg(r).
phase diagram at constagl. As the ODT is approached, The fields,W,(r) and Wg(r), represent the molecular inter-
there is a notable rise in the width consistent with the deactions experienced b& andB segments, respectively, at
crease in segregation observed above. At large degrees Dhey are determined by self-consistent relations,
segregationw is relatively insensitive td consistent with

SSTH Wi(r)=xNgg(r)+E(r), (11
Wg(r)=xNea(r)+E(r), (12)
whereZ(r) represents the hard-core interactions that enforce
09— incompressibility, i.e.@a(r)+ ¢g(r)=1.

In Figs. 69, the four contributions to the free energy are
plotted as a function of for four selected values ofN. In
each plot, an inset shows the complex phase regiopNat
] =20, comparing the two metastable statek,andD, to the

I ] stable stateG. For the highest degree of segregatighl

i ] =60, the SST prediction is included for comparison. We
03| Kﬂ*_ note that in SST, the entropy of the junctions is ignored and

[ 60 ] the interfacial energy”7;, is half internal energy and half

I : entropy, where the latter is split equally betweenAhandB
blocks!? Therefore, the SST approximations dénkgT

06 [

w/aN"?

0.0_.--.I....I....I....I....

0.0 01 02 03 04 05 ~Fiml2, —S)/nkg=0, — Sp/nkg ~ .74 + .7 ind4, and— Sg/
f Nkg~.75+ 7 4.

The internal energy of the disordered state is
FIG. 5. Interfacial widthw as a function of diblock compositiof for U/nkgT=yNf(1—f ). Despite increasing, U initially de-
several degrees of segregatjpN. Dots indicate the phase transitions, many creases after crossing the ODT due to the development of
of which are evident from the discontinuities wm Note that theG phase .. . .
does not occur foryN=60. The dotted curve shows the SST prediction Order. This is reflected in Fig. 6 by the fact that the curve for

w/aNY2=2/(6xyN) Y2 with yN=60. xN=20 lies below the one foyN=15. By yN~25, this

J. Chem. Phys., Vol. 106, No. 6, 8 February 1997



2440 M. W. Matsen and F. S. Bates: Block copolymer microstructures

4_
~ 37
23]
o[
C L
S
=
100""01'"02"‘03""04""0 0llllllLJlllAllIlAll'llll
: ' : : : 5 00 01 0.2 0.3 0.4 0.5

f

FIG. 6. Internal energy as a function of diblock compositiohfor several

degrees of segregatiorN. Dots denote phase transitions. The dotted curve FIG- 8. Plot analogous to Fig. 6 showing the configurational ent@pyf
represents the SST prediction fgN=60. The inset shows the complex theA block.

phase region a¥N=20 with dashed curves denoting the metast&bland

PL states.

dence is eventually dominated by the power-law dependence

trend begins to reverse and the internal energy increaseS the other energy terms, th@g, contribution to the free
Eventually, it will increase proportionally toyN)Y® as pre- ~ €nergy is ignored in the SST..

dicted by SST. We note that SST predicts no discontinuities 1 he configurational entropieS, andSg, of theA andB

in U at the order-order transitions consistent with our findingP!0cks show certain interesting behaviors. Aslecreases
that the discontinuities calculated with SCFT become smalffom 1/2, theB blocks increase in size while th blocks

as YN increases. Near the ODT, we see a sharp rise in the€crease; the entropies vary accordingly. However, at a tran-
internal energy consistent with the decrease in segregatiot{tion. the discontinuous jumps in the entropies occur in the
we observed previously. The inset in Fig. 6 shows thafihe OPPOSite directions. Specifically;-Sa/nkg in Fig. 8 in-
phase has a particularly high internal energy relative to th&'@ases at a transition to a more curved structure, with sev-

other complex phases; the reason for this will be provided irffral exceptions at the weaker segregations. On the other
Sec. VI. hand, —Sg/nkg shown in Fig. 9 decreases at the transitions

Figure 7 is straightforward to interpret. As the Segrega_Without exception. This is explained by the fact that, when a

tion increases and the diblock junctions become confined tHanSlthﬂ occurs to a structure with more interfacial curva-

the internal interface, the translational entropy decreasedure, the majority blocks relax while the minority ones
This entropy is relatively constant with except near the stretch, consistent with the variation in the minority domain

ODT where it increases, which is consistent withblocks sizes observed in Sec. Il. Taking note of the configurational
being pulled free from the minority domain providing more entropies for the complex phases shown in the insets of Figs.

entropy for the junctions. As we will discuss later, the curves3 @nd 9 and keeping in mind that increasing interfacial cur-
for —S,/nkg will increase proportional to lixN) in the  Vature causes, to increase and;g to decrease leads us to

strong-segregation limit. Because this logarithmic depensPeculate that the sequence of phagdsfo G to D, repre-

0.0 0.1 0.2 0.3 0.4 0.5

FIG. 7. Plot analogous to Fig. 6 showing the translational ent®pyf the FIG. 9. Plot analogous to Fig. 6 showing the configurational ent@pgf
diblock junctions. Note that SST neglects this free energy contribution.  the B block.

J. Chem. Phys., Vol. 106, No. 6, 8 February 1997
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FIG. 11. Plot analogous to Fig. 10 showing the variation in the domain
spacingD* =2#/q*, whereg* is the principle scattering vector. For the
and PL phases, the layer spacing equBl¥, for C the spacing between
cylinders is (4/3*?D*, for S and Scp the nearest-neighbor spacing of
spheres i$3/2)Y2D*, for G the size of the cubic unit cell is*6D*, and for

D the size of the unit cell is’ZD*.

FIG. 10. Interfacial area# as a function of diblock compositioh for a
series ofyN values. Dots denote phase transitions whefechanges dis-
continuously. The dotted curve represents the SST predictioyNo#60.
The inset shows the complex phase regiogMt&20 with the metastablp
andPL states represented by dashed lines.

sents a monotonic increase in curvature. In Sec. V we will

confirm that this is indeed the case. jority domains as the ODT is approached confirms that the
nonlocalized diblocks are predominantly contained in the

The mechanisms controlling block copolymer phase be-
havior involve the interfacial tension betweAn and B-rich
domains and the entropic stretching energy of theV- AVERAGE INTERFACIAL MEAN-CURVATURE
polymers'? The interfacial tension acts to reduce the inter-

facial are_a.q/é of th_e n;llcrqstructure, ar_1d_|n doing so CaUSeSy¢ the diblock is varied, derives from the tendency for asym-
the domains spacinB™ to increase. This is countered by the metric diblocks to form curved interfaces. This is because

entropic penalty of stretching the polymers so as to fill space)acing an asymmetric diblock at a flat interface deforms the

at th? middle of the domains. . . larger block more than the smaller one. In order to balance

Figure 10 shows a plot of the interfacial ared as @ e reative deformations, the majority block requires more
function of diblock compositiorf for a series oyN values. o o sectional area than the minority block. The melt
In general, an increase jpN produces a decrease.if, but  , hieyes this by curving the interface towards the minority

not always; for asymmetric compositions near the ODT, ) oc1s In this Section, we demonstrate quantitatively the
increases withyN. Note that the complex phasésee the  increase in interfacial curvature as the diblock composition
insed all have substantially larger interfacial areas than thevaries fromf=1/2 to either O or 1.

neighboringL and C phases for a reason that will become
clear in Sec. VI. Figure 11 illustrates the variation in domain
spacingD* with changes in the diblock compositidnfor
the same series ofN values. Here we definB* =27/q*,
whereq* is the principal scattering vector of a given struc-
ture. (For the S, structure, we defin®* using the face- g face and twa, andn, parallel to the surface, are con-
centered cubic Ia.ttlc.)aGeneraIIyz the domam_spacmg shows structed. In the neighborhood of that point
a slow monotonic increase with segregation as expected.
Howeyer, there is a sharp rise in the domain spacing of_th%(r+§n0+ N+ ENy)~ dot (E+ 172Gy(r) + LG yAT)
spherical phases as the ODT is approached from any direc-
tion mcludm_g decreasw_\gN. This is not ant|C|patgd by SST. + 122G (1)) Iw(r), (13

The curious behavior near the ODT, whergincreases
with YN andD* becomes highly swollen, is consistent with where Gjj(r)=w(r)nin; :VV¢(r) is the curvature tensor,
our previous observations. When the minority blocks bew(r)=|ny-Ve(r)| * is the local interfacial width defined ear-
come short, many of them pull free from their domainslier, and¢, », and{ are coordinates along the three orthogo-
swelling the matrix of the spherical phase. This causes thaal directionsng, n,, andn,, respectively. The eigenvalues
sharp rise inD*. Furthermore, fewer diblock junctions are of the 2<2 matrix G;;(r) define the principal curvatures,
confined to the interface producing a significant reduction inwhile the eigenvectors provide the directions corresponding
#. Examining the volume fractions of the minority and ma- to these curvatures.

The sequence of phases, observed as the composition

The curvature of a surface at a specified point is charac-
terized by two principal curvature§;; andC,.?’ If the sur-
face is defined asp(r)=d¢,, the principal curvatures at a
point r on the surface are calculated as follows. To start,
three orthogonal unit vectors, omgcV(r) normal to the

J. Chem. Phys., Vol. 106, No. 6, 8 February 1997



2442 M. W. Matsen and F. S. Bates: Block copolymer microstructures

of the G phase narrows with increasingN, eventually be-

4r coming unstable g¢N~60. These points are taken up in the
i following section.
3
Q -
e
:f/ A VI. INTERFACIAL TENSION VERSUS PACKING
1F FRUSTRATION
0 H 5 Our explanation for the complex phase behavior is based
R I N R B on a delicate interplay between interfacial tension and the
0.0 0.1 0.2 0.3 0.4 0.5 packing of the molecules under the constraint of constant

f segment density. Interfacial tension acts to minimize interfa-
cial area under the condition that the volume fractions of the
FIG. _12-fAff66;\-A?g%f:9;eei ?g?gea:;\/igl‘@ aST seflg:)‘igogeﬁggb'?;ﬁeccig}] A and B domains remain fixed. As pointed out by Thomas
gi(tjiilgg,n ancci) rthe dottgd curve rep?resgentgq;ié SST predictin£60. The etal®® this favors S_urfaces of ConSt_am me,a n ,Curvature
inset shows the complex phase regionyat=20 with the metastabi and ~ (CMC). At the same time, the system tries to minimize pack-
PL metastable states represented by dashed curves. ing frustration?® To do that, a structure favors domains that
are relatively uniform in thickness so as to distribute the
entropic stretching energy equally among the molecules. We
will examine the balance between these two tendencies
through the influence on the curvature of the internal inter-
face. To illustrate how, we first consider the simplest non-
H(r)=%(C;+Cy) trivial structure, theC phase.
1 1 The radius of a cylindrical interface in the phase can
=2 T G(1)= 7 (Gyy(r) +GaAI)). (14 be expressed as(6#)=r,(1—5cog66)+ 5 cog126)+---).
This quantity dictates how a surface elemdnt varies asit Here we examine how is affected by the various free en-
is translated normal to the interface. Specifically, the areargy contributions(Generally,&’ is a couple orders of mag-
element changes by a factor oft2H(r)é+0(&%), when  nitude smaller tha, and therefore we will ignore the higher
translated from the surface by a distar# the area ele- harmonics). Interfacial tension favors=0 so as to produce a
ment increases on the convex side and decreases on the c@MC surface minimizing interfacial area, the minority com-
cave side of the interface. Thus, asymmetric diblocks prefeponent blocks also pref&=0 for uniform stretching, but the
a finite H(r) with the larger block on the convex side. As we majority component blocks requi@-0.03 in order to main-
will discuss later,H(r) tends to remain uniform over the tain a reasonably uniform domdine.,L;~L in Fig. 13a)].
surface of the microstructure, and thus the area-averagdegure 13b) shows the actual variation ifiwith segregation

From the principal curvatures, the mean curvatdie)
atr is defined as

guantity, xN calculated from SCFT for several valuesfofThe small
magnitude ofé illustrates that the packing frustration, which
<H>:,/z*1j d.ZH(r), (15) results from deforming a cylindrical unit into the hexagonal

unit cell, is almost entirely restricted to the corona. As the

provides a good representative measure of the interfacial cuthickness of the corona increases, the majority domain be-
vature for a given structure. comes more uniform reducing the packing frustration.

In Fig. 12, we plot the interfacial curvature as a functionHence, asf becomes small, there is less deviation from a
of f for two degrees of segregation. As expect@d) in-  circular interface. With a circular shape, the minority com-
creases monotonically as the molecule becomes asymmetrigonent is free from packing frustration and the interfacial
Furthermore the curvature decreases with segregation, asatea is minimized. This raises the question whether the
should since curvature scales inversely with domain sizenearly circular shape is primarily due to the tendency to
The inset in Fig. 12 compares the compléx PL, and G minimize packing frustration in the minority domain or to
phases for the less segregated cad¢=20. ThePL phase minimize interfacial area. Strong segregation the@®HT)
has a smaller curvature than ti& phase, which explains offers a way of answering this.

why it is most preferred along tHe/G transition. Likewise, In the appendix, the coefficientsy®, of, and B, are
the higher curvature of th® structure makes it least un- evaluated for the free energy expression in &j.using the
stable along th&/G transition. unit cell depicted in Fig. 1@&), where the interface is given

We have provided the reason for the occurrence of dy r(6)=ry(1—5cog66)). These coefficients are expanded
complex phase region; complex structures offer intermediaten powers of§, the variation from a perfectly circular inter-
curvatures to those of tHe andL phases. However, we have face. For both o*=af+a58°+0(5%) and B=p,
not explained why th@L andD structures are omitted from + 3,8+ 0(5°, there are no linear terms and coefficients for
the sequence of stable phases. Furthermore, up to this poinf are positive. This reflects the fact that the elastic energy of
the discussion has offered no reason why the stability regiothe minority domain and the interfacial tension prefer the
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r(6) = ry (1 - 6 cos(60))
b

©00G

aN1/2

0'|.|....|....|

20 40 60

XN FIG. 14. On the left are three-dimensional plots of interfacial surfaces as-

sociated with elementary units of tiis G, PL, andD structures calculated
at yN=20 andf=0.338(the C/G phase boundajy Contours on the sur-

FIG. 13. (a) Wigner—Seitz unit cell for th€ phase. The interfacial surface faces, indicated by bold curves, are shown in two-dimensional plots on the

betweenA and B domains is approximated hy(6)=r,(1—35cog66)). In right.

this figure, an exaggerate#=0.03 is used for demonstration purposgs.

The actual variation in5 as a function of segregatigpN calculated using

SCFT for several diblock compositioris . o
In many cases, our numerical precision was not adequate to

detect the incredibly small variations in the radius. Again as

f is decreased and the corona becomes thicker the variations
circular interface 5=0. On the other hand, the linear term of become smaller. We are reasonably certain that interfacial
o® has a negative coefficienf’, implying that packing frus- tension is again mostly responsible for minimizing devia-
tration in the majority domain is relieved with a positive tions from CMC, but we have not done the analogous SST
value of 6. Minimizing the free energy with respect toR calculation to support this.

and expressing it as a power seriesdigives The cylindrical minority domains of th€ phase are

oB oAt B 28 similar to the struts which are joined together into lattices to
F=Fol1+ —g—5 6+| ——=+ —2| 82+ O(f)} construct the complex phasésee Fig. L In Fig. 14, we
@yt ag @yt ag 0 compare elementary surface units from @G, PL, andD

(16 structures, evaluated gN=20 along th€/G boundary us-
whereF is the free energy of a circul@é=0) interface. The ing SCFT and the criteriorp,(r)=1/2. For each complex
linear term in Eq(16) results from the packing frustration in phase, we display the surface surrounding a junction of its
the majority domain, causing to deviate from zero. The lattice truncated by planes orthogonally cutting through the
guadratic term, which opposes this deviation, is dominatedniddle of each strut emerging from that junction. These plots
by the contribution due to the interfacial tension, illustrate that the lattices of th& andPL phases are three-
2B,/B8,=35/2. This implies that the tendency to form a CMC fold coordinated, while those of thB phase are four-fold
surface is the primary reason wkdremains small. In this coordinated. On the surfaces in Fig. 14, we indicate selected
SST calculation$=0.0030, 0.0023, and 0.0019 f6r=0.33,  contours using bold curves. For tlephase, a single contour
0.25, and 0.20, respectively. Again,is smaller when the orthogonal to the cylindrical axis is shown. For each com-
corona is thicker. However$ is consistently much larger plex phase, two contours orthogonal to the axis of a strut are
than it was for the finite segregations considered in Figindicated: One through the middle of the stfthe edge of
13(b), which indicates that the relative importance of pack-our surface elementand another near the junction. The con-
ing frustration increases continuously with the degree of segtours are plotted two-dimensionally to the right and param-
regation. eterized by an anglé about the axis of the strut.

As one may expect, the interfaces of tBeand S;, For each of the contours in Fig. 14, we plot the principal
phases also show very little deviation from perfect spherescurvaturesC, andC,, (dashed curvgésand the mean curva-
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r — ] I I B B o M
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— /"\- - - AN 2 ]
L R, | N, ollodet v L.
0.0 0.3 0.6 0.9 1.2
8 2rg 11 | 12
> L . HaN
S RATTTA T AT o |
2 _\\_// \\_// 4 kA // N //_ FIG. 16. Area distributiond ,(H), of the mean curvature over the inter-
1k \\/ ~—" faces of theL, C, G, PL, andD structures ajyN=20 andf=0.338(the
oF 1 F =< // N A C/G phase boundajy The distribution for the. phase is proportional to a
-// \\-// \\- e \\/ A\ delta function, and the distribution for th@ phase resembles a delta func-
-2 " PL 10 pPL | ] tion on this scale.
i
e — 1
s T T }\ //\ A phased ,(H) is proportional to a delta function located at
0 0 ] \\VW H=0. For theC phase, it is nearly a delta function relative to
e e—_ e — e ——_—— [~ ~ I . . -
i ] _J/\\_/ _/ \| the much broader distributions of the complex phases. To
2F p 1D = quantitatively express the broadness of these distributions,
L PNV, B S R we evaluate the averagkl) and standard deviation, using
0 b 2n O T 2r
) <H>z,wlf dHHd (H), (17)
FIG. 15. Mean curvatureH=(C,+C,)/2, plotted along the contours
shown in Fig. 14. The dashed curves denote the principal curvatyesd 2_ -1 _ 2
C,. Plots on the left correspond to the contours along the edges of the UH_"'% dH(H <H>) d~ AH). (18)

elementary units in Fig. 14i.e., around the middle of a strut from the N ) . )
minority domain latticg and plots on the right are from the contours near These quantities are provided in Table | at varighs along

the centers of the elementary units. the C/G phase boundary. The relative variation from CMC
is best represented by the quantity,/(H), plotted in Fig.

B . . - 17. This plot demonstrates that the complex phases are far
ture,H=(C,+C5)/2, (solid curvg as a function of) in Fig. from CMC in shape and furthermore that the deviation from

15. TheC phase has one principal curvature that is identi—CIvIC enerally increases with seareaatioN as concluded
cally zero and another that is nearly constant; this is charac- 9 y gregate

teristic of a circular cylinder. The curvatures along the Con_prevéoalf(?L):a]c':i?]rgT]le(Lg).altag).pointr on the surfacaps(r)=1/2

ts(::ﬂcs:tL:?eC:t:rde 2:1(;[3\; m'?ﬁée Icz)ftsthoen f;r:tl‘z f;r}nﬂ::? Ci,rsnpllz%):requires particularly accurate evaluationsggfr) because it
P N 719. 15. POl st be differentiated twicksee Eq.(13)]. Although up to

the D phase, these curvatures are characteristic of C|rcula£50 independent Fourier terms were used to represgin

tubelike struts. This is also somewhat true for thephase, . : S . .
but not nearly so for the struts of el phase. The dearee V€ still experienced numerical inaccuracies when calculating
y p ) 9 H(r). The PL phase is most affected; is affected to a

to which the struts become rodlike is related to their lengths ; : S
lesser degree, and is relatively free of numerical inaccu-

At xN=20 andf =0.378, the lengthk, of the struts in thé®, racy. Presumably, the convergence ris better than for

G, andPL structures aré/aN'?=1.64, 1.35, and 1.19, re- ; .
spectively. Keeping in mind that the different complex struc—PL andG because the density of independent wave vectors
P Y- ping P in Fourier space is smaller. In Fig. 15, some numerical noise

tures have majority domains of comparable thicknessPthe
phase has longer struts th@because its lattices are four-
rather than three-fold coordinated af has longer Struts 1| £ | variation in mean curvature(H)aN2+ o, aNY2 over the sur-
than PL because its lattices interpenetrate. faces of the C, G, PL, and D structures at several points along the C/G phase
Although the principal curvatures vary significantly, the boundary. The bracketed quantities may be somewhat inaccurate due to
mean curvature is relatively uniform. Nevertheless, it is bynumerical inaccuracy.
no means constant as favored by the minimization of inter;(N
facial energy. To illustrate the variation in mean curvature,
we plot its distributiond ,(H), in Fig. 16 for theL, C, G, gg g'ggig'ggg 8'2‘71;2)0'113%0 %56702;80'115700 %67812;8212
PL, andD structures ajyN=20 andf=0.378. The quantl.ty 20 0.970:0003 0.7040.121  0.636.0.146  0.74%0311
d ,(H)dH represents the amount of surface area with &s  1035:0010 07430105 0.668:0.158  0.793:0.287
mean curvature in the interval to H+dH. For thelL

C G PL D
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05— F——————7——————— structures. However, the competition between surface ten-
[ ) sion and entropic stretching maintains a balance between the
04} D . two energies and prevents either tendency from completely
- ] dominating even in the strong-segregation limit. In fact, we
T o03f N have demonstrated that the tendency towards uniform do-
< J ———————— ] main thickness gradually increases over the tendency to
bI o2l = 1 minimize surface area. Consequently, the surfaces generally
3///6’, ] become less CMC-like ag is increased contrary to earlier
o1 L ] speculationgsee Figs. 1®) and 17. Not surprisingly, pack-
i ] ing frustration is greatest in the strong-segregation limit
0.0 b , . cC | ] where chains are strongly stretched and therefore restricted
15 20 25 30 to relatively few configuration® Presumably, the regions
XN in a domain that cause packing frustration are more easily

filed when more configurations are accessible to the mol-

FIG. 17. Relative variation in mean curvatues,/{H), over the surfaces of ecules. Following this line of reasoning, t@aphase should
theC, G, PL, andD structures plotted as a fun_ction #N along theC/G become unstable at IargeN because of its Iarge packing
phase boundary. The dots denote our humerical values foP fhand G frustration relative to that of the neighbori@andL phases.
structures ajyN=30, which are slightly inflated due to numerical inaccu-
racy in calculatingsy, . We expect that the extrapolations fropN=25  Note that the above arguments, claiming that packing frus-
(dashed linesare reasonably accurate. tration and thereforer/(H) should increase with segrega-
tion, will not necessarily hold for smajfN. So we are not
too surprised by the decreasedn/{H) that occurs for the
PL structure up toyN~18 in Fig. 17. What is relevant is
that an/(H) increases withyN at the higher degrees of seg-
regation. Likewise, we are not concerned tl#&abecomes
negative in Fig. 1&) below yN~18. TheC phase is natu-
rally close to CMC, and thus as the width of the interface
becomes comparable to the domain size and its location be-
comes poorly defined, it is understandable that a negative
value may occur contrary to our strong-segregation argu-
ments.

Following ideas suggested by Gruner and co-worRérs,
the packing frustration in a block copolymer melt can be

Previous calculations on complex structuf®® that  relieved by the addition of homopolymer. With the appropri-
were unable to optimize the shape of the interface, have aste homopolymer, packing frustration can be relieved in ei-
sumed a constant mean curvat(@MC) surface. CMC sur- ther of the domains. Earlier SCFT calculatithbave al-
faces have been generated for both bicontinuous cubic geomeady shown that the addition of homopolymer to the
etries examined hereG3! and D.2” At compositions minority domains of thés structure can cause a transition to
corresponding to the complex phase region, these CMC suthe D phase. Alternatively, adding homopolymer to the ma-
faces have bulky junctions connected by narrow struts. As §ority domain can stabilize th®L phase. These results are
consequence, a large disparity in the stretching energy resuléasily explained. The four connectors of tBe structure
between blocks that fill the bulky junctions and those thatcauses more packing frustration in the minority domain than
occupy the narrow connecting struts. To relieve this frustrathe three connectors of either ti& or PL structure. Once
tion, the surface deviates from CMC so as to produce dothis is relieved by filling space at their centers with ho-
mains of more uniform thickness like those shown in Fig. 14 mopolymer, theD phase can become stable. TBeand PL
The reduction in packing frustration compensates the inhave similar minority domains, i.e., both are formed from
creased surface area that results from a non-CMC sfs@ge three connectors, but the majority domains differ substan-
Fig. 10. The greater the frustration, the more the surfacdially. Evidently the majority domain oPL is more frus-
must deviate from CMC and the larget,/(H) becomes. trated making it unstable. However, this can also be allevi-
Thus, the size of this latter quantity reflects the inability of ated with homopolymer allowing L to become stable. More
the structure to simultaneously minimize interfacial area andecent calculations by Xi and Miln& suggest that ho-
packing frustration, and therefore is related to the instabilitynopolymer also stabilizes complex phases in the strong-
of the structure. Because the CMC surfaces@dnave more segregation regime. In a forthcoming publication, we will
uniform domains than those f@ (see Refs. 27 and 31G provide a more complete examination of how the addition of
manages to maintain a more CMC-like interface and consehomopolymer relieves packing frustration.
guently is more stable thab. The occurrence of thg;, phase along the ODT has been

It has been suggest&dthat asy becomes large, the ten- predicted earlier by Semend¥This region occurs when the
dency to minimize surface area will ultimately dominate theminority blocks become short allowing entropy to pull them
tendency to form uniform domains, resulting in CMC-like from the spherical microdomains producing a substantial

is evident for theG and PL phases. This noise also affects
d ,(H) to a degree that is noticeable in Fig. 16, but becaus
the noise is oscillatory, it only weakly affects our evaluation
of (H). However, it can causey to be significantly overes-
timated. AtyN=30, we find this to be a problem for both the
G andPL structures. The dots in Fig. 17 are our calculated
values ofoy/{H), while the dashed lines are extrapolated
from the more accurate lowgiN computations. Both results
are relatively consistent, particularly the trendssig/(H).

VII. DISCUSSION
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population of unconstrained diblocks. These diblocks swells proportional to(w.#) ! which in the strong-segregation
the matrix causing the rise in domain spacing observed itimit varies as §N). ThusS; scales as In¢gN) where as
Fig. 11. The unconstrained diblocks relieve packing frustral, S,, andSg all scale as ¢N)¥3 the latter follows from
tion in the majority domain, just as does the addition ofEgs.(2) and(3). At sufficiently largexN, S; becomes neg-
homopolymer. As found in diblock/nomopolymer blerids, ligible relative to the other contributions to the free energy,
this allows the spheres to switch from the body-centered cubut this does not happen ungiiN becomes extraordinarily
bic (bco packing. In this regime, the interaction between thelarge. For that reason, Semenbdlas examined the effect of
spherical micelles is described by attractive two-bodyaccounting forS;, demonstrating that it results in a signifi-
interactions:! which prefer a close-packed arrangementcantly wider interface. This brings the SST predictiorvof
where the number of nearest neighbors is a maximum. Aloninto better agreement with SCPTEurthermore, the wider
the S/S;, transition, we find that the hexagonally close- interface will increasé) producing better agreement for that
packed(hcp arrangement is slightly favored over the face- quantity as well.
centered cubidfcc) one consistent with Ref. 11. Moving
towards the ODT, Ref. 11 predicts the arrarjgemen_t to alter\-/”L CONCLUSIONS
nate between hcp and fcc. Because of the difficulty in resolv-
ing the energy difference between them as the ODT is ap- We have performed a detailed study of diblock copoly-
proached, we have not attempted to locate such transitionmers in the intermediate-segregation regime using the stan-
In general, differences between the three arrangements dard Gaussian chain model and self-consistent field theory
spheres, bcc, fce, and hep, are very small in the region nedSCFT). This regime begins just slightly beyond the critical
the ODT. In each case, the number of molecules pepoint, i.e., y\N~15, and extends to aboytN~60. Beyond
Wigner—Seitz unit cell is almost identical. Accordingly, the that the melt is strongly segregated and is supposedly de-
rearrangement of the spheres from bcc to close-packed &cribed by strong-segregation theof8ST). Although we
accompanied by an increase in the nearest-neighbor distantiad that atyN=60 some quantities are well described by
by a factor of about 2%32~1.03 in order to maintain the SST, others are not. One source of inaccuracy is that SST
unit-cell volume(see Fig. J. Other than that, the quantities ignores the translational entropy of the junctidBs. This
calculated here are not affected significantly by 8i&;, leads to inaccurate assessments of the internal energyd
transition. the interfacial widthw. Earlier work® has indicated a similar

The PL phase also has a choice of packing arrangement®accuracy as a result of ignoring the entropy associated with
that are nearly degenerate in free energy. E&flisrwas  the distribution of chain ends.
found that at weak segregations the perforated lamellae pre- Although SST is not accurate at intermediate degrees of
fer to stack in theabab -- sequence slightly more than in the segregation, the explanations it provides for phase behavior
abcabc-- one. As the segregation increases, it becomes difare still valid in this regime. The principle mechanism in-
ficult to distinguish between the free energy of these twovolved is a competition between the interfacial energy and
sequences. Pushing our calculation to higher precision, wine entropic energy loss of stretching polymers so as to fill
now find that theabcabec:-- stacking becomes favored be- space. This competition sets the domain size. The geometry
yond yN~13. The packing arrangement has a noticeable inof the structure is chosen so as to best satisfy the spontane-
fluence on the perforated layers. While the three-connectorsus mean curvature of the internal interface. As the compo-
are planar for thebab--- sequence they are somewhat de-sition of the diblock evolves from symmetrid~1/2) to
formed in the abcabc:-- sequence. ForyN=20 and asymmetridf~O0 or 1), the interfacial shape progresses from
f=0.338, the struts are tilted from planar by about 5°, whichflat lamellae to highly curved spheres. The compBephase
is the reason two contours fd?L shown in Fig. 14 are is included in the sequence of stable phases because it offers
shifted relative to each other. an interfacial curvature intermediate to that of theand C

The profiles in Fig. 4 illustrate that byN=60, the structures. However, this does not explain the absence of
diblock melt is well segregated except near the ODT wherether complex phase&L andD.
the S, phase occurs. At this degree of segregation, we might  To complete the explanation for the complex phase be-
expect the SST to provide a good description of the melthavior, we note that interfacial tension favors the formation
Indeed the domain spacin@s* predicted by SST agree well of constant mean curvatuf€MC) interfaces, while chain
with the SCFT ones except near the ODT where the domaistretching favors domains of uniform thickness. The classical
spacing swells and th§;, phase becomes stable. The factphasesl, C, andS, are successful in simultaneously satis-
thatD* is predicted accurately by SST results in good agreefying both tendencies, but the complex phagsesPL, and
ment for the interfacial areaZ and average mean curvature D, are not. For the complex phases, a CMC interface pro-
(H) in Figs. 10 and 12, respectively. The agreement for theluces large variations in the domain thickness causing large
configurational entropy of the blockS, andSg, shown in  degrees of packing frustration. To reduce this frustration, the
Figs. 8 and 9, respectively, is also quite good. Howeverjnterfaces are perturbed from CMC so as to produce more
there are three quantities poorly represented by SST: Theniform domains. The residual packing frustration and the
interfacial widthw, the internal energyJ, and the entropy of excess interfacial area resulting from a non-CMC shape dis-
the junctionsS;. This can be attributed to the fact that SST favors the complex phases. While this prevents the stability
ignoresS; . The justification for this is that the peak in(r)  of PL and D, the G phase remains stable at intermediate
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xcdegrees of segregation. However, the relative penalty for Likhtman and Semend®have provided a procedure for
packing frustration increases wiffN, and consequently the avoiding the UCA and considering arbitrarily shaped micro-
G phase also becomes unstable in the strong-segregation m@emains. Here, we apply it to the cylindrical’ phase using
gime, consistent with experimefit.These conclusions have the unit cell shown in Fig. 1@®), where the interface is given
motivated us to more carefully examine how the addition ofby r(6)=ry(1—46cog66)). In Ref. 20, it was assumed that
homopolymer can be used to relieve packing frustration tdhe interface was a perfect circiee., r(8)=r,). With our

increase the stability of the complex phases. The results ahore general interface,
that study will be presented in a forthcoming paper.
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APPENDIX

Here we provide the coefficienta*, «®, andg, for the

2\/6aNy¥2 (=l
,7w=——ff1i—J. do(r2(6)+r'2(6)"2, (A7)
chll 0
where the volume of the unit cell i&,¢;=2v3R?. Again we
assume thah forms the cylindrical domains argl forms the

strong-segregation theof$ST) free energy expression, Ed. matrix. The average radiug, of the cylinders is determined
(2). We begin with the classical phases using the convengsing

tional unit-cell approximatiofUCA

)16

and disregarding ex-

2

clusion zoned! It has been demonstrated that the inaccuracy £ o= 6f7/6d or2(6)= mg( 1— 1 52) (A8)
7 e .

due to ignoring exclusion zones is absolutely negligifle.
With the UCA, theL phase is treated exactly, but for the

andS phases the Wigner—Seitz cells are replaced by circular
and spherical unit cells, respectively, of radiRs Given

Expanding to second-order & we obtain
V3

A_ 2
these approximation®, a’=—g— (1425, (A9)
( mf
——, for L V3w 4
8 ’ B 2v3nf )Y ~+In(3) | +6f—f?
3 . 8(1—f>2(3v;( RN ERR
ah={ —, for C, (A1)
16 116
2 —(m@wfﬂ”7§_35w3)+1a@ﬂ+ﬁa )
\ W@, for S,
1 1
r 2 1—f 12| — _ _
w(8 ),me, +|(2v37f) 3+4m@ﬂ 6v3rf
2 1/2\3 1/2
T (1= 7933+ 179, 327
aB={ 1617 , for C, (A2) +—i5f—2f25ﬁ, (A10)
37T2(1—f1/3)3(6+3f1/3+f2/3) . S
7 )2 » 100S, 1 35
. 80(1—1) B=§h@wfﬂml+zf§) (A11)
p
Bl for L, There are a number of approximations in the above cal-
2 §1/2 culation. Each block extends from the interface following a
B= 1 B for C, (A3) straight trajectory. In reality, they will follow curved paths
o3 and accounting for this will lower the free energy somewhat.
3f for S In the Likhtman—Semenov formalism, the blocks extend out-
[ 6Y%" ’ ward normal to the interface. Here, we have them extending

where we assuma is the minority componeri.e., f<1/2). . .
By equating the volumes of the approximate and actuafant, and regardless they will not, in general, extend normal

Wigner—Seitz cells, the principle domain spacings are calc

radially, but for smallé this difference becomes insignifi-

to the surface. This occurs in the Likhtman—Semenov for-

u-

malism because they relax the constraint that the density of

lated to be . )
A andB blocks extending from the interface must be equal
2R, for L, everywhere, due to the connectivity of the blocks. The alter-
D*={ (37%4)Y°R, for C, (Ad)  native wedge-approach of Olmsted and Mifffedoes en-

(87%19)Y6R, for S.

force this constraint. Despite the approximations used, the
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above calculation is an accurate SST treatment of Ghe
phase and should provide excellent estimatessdh the
strong-segregation limit.
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