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ABSTRACT: The stability of various spherical phases formed
in conformationally asymmetric AB diblock and architecture
asymmetric ABm miktoarm block copolymers is investigated
using self-consistent field theory. Both the conformational and
architecture asymmetries are unified into a parameter of
conformationally asymmetric degree, ε. We find that a
complex spherical phase, the σ phase, becomes stable and its
phase region expands between bcc and hexagonal phases as
increasing ε. Only for large conformational asymmetry, for
example, ε = 9 (or m = 3), the A15 phase becomes stable in
the region between the σ phase and the hexagonal phase and
its phase region terminates at the intermediate segregation region. Compared with the σ phase, the A15 phase has more favorable
interfacial energy by enabling the formation of larger spherical domains, and therefore, it becomes more stable in the region of
more symmetric volume fraction and stronger segregation.

Spherical phases with tunable steric interactions formed in
amphiphilic macromolecules, which provide an ideal model

to study the packing of soft spheres on various crystal lattices,
have attracted abiding interest.1−14 For the packing problem of
spheres, there are two well-known model examples. One is the
packing of hard spheres, which is completely dominated by the
entropic effect and, thus, adopts the crystalline phases of
hexagonal close packing (hcp). The other is the Kelvin problem
that what space-filling arrangement of equal-sized bubbles has
minimal surface area, which is a pure interfacial issue. Kelvin
originally proposed that the solution was the bcc lattice with
the Wigner-Seitz cell of an orthic tetrakaidecahedron
constructed from six square faces and eight hexagons.15,16

After more than 100 years, Weaire and Phelan disproved this
conjecture with the A15 lattice which contains two types of
Wigner-Seitz cells.16 In contrast to the above limit cases, the
packing lattice of these sof t macromolecular spheres (micelles
in solution or spherical domains in melts) is not unique and is
determined by two competitive roles of the entropic and
enthalpic effects. For example, the packing of micelles can be
modulated among fcc,4 bcc,5 and A15 phases6−8 by varying the
relative size between the compacting cores and the brushlike
coronas, and the packing mechanism has been interpreted using
an analytic argument of steric interactions by Ziherl et al.10

The packing mechanism of spherical domains formed in
block copolymer melts is slightly different from that of the
micelles formed by amphiphilic macromolecules in solution
because the incompressibility of the melt enforces micelles to
deform toward the shape of the Wigner-Seitz (or Voronoi) cells

of the corresponding lattices and it is determined by the
delicate balance between the entropic (stretching) energy and
the interfacial energy. It has been commonly accepted that the
region of spherical phases in the simplest AB diblock
copolymers is mainly occupied by the bcc phase, except for a
narrow hcp region near the boundary of order−disorder
transition (ODT) as the phase diagram, which is governed by
two thermodynamics parameters of block ratio f and the
product χN of the Flory−Huggins interaction parameter χ and
the total polymerization degree N, was built up by the interplay
between experiment and theory in a few decades.17−22 In 1980,
Leibler constructed a phase diagram composed of the stable
ordered phases of bcc sphere, hexagonal cylinder, and lamella,
using a weak-segregation method.23 Then, Matsen and Schick20

calculated a relative complete phase diagram by developing a
high-accuracy solution method of the self-consistent field
theory (SCFT): the spectral method, where the novel
bicontinuous phase, gyroid, was distinguished from the other
bicontinuous phase, double-diamond; however, the close-
packed (cp) phase was not considered and was included in a
subsequent work.24,25 For the cp phase, accurate SCFT
calculations predict that the hcp lattice (abab··· stacking) is
slightly favored over fcc (abcabc··· stacking) with a tiny free-
energy difference.25 Motivated by experimental observation of
the Fddd network phase in ABC triblock copolymers,26 Tyler

Received: July 25, 2014
Accepted: August 29, 2014
Published: September 2, 2014

Letter

pubs.acs.org/macroletters

© 2014 American Chemical Society 906 dx.doi.org/10.1021/mz500445v | ACS Macro Lett. 2014, 3, 906−910

pubs.acs.org/macroletters


and Morse explored the stability of this exotic phase not only in
ABC terpolymers, but also in the simple AB diblock
copolymers, which amends the phase diagram of AB diblock
copolymer further.27

In recent experiments, Lee et al. discovered a complex
spherical phase, the σ phase which contains 30 spherical
domains in each unit cell, in the linear poly(1,4-isoprene-b-DL-
lactide) (IL) diblock copolymer, as well as in the poly(styrene-
b-isoprene-b-styrene-b-ethylene oxide) (SISO) tetrablock co-
polymers.28 Driven by the reason that the σ phase is the
approximate crystal structure to certain dodecagonal quasicrys-
tals, they identified a dodecagonal quasicrystalline morphology
in a subsequent work.29 In fact, the σ phase has been identified
earlier in an amphiphilic dendritic compound at a higher
temperature than that at which the A15 phase was observed.1,2

In this letter, we present SCFT calculations for conformation-
ally asymmetric AB diblock copolymers and ABm miktoarm
block copolymers to study the relative stability of four spherical
phases including fcc, bcc, A15, and the complex σ phase shown
in Figure 1.

The phase diagram of AB diblock copolymers with various
asymmetric conformations, which are characterized by the
segment properties including segment length bK and density ρK
(K = A or B), has been calculated using SCFT by Matsen.25,30

Except that the phase diagram of f and χN becomes
asymmetric, no new phase is explored compared with that of
the conformationally symmetric AB diblock copolymer. Indeed,
the addition of branches in ABm copolymers is another way to
change the conformational asymmetry. Both factors can be
unified into a conformational parameter, ε2 = m2(ρAbA

2/ρBbB
2).31

A simple argument based on the minimization of the total
stretching energy suggests that a higher curvature of A/B
interfaces, inside which A blocks are located, is favored by a
larger value of ε for a given composition.31−33 In other words,
larger spherical domains can be formed instead of cylinders
with a larger f by varying segment sizes, branching B blocks, or
even superbranching. As the size of spheres increases, the shape
of A/B interface is more and more influenced by the shape of
Voronoi cell, that is, the polyhedral shape. The polyhedral
interface favors a uniform stretching and thus optimizes the

stretching energy, however, it increases the interfacial energy.
The strong competition enforces the sphere packing to be
changed. Grason et al. considered the third spherical phase
besides the classical fcc and bcc phases, that is, A15, and
identified the relative stability of spherical phases in ABm
copolymers.34 Using a purely geometric argument, they
suggested that the order of interfacial energy from low to
high is A15, bcc, and fcc, whereas bcc has the most favorable
stretching energy. Combining the two factors, the phase order
in free energy is A15, bcc, and fcc. Then they calculated the
phase diagrams of branched and superbranched copolymers
using SCFT and found that the stable phase sequence of
spheres is fcc, bcc, and A15, as f increases.35,36 Besides that the
branching architecture leads to the formation of a new spherical
phase, it can also help to stabilize another nonspherical phase
which is only metastable in the simple AB diblock and ABA
triblock copolymers, e.g. perforated lamellae (PL). Very
recently, Matsen systematically studied the phase diagrams of
a number of AB-type copolymers with various architectures,
including ABAB··· multiblock, (AB)n star, ABn star, and comb
topologies, using the spectral method of SCFT.37 He found
that the PL phase becomes stable in the phase diagrams of the
AB2 and comb copolymers, and the region of the Fddd phase is
expanded in the two types of block copolymers.37

From the view of Voronoi cells, the σ phase with five
different Voronoi cells of irregular polyhedra is comparable
with the A15 phase with two types of polyhedral Voronoi cells
because the faces of all polyhedra in the two phases are major
pentagons and minor hexagons, and the weighted average
numbers of faces, 13.467 and 13.5 for the σ and A15 phases, are
very close. This common feature indicates that the σ phase
could be a stable phase competing with the A15 phase at the
phase region of large f. In addition, the σ phase has been
observed in the amphiphilic dendritic compounds by experi-
ments,1,2 and in particular, it has also been identified in block
copolymers.28,40 To our best knowledge, however, the σ phase
has not been considered as a candidate spherical phase in
theory. Therefore, it is worth to reexamine the phase behaviors
of sphere formation in conformationally asymmetric AB-type
copolymers using SCFT calculations.
Obviously, it is a big challenge for SCFT calculations because

of the large and complex tetragonal unit cell of the σ phase,
which consists of 30 spherical domains. In our previous work,
we proposed a valid initialization approach for the density fields
in the pseudospectral method of SCFT to yield the solutions of
various crystal phases formed in ABC multiblock terpolymers.14

This initialization approach can be readily implemented to
achieve the SCFT solution of the complex σ phase. The
calculation details are provided in the Supporting Information
(SI).
In order to determine the stability of the σ phase more

quantitatively, we first reexamine the phase behaviors of spheres
in the conformationally asymmetric AB diblock copolymers
using the pseudospectral method of SCFT,38,39 which have
been studied by Matsen.30 For the convenience of direct
comparisons, we recalculate the phase diagrams for the same
parameters, ε = 1.5 and 2.0, respectively, in Figure 2. As there is
no new result about the nonsphere phases, we do not present
their phase boundaries. Notice that we consider the fcc phase
with a cubic unit cell instead of the hcp phase in this letter.
Indeed, we verified that the fcc phase has slightly higher free
energy than the hcp phase in our block copolymers, however
the phase boundaries are influenced in a limited degree because

Figure 1. Schematic plots of considered spherical phases. In the unit
cell of each phase, spherical domains with different Voronoi cells are
plotted in different colors.
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the free-energy difference per chain is about in the order of
10−5kBT. In the left side of the phase diagram with ε = 1.5, the
σ phase as a stable phase appears in a very narrow region
between the bcc and hexagonal phases, and its phase region
ends at the triple point of (0.266, 20.322). When ε is increased
to be 2.0, the region of the σ phase is significantly expanded
toward both directions of increasing and decreasing f.
In the experiments by Lee et al., the σ phase was discovered

by annealing the PI-b-PLA diblock copolymer melts of f PLA ≈
0.22 at 25 °C lower than the temperature 40 °C at which the
bcc phase was achieved (the ODT is around 50 °C).28,40

Clearly, the phase sequence from disorder, to bcc, and then to
the σ phase in our phase diagrams is consistent with the
experimental observations. The conformational asymmetry as
one of the critical factors was attributed to the formation of the
σ phase instead of bcc, and the segment length ratio was
estimated as bPLA/bPI ≈ 1.2 at 140 °C.40 Although the
conformational asymmetry purely induced by the segment
length ratio is still smaller than the critical value of 1.5 for
stabilizing the σ phase, there are other uncertain factors
influencing the conformational asymmetry, for example, the
temperature and the segment densities. If we assume that the
conformational asymmetry in the experimental sample is close

to ε = 2.0, the ODT is χNODT ≈ 20.5, and the phase transition
between the bcc and σ phases is χN ≈ 26.7 in Figure 2b. The
two transition points are rather close to those estimated by Lee
et al.28,40

As discussed above, the architecture asymmetry can be
unified into the conformational asymmetry for considering the
impact on the phase behaviors of AB-type block copolymers.
The phase diagrams of ABm miktoarm block copolymers, with
m = 2, 3, and 4, are determined in Figure 3. In all three phase
diagrams, the σ phase occupies a major spherical phase region,
and its expansion compresses the bcc region more and more as
m increases. For m = 3 and 4, the stability region of the A15
phase becomes noticeable between the σ and cylinder phases,
and it expands mainly toward the direction of increasing f as m
increases. The triple point of the cylinder, A15 and σ phases is
at (0.322, 29.972) for m = 3, and it moves toward larger f and
lower χN, (0.335, 26.831), when m is raised to 4. Because of the
same unified conformational parameter, the phase diagram of
Figure 3a is very similar to that of Figure 2b, except that the σ
phase region of the former is shifted slightly toward the
direction of increasing f. This verifies that the architecture
asymmetry has a similar impact on the phase behaviors as the
segment asymmetry.
Notice that the free energy difference per chain between the

A15 and σ phases is at the order of 10−4 (see Figures S2),
Comparisons of different free energy contributions reveal that
the σ phase has more favorable stretching energy but higher
interfacial energy than the A15 phase in the spherical phase
region of high χN and large f (Figure S2). Therefore, A15
becomes stable after the σ phase when increasing f or χN. This
prediction seems to be in agreement with the solution of the
minimal surface area by Weaire and Phelan.16 However, the
packing mechanism of the spherical domains is different from
that of the Kelvin problem because the latter has a restriction of
equal volume but the former does not. In fact, the relative
volumes of spherical domains in the A15 and σ phases are
optimized in our calculations and become dissimilar. In
addition, our SCFT results reveal that the average volume of
spherical domains in the A15 phase is larger than that in the σ
phase throughout the segregation region and the difference
increases as the segregation degree increasing (see Figure S5).
When we reduce the unit cell of A15 to achieve the same
average volume of spherical domains as that of the σ phase, the
interfacial energy of A15 becomes higher than that of the σ
phase (see Figure S6). The phase sequence of the bcc, σ, and
A15 phases with increasing χN is also consistent with that
observed in the packing lattices of micelles formed by the
amphiphilic superbranching liquid crystals.1 In addition, our
prediction that the σ phase has more preferential entropic
energy than the A15 phase verifies the argument of the
differential solid angle, which indicates that the σ phase with
less close contacts has lower chain packing frustrations (or
entropy penalty) of majority blocks than the A15 phase and
therefore is more favored at higher temperatures.1

The stability region of the σ phase is identified by SCFT
calculations in the phase region between the bcc and hexagonal
phases in both the conformationally asymmetric AB diblock
copolymers and ABm miktoarm block copolymers, and it
expands toward two directions of increasing and decreasing f as
the conformational asymmetry increases. Our results elucidate
that the architecture asymmetry has a similar effect on the
phase behaviors as the segment asymmetry. However, the
former factor can be more remarkably controlled and have a

Figure 2. Phase diagrams of conformationally asymmetric AB diblock
copolymers with (a) ε = 1.5 and (b) ε = 2.0. The portion of nonsphere
phases is not shown. (b) The boundaries between the metastable
phase A15 and the bcc and the hexagonal phases are plotted in red
dashed lines.
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much wider range to be tuned than the latter one. Only for the
large architecture asymmetry, for example, m = 3 and 4, the
A15 phase becomes stable in a noticeable phase region between
the cylinder and σ phases. Therefore, branching or super-
branching AB-type block copolymers can facilitate discovering
the σ phase, or even the A15 phase in experiments. The
conclusions on the relative stability between the different

spherical phases also hold for the amphiphilic liquid crystal
compounds because the intrinsic self-assembing mechasim is
same. Moreover, these AB-type block copolymers with a
significant stability region of the σ phase provide a useful
platform to explore the quasicrystalline morphologies. In
theory, the consideration of the σ phase significantly modifies
the phase diagrams of the two conformationally asymmetric
AB-type block copolymers, and thus supplements the structure
bank of AB-type block copolymers.
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